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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
59 ]. This is test number [ 129 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (59 ) | 0.00 (0)
Mathematica | 89.83 (53 ) | 10.17 (6)
Maple 60.49 (41) |30.51 (18)
Fricas 60.49 (41) | 30.51 (18)
Giac 67.80 (40 ) |32.20(19)
Mupad | 55.93 (33) | 44.07 (26)
Maxima | 42.37 (25) | 57.63 (34)
Sympy 5.08 (3) [94.92(56)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 94.915 0.000 0.000 5.085
Mathematica 55.932 16.949 11.864 15.254
Giac 45.763 16.949 0.000 37.288
Maple 44.068 15.254 5.085 35.593
Fricas 25.424 38.983 0.000 35.593
Maxima, 15.254 22.034 0.000 62.712
Mupad 0.000 50.847 0.000 49.153
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 6 100.00 0.00 0.00

Fricas 18 100.00 0.00 0.00

Maple 18 100.00 0.00 0.00

Giac 19 94.74 0.00 5.26

Mupad 26 0.00 100.00 0.00

Maxima 34 61.76 0.00 38.24

Sympy 56 94.64 5.36 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.27

Giac 0.31

Rubi 0.43

Maxima 0.46

Maple 0.70
Mathematica 2.96

Sympy 8.74

Mupad 19.44

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 17.00 0.98 19.00 1.00
Mathematica | 96.36 1.35 76.00 1.17
Maxima 112.28 2.38 95.00 1.85
Rubi 120.86 1.07 74.00 1.00
Giac 127.35 2.04 88.50 1.58
Maple 141.07 2.01 73.00 1.23
Fricas 253.59 3.42 181.00 3.05
Mupad 744.76 5.87 89.00 1.81

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher

than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

(575859

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {242526,27)

Mathematica {}

Maple

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e
2.1.8 SYympy . . . . oo e 23]

2.1.1 Rubi

A grade {[1}[2,3[4,5,[6}7, 8}[9%} [0} 11} 12,13} 14} [15}[16} 17 8} 19} [20} 21} 22} 23| [24} 25} 26} 27,
[28}[29, 30, 8T}, 32, B3} 84,35} 136} 37}, B8} 89} 40}, AT}, 42, (43} A4}, (45, 46}, 47, 48} 49} 50, 5 1}, 62, 53},
[6455,56] }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade {21700 11213, 14 5 167 5 25 20 50 ) 2 5, 1 12 s 1
6,7, 45 0, G0, 51153 )

B grade { [E05H,2060E1562)
C grade {[21}[22}[23,24,[25, 26,27 }

F normal fail {[33}[34,[35][54}[55][56 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {[12,[3[45}[7, 89} [10}36}37}[38} [3% |40} (4T} |42} 43} 14} |45, [46, |47, 48} 49,50} [62} 3] }
B grade {[T3T3/13/16/I7 S 06T}

C grade {[6l[11)[12}

F normal fail { 21)2323/28 25,2627 25 29 50,5132, 53, 5 B3 536550 }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { 56,766,100 (3 E 553 0 {1 48,5353 }
B grade {125 1) 2 31 5, 7 15, 19 20,56 57, 5 330 2 50, 51
C grade { }

F normal fail { 21} 2328, 25,26,27) 25 25 B0, 31,32, 3, P4, 55, 546556 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima
A grade {[4[5[6}[16,[36)[37,38,[52,[53] }
B grade {[1}[2,[3}[7}8}[0}[L0}[LT} [12}[13} L4} [15}[17] }

C grade { }

F normal fail { 51520} 21, 22 25 20 25,26, 7 529, B0, 51} 52,33, B, 55 54,6566 )
F(-1) timedout fail { }

F(-2) exception fail { [39}[40}[41}[42}[43|[44} |45} |46, |47, 48, |49} [50} 51) }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade { [1,2[3}4[51[6} 78} 9} (L0} [L 1} [L2 37} 39} 40} [T} (42} 43| 44} 45, 46} 47 (48} 49} 50} 52} 53
}

B grade { 131415161718 E0/36,5851}
C grade { }

F normal fail { 122,23 2 £5,26,27) 529,50, 51, 32, B3 4 55, 5465 50
F(-1) timedout fail { }

F(-2) exception fail {[19}

2.1.7 Mupad
A grade { }

B greﬁi@l@lﬂ@@@l@
52,53 }

C grade { }
F normal fail { }

F(-1) timedout fail {[13}[14[15}[16}[17},[18} 19} 20} [21} 22}[23} 24} [25}[26} 27 [28, [29} [30} 31} [32}
83134135, /64,65,56] }

F(-2) exception fail { }

2.1.8 Sympy
A grade { }
B grade { }
C grade { }

F normal fail {|[1}[2}[3}[4}[5}/61[7,8 9 [10} L 1} 12} 13} 14} 5} 6} L7} 18} [19}[20} 22} 23} 25} 26 27
%%@@@@@@@@@@@@@@@@@@@@

F(-1) timedout fail {[2124147}
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 113 68 120 168 0 96 89
N.S. 1 1.00 2.05 1.24 2.18 3.05 0.00 1.75 1.62
time (sec) N/A 0.450 1.095 0.482 0.229  0.255 0.000 0.267 17.689
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 46 83 54 97 134 0 73 69
N.S. 1 1.06  1.89 1.23 2.20 3.05 0.00 1.66 1.57
time (sec) N/A 0.432 0.481 0.409 0.223  0.243 0.000 0.272 19.437
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 63 36 68 91 0 53 49
N.S. 1 1.00 2.33 1.33 2.52 3.37 0.00 1.96 1.81
time (sec) N/A 0.380 0.290 0.350 0.221  0.243 0.000 0.270 18.414

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 44 21 31 53 0 24 23
N.S. 1 1.00 2.20 1.05 1.55 2.65 0.00 1.20 1.15
time (sec) N/A 0.293 0.143 0.195 0.241  0.248 0.000 0.274 18.045
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 26 14 16 22 0 13 13
N.S. 1 1.00 217 1.17 1.33 1.83 0.00 1.08 1.08
time (sec) N/A 0.179 0.089 0.122 0.227  0.230 0.000 0.269 17.550
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 47 29 50 54 0 32 27
N.S. 1 1.00 1.68 1.04 1.79 1.93 0.00 1.14 0.96
time (sec) N/A 0.182 0.261 0.284 0309 0.241 0.000 0.275 18.400
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 26 32 20 78 35 0 44 46
N.S. 1 1.04 1.28 0.80 3.12 1.40 0.00 1.76 1.84
time (sec) N/A 0.304 0.190 0.335 0.317  0.240 0.000 0.265 18.344

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 41 42 29 128 53 0 56 59
N.S. 1 1.02 1.05 0.72 3.20 1.32 0.00 1.40 1.48
time (sec) N/A 0.352 0.252 0.398 0.337 0.255 0.000 0.272 18.303
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 52 49 33 180 70 0 67 78
N.S. 1 0.98  0.92 0.62 3.40 1.32 0.00 1.26 1.47
time (sec) N/A 0.388 0.323 0.462 0.355  0.255 0.000 0.268 19.655
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 67 57 45 230 81 0 91 93
N.S. 1 1.02  0.86 0.68 3.48 1.23 0.00 1.38 1.41
time (sec) N/A 0.448 0.385 0.593 0.326 0.243 0.000 0.288 18.678
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 61 108 54 142 124 0 60 52
N.S. 1 1.07  1.89 0.95 2.49 2.18 0.00 1.05 0.91
time (sec) N/A 0.389 0.602 0.449 0.345 0.252 0.000 0.282 18.078

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 98 123 7 228 181 0 86 78
N.S. 1 1.11  1.40 0.88 2.59 2.06 0.00 0.98 0.89
time (sec) N/A 0.557 1.052 0.576 0.321 0.248 0.000 0.291 19.655
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 69 80 275 417 318 0 250 0
N.S. 1 1.06 1.23 4.23 6.42 4.89 0.00 3.85 0.00
time (sec) N/A 0.447 2.229 0.876 0.348 0.268 0.000 0.462 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 44 44 69 245 200 212 0 195 0
N.S. 1 1.00  1.57 5.57 4.55 4.82 0.00 4.43 0.00
time (sec) N/A 0.257 0.130  0.552 0.330 0.259 0.000 0.424 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 32 166 148 120 0 353 0
N.S. 1 1.00 1.23 6.38 5.69 4.62 0.00 13.58 0.00
time (sec) N/A 0.175 0.085 1.065 0.323 0.256 0.000 0.482 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 62 54 185 83 219 0 205 0
N.S. 1 1.00 0.87 2.98 1.34 3.53 0.00 3.31 0.00
time (sec) N/A 0.328 0.179 0.532 0.333 0.263 0.000 0.430 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 81 87 129 642 150 427 0 243 0
N.S. 1 1.07  1.59 7.93 1.85 5.27 0.00 3.00 0.00
time (sec) N/A 0.460 0.495 0.539 0.329 0.278 0.000 0.356 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 100 112 139 1104 0 546 0 286 0
N.S. 1 1.12 139 11.04 0.00 5.46 0.00 2.86 0.00
time (sec) N/A 0.645 0.596 0.589 0.000  0.273 0.000 0.360 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 37 108 98 0 283 0 0 0
N.S. 1 1.00 292 2.65 0.00 7.65 0.00 0.00 0.00
time (sec) N/A 0.238 0.887 2.512 0.000  0.275 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 101 127 0 296 0 101 0
N.S. 1 1.00 2.66 3.34 0.00 7.79 0.00 2.66 0.00
time (sec) N/A 0.237 3.136 2.749 0.000 0.261 0.000 0.661 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 254 266 102 0 0 0 0 0 0
N.S. 1 1.05  0.40 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.345 8.587  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 213 213 46 0 0 0 0 0 0
N.S. 1 1.00 0.22 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.303 3.078  0.000 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 254 266 110 0 0 0 0 0 0
N.S. 1 1.05 0.43 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.323 3.380 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C F F F F(-1) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD
size 514 510 120 0 0 0 0 0 0

N.S. 1 0.99 0.23 0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.477 21.349 0.000 0.000 0.000 0.000 0.000 0.000

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD
size 470 474 109 0 0 0 0 0 0

N.S. 1 1.01 0.23 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.475 15.581 0.000 0.000 0.000 0.000 0.000 0.000

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C F F F F F F(-1)
verified N/A No Yes N/A TBD T™BD TBD TBD TBD
size 508 508 46 0 0 0 0 0 0

N.S. 1 1.00  0.09 0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.479 15.297 0.000 0.000  0.000 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD
size 552 545 72 0 0 0 0 0 0

N.S. 1 0.99 0.13 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.498 15.881 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 48 48 48 0 0 0 0 0 0

N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.257 1.180 0.000 0.000 0.000 0.000 0.000 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 69 69 73 0 0 0 0 0 0

N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.260 2.903 0.000 0.000 0.000 0.000 0.000 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 156 158 178 0 0 0 0 0 0

N.S. 1 1.01 114  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.669 5.541 0.000 0.000  0.000 0.000 0.000 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 109 109 126 0 0 0 0 0 0

N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.433 0.970 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 74 74 60 0 0 0 0 0 0
N.S. 1 1.00 0.81 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.302 0.384 0.000 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 84 84 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.285 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 83 83 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.327 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 84 84 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.331 0.000 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 107 114 568 112 125 217 0 205 314
N.S. 1 1.07 5.31 1.05 1.17 2.03 0.00 1.92 2.93
time (sec) N/A 0.397 12.920 1.200 0.221  0.252 0.000 0.290 18.003
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 75 152 85 95 155 0 134 234
N.S. 1 1.03 2.08 1.16 1.30 2.12 0.00 1.84 3.21
time (sec) N/A 0.246 3.441 0.717 0228 0.246 0.000 0.286 18.594
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 34 76 42 43 7 0 74 105
N.S. 1 1.00 224 1.24 1.26 2.26 0.00 2.18 3.09
time (sec) N/A 0.273 0.709  0.649 0.223  0.247 0.000 0.278 18.673
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 139 125 156 0 607 0 194 588
N.S. 1 1.24 1.12 1.39 0.00 5.42 0.00 1.73 5.25
time (sec) N/A 1.001 2.097 0.750 0.000 0350 0.000 0.282 19.022

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 105 144 112 0 524 0 141 515
N.S. 1 1.25 1.71 1.33 0.00 6.24 0.00 1.68 6.13
time (sec) N/A 0.705 0.718 0.568 0.000 0359 0.000 0.275 17.917
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 76 106 7 0 308 0 98 135
N.S. 1 1.23 1.7 1.24 0.00 4.97 0.00 1.58 2.18
time (sec) N/A 0.488 0.367 0.467  0.000  0.300 0.000 0.288 18.108
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 62 62 53 0 245 0 63 129
N.S. 1 1.17 117 1.00 0.00 4.62 0.00 1.19 2.43
time (sec) N/A 0.401 0.143 0.350 0.000 0.294 0.000 0.284 18.291
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 49 40 39 0 154 0 48 36
N.S. 1 1.22  1.00 0.98 0.00 3.85 0.00 1.20 0.90
time (sec) N/A 0.270 0.033 0.181 0.000  0.267 0.000 0.282 18.126

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 66 59 68 0 238 0 7 184
N.S. 1 1.16 1.04 1.19 0.00 4.18 0.00 1.35 3.23
time (sec) N/A 0.279 0.206 0.349 0.000 0.265 0.000 0.274 18.592
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 73 56 73 0 235 0 7 766
N.S. 1 1.20 0.92 1.20 0.00 3.85 0.00 1.26  12.56
time (sec) N/A 0.358 0.272  0.463 0.000 0.278 0.000 0.274 18.997
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 103 78 112 0 285 0 112 1147
N.S. 1 1.26  0.95 1.37 0.00 3.48 0.00 1.37  13.99
time (sec) N/A 0.667 0.362 0.543 0.000 0.265 0.000 0.268 20.241
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 136 98 145 0 329 0 149 1218
N.S. 1 1.24 0.89 1.32 0.00 2.99 0.00 1.35  11.07
time (sec) N/A 0915 0.791 0.721 0.000 0.264 0.000 0.272 19.017

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 178 129 234 0 410 0 252 1639
N.S. 1 1.24  0.90 1.62 0.00 2.85 0.00 1.75  11.38
time (sec) N/A 1.271  1.452 0.981 0.000 0.284 0.000 0.276 19.318
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 142 139 168 0 493 0 158 2677
N.S. 1 1.31  1.29 1.56 0.00 4.56 0.00 1.46  24.79
time (sec) N/A 0.633 0.650 0.550 0.000 0.275 0.000 0.268 22.691
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 170 225 216 314 0 933 0 297 5917
N.S. 1 1.32  1.27 1.85 0.00 5.49 0.00 1.75  34.81
time (sec) N/A 0.993 1.971 1.050 0.000  0.300 0.000 0.286 27.173
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 239 314 279 545 0 1554 0 535 8167
N.S. 1 1.31 117 2.28 0.00 6.50 0.00 224 3417
time (sec) N/A 1.412 5.557 2.092 0.000 0.342 0.000 0.297 31.996

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 37
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 41 66 34 49 33 0 49 39
N.S. 1 1.32 213 1.10 1.58 1.06 0.00 1.58 1.26
time (sec) N/A 0.219 0.157 0.559 0.325 0.254 0.000 0.265 19.319
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 50 67 41 71 52 0 45 27
N.S. 1 0.74  0.99 0.60 1.04 0.76 0.00 0.66 0.40
time (sec) N/A 0.258 0.147 0.313 0.315 0.250 0.000 0.272 18.570
Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 274 274 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.693 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 220 220 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.447 0.000 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 104 104 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.253 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 16
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.33
time (sec) N/A 0.165 3.158 0.613 1.236  0.256 0.495 0.324 18.725
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 19 21 23
N.S. 1 1.00 1.11 1.00 1.11 1.11 1.00 1.11 1.21
time (sec) N/A 0.194 8.296 0.677 1.655  0.259 4.478 0.396 18.431
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 21 23 26 20 23 25
N.S. 1 1.00 1.10 1.00 1.10 1.24 0.95 1.10 1.19
time (sec) N/A 0.201 6.528 1.039 2105 0.255 21.256 0.396 19.495

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [51] had the largest
ratio of [1.41667000000000010]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
| A 11 10 1.00 13 0.769
2 A 11 10 1.05 13 0.769
3 A 7 7 1.00 13 0.538
4 A 5 5} 1.00 13 0.385
o A 2 2 1.00 11 0.182
6 A 3 3 1.00 12 0.250
7 A 8 8 1.04 11 0.727
3 A 9 9 1.02 13 0.692
9 A 11 10 0.98 13 0.769
10j A 13 12 1.02 13 0.923
]| A 7 7 1.07 12 0.583
12] A 10 10 1.11 12 0.833
13] A 10 9 1.06 10 0.900
14] A 7 6 1.00 10 0.600
15) A 4 3 1.00 10 0.300
16} A 8 7 1.00 10 0.700
17] A 11 10 1.07 10 1.000
18] A 14 13 1.12 10 1.300
19 A 4 3 1.00 25 0.120
20) A 4 3 1.00 28 0.107
21 A 6 5 1.05 25 0.200
22] A ) 4 1.00 25 0.160
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules
# | grade ?::5; uzi;:e antlf:fr;::ve leaf size integrand leaf size
23] A 6 ) 1.05 25 0.200
24] A 8 7 0.99 25 0.280
25) A 7 6 1.01 25 0.240
26} A 8 7 1.00 25 0.280
27 A 9 8 0.99 25 0.320
2| A 4 3 1.00 23 0.130
29| A 5 4 1.00 24 0.167
30) A 10 9 1.01 21 0.429
31 A 8 7 1.00 21 0.333
32] A 6 ) 1.00 19 0.263
33] A 6 5 1.00 12 0.417
34 A 6 ) 1.00 19 0.263
35) A 6 ) 1.00 21 0.238
36} A ) ) 1.07 12 0.417
37| A 3 3 1.03 12 0.250
38] A 7 6 1.00 12 0.500
39) A 18 17 1.24 13 1.308
4_0 A 14 13 1.25 13 1.000
4_1 A 12 11 1.23 13 0.846
42] A 10 9 1.17 13 0.692
43] A 7 6 1.22 11 0.545
44 A 7 6 1.16 12 0.500
45) A 11 10 1.20 11 0.909
46} A 14 13 1.26 13 1.000
ﬂ A 17 16 1.24 13 1.231
4_8 A 19 18 1.24 13 1.385
49) A 12 11 1.31 12 0.917
50] A 15 14 1.32 12 1.167
51 A 18 17 1.31 12 1.417
52] A 4 4 1.32 12 0.333
53| A 7 6 0.74 12 0.500
54| A 9 8 1.00 21 0.381
55) A 7 6 1.00 21 0.286
56} A 5 4 1.00 19 0.211
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul
# | gade | seps | wiawe | aidetive | ECT RS
N/A 2 0 1.00 12 0.000
N/A 2 0 1.00 19 0.000
N/A 2 0 1.00 21 0.000

2.3. Detailed conclusion table specific for Rubi results
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3.1 [0 gy

a+a csc(z)
3.1.1 Optimalresult . . . ... ... .. . (44
3.1.2 Mathematica [B] (verified) . . . . . . . . ... L 44
3.1.3 Rubi [A] (verified) . . . . .. . ... .. 45
3.1.4 Maple [A] (verified) . . . . ... .. ... 4
3.1.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 48]
3.1.6 Sympy [F] . . . .o 48]
3.1.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 48]
3.1.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 19
3.1.9 Mupad [B] (verification not implemented) . . ... ... ... ... . .... 49

3.1.1 Optimal result

Integrand size = 13, antiderivative size = 55

/ csc®(z) g — 3arctanh(cos(z)) 4cot(z) 4cot’(z)

a + acsc(zx) 2a a 3a
3cot(z)csc(x)  cot(x) csc®(x)
2a a + acsc(x)

output ‘(3/2*arctanh(cos (%)) /a-4*cot (x) /a-4/3*cot (x) "3/a+3/2*cot (x) *csc(x) /at+cot (x) ‘
*esc(x) "3/ (ataxcsc(x)) |

3.1.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 113 vs. 2(55) = 110.

Time = 1.10 (sec) , antiderivative size = 113, normalized size of antiderivative = 2.05

csc®(z)
/ a + acsc(x) de
—20cot (£) + 3csc? (%) + 361og (cos (£)) — 361og (sin (£)) — 3sec? (£) + 8csc®(z) sin* (£) +
- 24a

48 sin (%
cos( 3 ) +si1

input LIntegrate [Csc[x]1"5/(a + axCsc[x]),x] J

31 [-=o@ gy

a+a csc(zx)
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output ‘ (-20%Cot [x/2] + 3*Csc[x/2]"2 + 36%Logl[Cos[x/2]] - 36*Log[Sin[x/2]] - 3*Sec
‘ [x/2] "2 + 8%Csc[x] ~3*Sin[x/2] "4 + (48%Sin[x/2])/(Cos[x/2] + Sin[x/2]) - (C
\ sc[x/2]"4%Sin[x])/2 + 20%Tan[x/2])/(24%a)

3.1.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.00, number

of steps used = 11, number of rules used = 10, Bumber of rules _ 769 Ryles used =
integrand size

{3042, 4305, 3042, 4274, 3042, 4254, 2009, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/accsic(i()m_)ﬂldm

| 3042
csc(z)d
/ acsc(z) + adm
| 4305
cot(x) csc®(z) B [ esc®(z)(3a — 4a cse(z))dz
acsc(z) +a a?
| 3042
cot(z) csc3(z) B [ esc(z)3(3a — 4a csc(z))dzx
acsc(z) +a a?
| 4274
cot(z) csc®(z) 3a [ csc3(z)dz — 4a [ csct(z)dx
acsc(z) +a a?
| 3042
cot(z) csc®(x)  3a [ csc(z)’da — 4a [ csc(x)*dx
acsc(z) + a a?
| 4254
cot(z) csc®(z) 4da [ (cot?(z) + 1) d cot(z) + 3a [ csc(z)3dz
acsc(z) +a a?
| 2009

31 [ =@ gy

a+a csc(zx)




input

output

rule 2009

rule 3042

rule 4254

rule 4255
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CO 3 x
cot(z) csc3(z) 30 [ ese(z)3dz + 4a(tT() + cot(m))

acsc(z) +a a?
| 4255
Ccsclx )ax CO 3 T
cot () csc3 () 3a(# — 1 cot(z) csc(a:)) + 4a<% + cot(m))
acsc(z) +a a?
| 3042
csclx )ax CO 3 T
cot(z) csc3(z) 3a<# — 1 cot(z) csc(z)) + 4a<% + cot(a:))
acsc(z) +a a?
| 4257

cot(z) csc3(z) 3a(—garctanh(cos(z)) — 3 cot(z) esc(z)) + 4“(% + COt(iU))

acsc(z) +a a?

LInt [Csc[x]~5/(a + a*Csc[x]),x]

‘ (Cot[x]*Csc[x]"3)/(a + a*Csc[x]) - (4*ax(Cot[x] + Cot[x]~3/3) + 3*xax(-1/2x%
LArcTanh[Cos[x]] - (Cot[x]*Csc[x])/2))/a~2

3.1.3.1 Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&% IntegerQ[2#n]

31 [-=o@ gy

a+a csc(zx)
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rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

rule 4274

Int[(cscl(e_.) + (£_.)*(x_)I1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[a
t[(d*Cscle + f*x])~(n + 1), x], x] /; FreeQ[{a, b, d, e, £, n}, x]

Int[(d*Cscle + f*x])“n, x], x] + Simp[b/d 1In

rule 4305

Int[(cscl(e_.) + (£_)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (
a_)), x_Symbol] :> Simp[d~2*Cot[e + f*x]*((d*Cscle + f*x])"(n - 2)/(f*(a +
bxCscle + f*x]))), x] - Simp[d~2/(a*b)
- 2) - ax(n - 1)*Cscle + f*x]), x], x] /; FreeQ[{a, b, d, e, £}, x] && EqQ
[a”2 - b2, 0] && GtQ[n, 1]

Int[(d*Csc[e + f*x])~(n - 2)*(bx(n

3.1.4 Maple [A] (verified)

Time = 0.48 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.24

method result size

M—tan(g)z-l-ﬂ?an(z)— L +—Lr 7 —12In(tan(%))— 16

8 2 2 3tan(%)3 tan(%)z tan(%) 2 tan(%)-}—]
default S 68
. 3 ( (w —sin(2w)) In(csc(z)—cot(x))+sin(3z)+ 5 Sins(%) -2 Sig(m) -1 C°§(2$> +2 002(42) -5 Sir:fzz) ) tan(z)
parallelrlSCh - a(—3—cos(4z)+4 cos(2z)) 79
; _ 9iei® 4.9 ¢8i _24ie3i% 24 %17 4 Tiei? 439 €217 —16 _ 3In(e—1) 31n(et*+1)
risch 3(e2iz—1)(i4-ei®)a 2a + 2a 99
z z)2 z)3 z\6 z\7 z\8 z\4

_tan(f) tan(i) _Stan(i) 3tan(§) _tan(é) +tan(§) _15tan(§) 3ln(tan(£))

norman 24a 12a 4a I 4a 12a 24a 4a _ 2 103
tan(%) (tan(%)—{—l) 2a

-

input tint (csc(x)~5/(ataxcsc(x)),x,method=_RETURNVERBOSE)

e—

output ‘ 1/8/a*(1/3*tan(1/2*x) " 3-tan(1/2*x) ~2+7*tan(1/2*x)-1/3/tan(1/2*x) " 3+1/tan(1
‘ /2%x)"2-T/tan(1/2*x)-12*1n(tan(1/2*x))-16/(tan(1/2*x)+1))

S

cscd(z
3.1. f a—i—acs(c():c) dzx
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3.1.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(49) = 98.

Time = 0.25 (sec) , antiderivative size = 168, normalized size of antiderivative = 3.05

_ 32cos (z)* + 14 cos (z)® — 48 cos (z)* + 9 (cos (z)* — 2 cos () — (cos (z)* + cos () — cos (z) — 1) sin

inputLintegrate(csc(x)“5/(a+a*csc(x)),x, algorithm="fricas") J

output | 1/12*(32*cos(x) "4 + 14*cos(x)~3 - 48*cos(x)”"2 + 9*(cos(x)"4 - 2*cos(x)"2 -
(cos(x)~3 + cos(x)"2 - cos(x) - 1)*sin(x) + 1)*log(1l/2*cos(x) + 1/2) - 9%
(cos(x)"4 - 2*cos(x)"2 - (cos(x)73 + cos(x)"2 - cos(x) - 1)*sin(x) + 1)x*1lo

g(-1/2xcos(x) + 1/2) + 2*(16%cos(x)"3 + 9*cos(x)~2 - 15%cos(x) - 6)*sin(x)
- 18*cos(x) + 12)/(a*cos(x)”4 - 2*a*cos(x)"2 - (a*cos(x)"3 + axcos(x)"2 -
a*cos(x) - a)*sin(x) + a)

3.1.6 Sympy [F]

CSC5 T
/ cscd(x) dp — = (x§+)1 dz
a+acsc(z) a
input  integrate(csc(x)**5/ (ata*csc(x)),x)
outputLIntegral(csc(x)**5/(csc(x) + 1), x)/a J

3.1.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 120 vs. 2(49) = 98.

Time = 0.23 (sec) , antiderivative size = 120, normalized size of antiderivative = 2.18

21sin(z) 3 sin(z)?2 sin(z)3
/ CSC5(.’L') de — cos(z)+1 (cos(z)+1)2 + (cos(z)+1)3
— x —_—
a + acsc(x) 24qa
2sin(z) 18 sin(z)? 69 sin(z)3 _ ( sin(z) )
cos(z)+1 (cos(x)+1)2 (cos(z)+1)3 1 _ 3 log cos(z)+1
asin(z)3 asin(alr:)4 > 2a
4 <(cos(x)+1)3 + (cos(z)+1)*

31 [-=o@ gy

a+a csc(zx)
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input‘integrate(csc(x)“5/(a+a*csc(x)),x, algorithm="maxima")

output(1/24*(21*sin(x)/(cos(x) + 1) - 3*sin(x)"2/(cos(x) + 1)72 + sin(x)~3/(cos(x
‘) + 1)73)/a + 1/24x(2xsin(x)/(cos(x) + 1) - 18*sin(x)"2/(cos(x) + 1)°2 - 6
‘Q*Sin(x)‘3/(cos(x) + 1)73 - 1)/(a*sin(x)~3/(cos(x) + 1)73 + a*sin(x)~4/(co
‘s(x) + 1)74) - 3/2*log(sin(x)/(cos(x) + 1))/a

|

3.1.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.75

/ csc?(x) e — _3log (|tan (2 z)]) N a®tan (%x)?’ —3a’tan (%x)2 + 21a’tan (1 z)

a + acsc(x) 2a 2403
2 66 tan (%$)3—21 tan (%x)2+3tan (%x) -1
- 1 + 3
a(tan (3z) +1) 24 atan (3 z)

p
input Lintegrate (csc(x)75/(ata*csc(x)),x, algorithm="giac")

-/

output‘—3/2*log(abs(tan(1/2*x)))/a + 1/24x(a"~2*tan(1/2*x) "3 - 3*a~2xtan(1/2*x)"2
‘+ 21xa~2%tan(1/2*x))/a~3 - 2/(ax(tan(1/2*x) + 1)) + 1/24x(66%tan(1/2*x)"3
- 21*xtan(1/2%x) "2 + 3xtan(1/2*x) - 1)/(a*tan(1/2*x)"3)

N

3.1.9 Mupad [B] (verification not implemented)

Time = 17.69 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.62

/ cscd(x) dp — 7tan(§) B 23tan(§)3 + 6tan(§)2 — 2tag(%) + %
a+ acsc(z) 8a 8atan (%)4+8atan (%)3
B tan(§)2 tan(%)?’ ~3In (tan(%))

8a 24 a 2a

inputtint(l/(sin(x)“S*(a + a/sin(x))),x)

OutPUt‘(7*tan(x/2))/(8*a) - (6*xtan(x/2)"2 - (2*tan(x/2))/3 + 23*tan(x/2)"3 + 1/3)
‘/(8*a*tan(x/2)‘3 + 8*axtan(x/2)"4) - tan(x/2)"2/(8%a) + tan(x/2)~3/(24x*a)
-~ (3*log(tan(x/2)))/ (2+a)

-/
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3.2  [-=@ gy

a+a csc(z)
3.2.1 Optimalresult . .. ... .. .. .. . 0!
3.2.2 Mathematica [A] (verified) . . . . . ... ... ..o oL 50
3.2.3 Rubi [A] (verified) . . . . . . . ... GBIl
3.24 Maple [A] (verified) . ... ... . ... B3l
3.2.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 53]
3.2.6 Sympy [F] . . . . . %!
3.2.7 Maxima [B] (verification not implemented) . . . . . . ... ... ... ... .. hY!
3.2.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 55
3.2.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. 55

3.2.1 Optimal result

Integrand size = 13, antiderivative size = 44

/ csc(x) dp — _ 3arctanh(cos(z)) N 2cot(z)  3cot(z) csc(z) + cot(z) csc?(z)
a+acsc(z) 2a a 2a a + acsc(z)

e B

output | -3/2*arctanh(cos(x))/a+2*cot (x)/a-3/2*cot (x)*csc(x)/atcot (x)*csc(x) "2/ (ata
‘*csc(x)) J
3.2.2 Mathematica [A] (verified)
Time = 0.48 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.89
4
/ csc*(x) i
a + acsc(x)
z z " -z z 16sin(%) z
_ 4cot (£) — esc? (£) — 121og (cos (£)) + 121og (sin (£)) + sec? (£) — (B e[z — dtan (2)
8a
input  Integrate[Csc[x]~4/(a + a*Csc[x]),x]

N J

output‘ (4xCot[x/2] - Cscl[x/2]72 - 12*Log[Cos[x/2]] + 12+Log[Sin[x/2]] + Sec([x/2]" ‘
'2 - (16%Sin[x/21)/(Cos[x/2] + Sin[x/2]) - 4*Tan[x/2]1)/(8*a) |

32, [-=@ gy
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3.2.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.05, number

of steps used = 11, number of rules used = 10, Bumber of rules _ 769 Ryles used =
integrand size

{3042, 4305, 3042, 4274, 3042, 4254, 24, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ac(;i({;()x—)l-adx

| 3042
4
/ csc(z) iz
acsc(z) +a
l 4305
cot(z) csc®(z) [ esc®(z)(2a — Bacsc(x))dx
acsc(z) +a a?
| 3042
cot(z) csc®(z) [ esc(z)?(2a — 3acsc(x))dx
acsc(z) +a a?
| 4274
cot(z) csc®(x)  2a [ csc®(z)dx — 3a [ csc®(x)da
acsc(z) +a a?
| 3042
cot(z) csc®(z)  2a [ csc(z)?dx — 3a [ csc(x)>dx
acsc(z) + a a?
| 4254

cot(z) csc®(z)  —2a [ 1dcot(z) — 3a [ csc(z)3dx
acsc(z) +a a?

l 24

cot(z) csc®(x)  —3a [ csc(z)’dz — 2a cot(x)

acsc(z) +a a?
| 4255
cot(z) csc?(z) —3a(M — 1 cot(z) csc(x)) — 2a cot(x)
acsc(z) +a a?

32, [-=@ gy
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| 3042
cot(z) csc?(z) —3a ( L Cscéw)dw — % cot(z) CSC(:C)) — 2a cot(x)
acsc(z) +a a2
| 4257
cot(z) csc?(z)  —3a(—3arctanh(cos(z)) — & cot(z) csc(z)) — 2a cot(z)
acsc(z) +a - a2

input LInt [Csc[x]~4/(a + a*Csc[x]),x]

output ‘ (Cot[x]*Csc[x]~2)/(a + a*Csc[x]) - (-2*axCot[x] - 3*ax(-1/2*ArcTanh[Cos[x]
1 - (Cot[x]*Csclx]1)/2))/a™2

3.2.3.1 Defintions of rubi rules used

e

rule 24tInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

~—

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4254‘Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
‘a.ndIntegrand[(l + x72)"(@/2 - 1), x1, %], x, Cotlc + d*x]11, x] /; FreeQl{c,
\ d}, x] && I1GtQ[n/2, 0]

rule 4255 Int[(csc[(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2+*n]

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQl{c, d}, x]

32, [-=@ gy
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rule 4274 Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[a Int[(d*Csc[e + f*x])°n, x], x] + Simp[b/d In
t[(d*Cscle + £*x])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

rule 4305 Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (f_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[d~2*Cot[e + f*x]*((d*Cscle + f*x])"(n - 2)/(f*(a +
bxCscle + f*x]))), x] - Simp[d~2/(a*b) Int[(d*Csc[e + f*x])~(n - 2)*(b*(n
- 2) - ax(n - 1)*Cscle + f*x]), x], x] /; FreeQ[{a, b, d, e, £}, x] && EqQ
[a”2 - b2, 0] && GtQ[n, 1]

3.2.4 Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.23

method result size
tan ( 3 ) ? 2 tan(2 8 1 2 z
———2tan(%)+ — e 2T +61n(tan(%))
default ren() 2 ;tan(f) ron(8) 54
. (3 cos(2z)—3) In(csc(z)—cot(xz))+6 cos(x)—4 sec(x)+4 tan(z)+3 cos(2z) —4 sin(2z)—3
parallelrisch Sa(—T-toos(22)) o7
3tan(%)3 tan(%) 3tan(%)2 3tan(%)5 tan(%)ﬁ z
a ~ 8a + 8a — 8a + 8a 31n(tan(§))
norman ton(3)” (on(3)+1) T 51
. —5e2iT 1 37e3iT | 3 41T 4 4_jeiT 3]n(ei1’_]_) 31n(eiz+1)
rlSCh . (eQimle_l)2(ijeim)a = 2a - 2a 83

~—

input Lint (csc(x)~4/(a+a*csc(x)) ,x,method=_RETURNVERBOSE)

output ‘ 1/4/a*(1/2%tan(1/2*x) ~2-2xtan(1/2%x)+8/ (tan(1/2*x)+1)-1/2/tan(1/2%x) ~2+2/t ‘
an(1/2+x)+6x1n(tan(1/2+x))) |

3.2.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 134 vs. 2(40) = 80.

Time = 0.24 (sec) , antiderivative size = 134, normalized size of antiderivative = 3.05

/ csct(x) .

a + acsc(z)

_ 8 cos (z)* + 6 cos (z)* — 3 (cos (x)* + cos (z)® + (cos (z)? — 1) sin (z) — cos (z) — 1) log (% cos(z) + 1) -
4 (acos(z)’ +ac
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input‘integrate(csc(x)“4/(a+a*csc(x)),x, algorithm="fricas")

output | 1/4%(8*cos(x)"3 + 6xcos(x)”2 - 3*(cos(x)”"3 + cos(x)"2 + (cos(x)"2 - 1)*sin
(x) - cos(x) - 1)*log(1l/2*cos(x) + 1/2) + 3*(cos(x)"3 + cos(x)"2 + (cos(x)
2 - 1)*sin(x) - cos(x) - 1)*log(-1/2*cos(x) + 1/2) - 2*(4*cos(x)~2 + cos(
x) - 2)*sin(x) - 6*xcos(x) - 4)/(a*cos(x)"3 + axcos(x)"2 - a*cos(x) + (axco
s(x)"2 - a)*sin(x) - a)

3.2.6 Sympy [F]

a + acsc(x) a

csc? (x)
4 dx
/ csc*(z) dr — J csc (z)+1

inputLintegrate(csc(x)**4/(a+a*csc(x)),X)

output LIntegral(csc(x)**4/(csc(x) + 1), x)/a

3.2.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 97 vs. 2(40) = 80.

Time = 0.22 (sec) , antiderivative size = 97, normalized size of antiderivative = 2.20

4 sin(zx) sin(z)? 3 sin(z) 20 sin(z)? sin(z)
/ CSC4(117) dr — — cos(z)+1 (cos(z)+1)? n cos(z)+1 (cos(z)+1)? -1 n 3 log (cos(w)-i-l)
a + acsc(x) 8a 8 < asin(z)? N asin(z)® ) %a
(cos(z)+1)? (cos(z)+1)*

inputLintegrate(csc(x)“4/(a+a*csc(x)),x, algorithm="maxima")

output‘-1/8*(4*sin(x)/(cos(x) + 1) - sin(x)"2/(cos(x) + 1)72)/a + 1/8%(3*sin(x)/(
‘cos(x) + 1) + 20*sin(x)"2/(cos(x) + 1)72 - 1)/(a*sin(x)"2/(cos(x) + 1)72 +
‘ a*sin(x)~3/(cos(x) + 1)73) + 3/2*log(sin(x)/(cos(x) + 1))/a
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3.2.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.66

/ csct(x) o — 3 log ([tan (1 z)|) N atan (1 2)* — 4atan (1 2)

a+acsc(r) 2a 8 a?
2 18 tan(%m)2—4tan(%x)+1
+ 1 - 1,.\2
a(tan (3 z) +1) 8atan (3 z)

B
input Lintegrate (csc(x)~4/(ataxcsc(x)),x, algorithm="giac")

~—

output‘3/2*log(abs(tan(1/2*x)))/a + 1/8x(axtan(1/2%x)"2 - 4*a*tan(1/2*x))/a"2 + 2
‘/(a*(tan(1/2*x) + 1)) - 1/8%(18*tan(1/2%x)"2 - 4xtan(1/2*x) + 1)/(axtan(1/
‘2*x)‘2)

—

3.2.9 Mupad [B] (verification not implemented)

Time = 19.44 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.57

2 3tan(%) 1

JEE I R o BITC IR R LIC)

z
2

z
2

+
a + acsc(z) 4atan ( )3+4atam(§)2 2a 8a 2a

input Lint(l/(sin(x)‘4*(a + a/sin(x))),x)

output‘ ((3*tan(x/2))/2 + 10xtan(x/2)"2 - 1/2)/(4*axtan(x/2)"2 + 4*axtan(x/2)"3) -
L tan(x/2)/(2*a) + tan(x/2)"2/(8%a) + (3*log(tan(x/2)))/(2%a)
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3.3.1 Optimal result

Integrand size = 13, antiderivative size = 27

/

csc3(x)

arctanh(cos(z)) cot(z)  cot(z)

dx = —

a + acsc(z) a a a + acsc(z)

e

outputLarctanh(cos(x))/a—cot(x)/a—cot(x)/(a+a*csc(x))

~—

3.3.2

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 63 vs. 2(27) = 54.

Time = 0.29 (sec) , antiderivative size = 63, normalized size of antiderivative = 2.33

csc3(x)

—cot (£) + 2log (cos (£)) — 2log (sin (£)) +

4sin(%)

+ tan ()

/ a + acsc(x)

T =

2a

input‘Integrate[Csc[x]“B/(a + a*Csc[x]),x]

output((-Cot[x/Q] + 2xLog[Cos[x/2]] - 2#Log[Sin[x/2]] + (4*Sin[x/2])/(Cos[x/2] +
'Sin[x/2]) + Tan[x/2])/(2*a)

3.3.

J

csc3(z)
a+a csc(zx)

dz
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3.3.3 Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 53¢ Ry jjeg used = {3042,

integrand size
4277, 3042, 4276, 3042, 4257, 4281}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

| 3042
csc(z)3
/ acsc(z) + adw
| 4277
csc?(z) d cot(z)
_/csc(w)a+a T
| 3042
csc(z)? cot(z)
_/ csc(z)a + adm  a
| 4276
_ [ esc(z)dz csc(x) . cot(z)
a +/?mwm+ad a
| 3042
[ cse(z)dz csc(x) cot(z)
Bl a + / csc(z)a + adw  a
| 4257
csc(z) p arctanh(cos(z))  cot(z)
/csc(m)a+a v a  a
| 4281
arctanh(cos(z)) cot(z) cot(z)
a "~ a  acsc(z)+a

-

Int[Csc[x]~3/(a + a*Csc[x]),x]

output LArcTanh [Cos[x]]/a - Cot[x]/a - Cot[x]/(a + a*Csc[x])

33, [-=2@ gy
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3.3.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xI]

Int[cscl(e_.) + (£_.)*(x_)]1"2/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Simp[1/b Int[Cscle + f*x], x], x] - Simpl[a/b Int[Cscle + f*x]/(
a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, e, £}, x]

Int[cscl(e_.) + (£_.)*(x_)1"3/(cscl(e_.) + (£_)*(x_)]1*(b_.) + (a_)), x_Sym
bol] :> Simp[-Cot[e + f*x]/(b*f), x] - Simp[a/b Int[Cscl[e + f*x]"2/(a + b
*Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(fx(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ [a~2 - b~2, 0]

3.3.4 Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.33

method result size
tan(%)—@—@—Z ln(tan(%))

default e 36

parallelrisch (—2cos(2z)+2) ln(csc(ac)—coté:%)_—iigé_l;:;(zzg);@ cos(2z)+4sin(x) tan(z)+3 50

3tan(%)2 tan(%) tan(%)4 z

- - + In(tan(%))

norman a 2a 2o 2 59

tan(%)" (tan(3)+) a
. 2(e2”—2+ie”) ln(e”—l) ln(e“”+1)
risch T (€@ 1)(i+e®)a a + a 66

input Lint (csc(x) 3/ (ataxcsc(x)) ,x,method=_RETURNVERBOSE)

33, [-=2@ gy
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output | 1/2/a*(tan(1/2%x)-4/(tan(1/2%x)+1)-1/tan(1/2*x)-2%1n(tan(1/2%x)))

3.3.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(27) = 54.

Time = 0.24 (sec) , antiderivative size = 91, normalized size of antiderivative = 3.37

/ csc3(z) e
a + acsc(x)
_ 4 cos (z)* + (cos (z)* — (cos (z) + 1) sin (z) — 1) log (5 cos(z) + 3) — (cos (z)* — (cos (z) + 1) sin (z) —

2 (acos (2)> — (acos (z) + a)sin (z) — a

inputkintegrate(csc(x)‘3/(a+a*csc(x)),x, algorithm="fricas") J

output‘1/2*(4*cos(x)‘2 + (cos(x)"2 - (cos(x) + 1)#*sin(x) - 1)*log(1l/2*cos(x) + 1/
‘2) - (cos(x)"2 - (cos(x) + 1)*sin(x) - 1)*log(-1/2*cos(x) + 1/2) + 2*(2xco
's(x) + D*sin(x) + 2*cos(x) - 2)/(a*cos(x)"2 - (a*cos(x) + a)*sin(x) - a)

3.3.6 Sympy [F]

CSC3 xr
/ csc3(x) dp — = (z§+)1 dx
a+acsc(r) a
input Lintegrate (csc(x)**3/ (ata*csc(x)) ,x) J
output LIntegral(csc(x)**B/(csc(x) + 1), x)/a J

33, [-=2@ gy
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3.3.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 68 vs. 2(27) = 54.

Time = 0.22 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.52

sin(z sin(z)
/ csc3(x) dp — — cis(x)( +)1 +1 B log (cos(m)—i-l) + sin ()
a + acsc(z) 9 ( asin(x) asin(z)? ) a 2a(cos (z) + 1)
cos(z)+1 (cos(a:)—l—l)2

inputLintegrate(csc(x)‘3/(a+a*csc(x)),x, algorithm="maxima")

e

output  -1/2*(5*sin(x)/(cos(x) + 1) + 1)/(a*xsin(x)/(cos(x) + 1) + a*sin(x)~2/(cos(

%) + 1)72) - log(sin(x)/(cos(x) + 1))/a + 1/2*sin(x)/(a*(cos(x) + 1))

3.3.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.96

/ csc3(x) p log (‘tan (3 ) D N tan (3 z) N tan (1 x)2 —4tan(3z) —1
—_— —dxr = —
a + acsc(z) a 2a 2 (tan (1 x)z—i-tan (1z))a
input[integrate(csc(x)‘3/(a+a*csc(x)),x, algorithm="giac")

~—

output ‘(—1og(abs(tan(1/2*x)))/a + 1/2*tan(1/2*x)/a + 1/2*%(tan(1/2*x)"2 - 4*xtan(1/2
L*x) - 1)/((tan(1/2%x)~2 + tan(1/2*x))*a)

3.3.9 Mupad [B] (verification not implemented)

Time = 18.41 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.81

/ csc®(x) o — tan (%) B 5tan(%) +1 _In (tan(%))

a + acsc(x) 2a 2atan (%)2+2atan (%) a

input Lint(l/(sin(x) ~3%(a + a/sin(x))),x)

output| tan(x/2)/(2%a) - (5*tan(x/2) + 1)/(2*a*tan(x/2) + 2*a*tan(x/2)~2) - log(ta
n(x/2))/a

33, [-=2@ gy

a+a csc(zx)
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3.4 [0 gy

a+a csc(z)

34.1 Optimalresult . . . ... .. .. ...
3.4.2 Mathematica [B] (verified) . . . . . . . ... L Lo
3.4.3 Rubi [A] (verified) . . . . .. ... ...
3.44 Maple [A] (verified) . .. ... .. ... ..
3.4.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... .
3.4.6 Sympy [F] . . . . .
3.4.7 Maxima [A] (verification not implemented) . . .. ... ... ... ......
3.4.8 Giac [A] (verification not implemented) . . . ... ... ... ........
3.4.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... ..

3.4.1 Optimal result

Integrand size = 13, antiderivative size = 20

csc?(x) - _ arctanh(cos(z)) cot(z)
/a+acsc(:v) dz = a + a + acsc(z)

e

outputL—arctanh(cos(x))/a+cot(x)/(a+a*csc(x))

~—

3.4.2 Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 44 vs. 2(20) = 40.

Time = 0.14 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.20

25in(%)

/ es’(@) —log (cos (3)) +log (sin (5)) — wsizyrearzy

a + acsc(x) v a

input‘Integrate[Csc[x]“2/(a + a*Csc[x]),x]

r

outputt(-Log[Cos[x/Q]] + Log[Sin[x/2]] - (2*Sin[x/2])/(Cos[x/2] + Sin[x/2]))/a

| —

34, [-=2@) g,

a+a csc(zx)
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3.4.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 395 Ry jjeq ysed = {3042,

integrand size
4276, 3042, 4257, 4281}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/accsi:(ic()m-)i-adm

| 3042
csc(z)?
/ acsc(z) + adac
| 4276
[ ese(z)dx csc(zx)
a B / csc(z)a+a
| 3042
| esc(z)dz csc(z)
a B / csc(z)a + adm
| 4257
csc(z) arctanh(cos(x))
B / csc(r)a + adm B a
| 4281
cot(z)  arctanh(cos(z))
acsc(z) +a a

input ‘ Int[Csc[x]~2/(a + a*Csc[x]),x]

-

output L-(ArcTanh [Cos[x]]/a) + Cot[x]/(a + axCsc[x])

~—

34, [-=2@) g,

a+a csc(zx)




rule 3042

rule 4257

rule 4276

rule 4281
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3.4.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xI]

Int[cscl(e_.) + (£_.)*(x_)]1"2/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Simp[1/b Int[Cscle + f*x], x], x] - Simpl[a/b Int[Cscle + f*x]/(
a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, e, £}, x]

Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, f}
, x] & EqQ[a~2 - b~2, 0]

3.4.4 Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.05

method result size
default ln(tan(g)):ta“(%)“ 21
norman - (tan(2%)+1) ln(taz(%)) 94
parallelrisch 2+1n<t3a§>(>%<)tir;§%>+l> o7
risch (i+e2m)a _ ln(e’:H) n ln(ei:—l) 19

input Lint (csc(x)~2/(ataxcsc(x)),x,method=_RETURNVERBOSE)

output Ll/a* (In(tan(1/2#*x))+2/(tan(1/2*x)+1))

34, [-=2@) g,

a+a csc(zx)
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3.4.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 53 vs. 2(20) = 40.

Time = 0.25 (sec) , antiderivative size = 53, normalized size of antiderivative = 2.65

/ csc?(z) i —
a + acsc(z)
(cos (z) + sin (z) + 1) log (3 cos (z) + 1) — (cos (z) + sin (z) + 1) log (—1 cos(z) + 3) — 2 cos (z) + -
2 (acos(z) + asin (z) + a)

inputLintegrate(csc(x)‘2/(a+a*csc(x)),x, algorithm="fricas") J

output| -1/2#((cos(x) + sin(x) + 1)*log(1/2*cos(x) + 1/2) - (cos(x) + sin(x) + 1)*
‘log(-1/2*cos(x) + 1/2) - 2%cos(x) + 2#sin(x) - 2)/(a*cos(x) + a*sin(x) + a

)

3.4.6 Sympy [F]

CSC2 T
/ csc?(x) dp — = (x§+)1 dz
a+acsc(r) a
inputLintegrate(csc(x)**2/(a+a*csc(x)),x) J

-

outputtIntegral(csc(x)**2/(csc(x) + 1), x)/a

e—

3.4.7 Maxima [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.55

a + acsc(x) a a+ Czsszggfr)l

: log (i) 2
/ csc?(x) dp — (@)+1 N

—

inputLintegrate(csc(x)‘2/(a+a*csc(x)),x, algorithm="maxima")

output Llog(sin(x)/(cos(x) + 1))/a + 2/(a + axsin(x)/(cos(x) + 1)) J

34, [-=2@) g,

a+a csc(zx)
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3.4.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

JRC T (ICE T

a + acsc(z) a a(tan (3 z) +1)

input Lintegrate (csc(x)~2/(ata*csc(x)),x, algorithm="giac")

output Llog(abs(tan(1/2*x)))/a + 2/(ax(tan(1/2*x) + 1))

-/

3.4.9 Mupad [B] (verification not implemented)

Time = 18.04 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.15

[ 2 ()

a + acsc(zx) a (tan (%) +1) a

input‘ int(1/(sin(x)"2*(a + a/sin(x))),x)

output L2/(a*(tan(x/2) + 1)) + log(tan(x/2))/a

34, [-=2@) g,

a+a csc(zx)
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3.5 | _osela) g

a+a csc(z)
3.5.1 Optimalresult . .. ... ... ... ... 66!
3.5.2 Mathematica [B] (verified) . . . . . ... ... . L Lo oL 66
3.5.3 Rubi [A] (verified) . . . . .. ... .. 67
3.5.4 Maple [A] (verified) . ... ... ... ... 68
3.5.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... .... 68
3.5.6 Sympy [F] . . . . 68
3.5.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 69
3.5.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 69
3.5.9 Mupad [B] (verification not implemented) . . . ... ... ... ... . ... 69

3.5.1 Optimal result

Integrand size = 11, antiderivative size = 12

a + acsc(x) a + acsc(x)

/ csc(z) dp = — cot(x)

output L-COt (x)/(ataxcsc(x)) J

3.5.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 26 vs. 2(12) = 24.

Time = 0.09 (sec) , antiderivative size = 26, normalized size of antiderivative = 2.17

a+acsc(r)  a(cos (%) +sin(Z))

J .1

-

input LIntegrate [Cscx]/(a + a*Csc[x]),x]

~—

output L(2*Sin [x/2]1)/(ax(Cos[x/2] + Sin[x/2])) J

35. [ -S@ gy

a+a csc(zx)




input

output

rule 3042

rule 4281
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3.5.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 199 Ryjeg used = {3042,

integrand size
4281}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

csc(x)
[ cetor v
l 3042
csc(z)
| aeser ¥t
l 4281

_ cot(z)
acsc(z) +a

-

LInt [Csc[x]/(a + a*Csc[x]),x]

~—/

L—(Cot [x]/(a + a*Csc[x]))

~—

3.5.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, f}
,» Xx] && EqQ[a"2 - b~2, 0]

35. [ -S@ gy

a+a csc(zx)
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3.5.4 Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

method result size
default — m 14
norman - W 14
parallelrisch | — W 14
risch — m 16

input Lint (csc(x)/(ata*xcsc(x)),x,method=_RETURNVERBOSE)

output L—2/a/ (tan(1/2*x)+1)

3.5.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.83

/ csc(x) gy — — %S (x) —sin(z) +1

a+acsc(z)  acos(z)+asin(z)+a

inputLintegrate(csc(x)/(a+a*csc(x)),x, algorithm="fricas")

outputt—(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a)

3.5.6 Sympy [F]

a + acsc(z) a

csc (z)
/ cse(z) dp — = @1 0T

inputtintegrate(csc(x)/(a+a*csc(x)),x)

output LIntegral(csc(x)/(csc(x) +1), x)/a

35. [ -S@ gy

a+a csc(zx)
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3.5.7 Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

2
/ o) gy 2
a + acsc(x) a+ c‘(’):é;)il

input Lintegrate (csc(x)/(ata*csc(x)),x, algorithm="maxima")

output -2/(a + a*sin(x)/(cos(x) + 1))

N\

3.5.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.08

/ csc(z) v 2
a + acsc(z) a(tan (3z) +1)

input Lintegrate (csc(x)/(ata*csc(x)),x, algorithm="giac")

output L-2/ (ax(tan(1/2*x) + 1))

3.5.9 Mupad [B] (verification not implemented)

Time = 17.55 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.08

/ csc(x) e 2
a + acsc(x) a (tan () +1)

input Lint(l/(sin(x)*(a + a/sin(x))),x)

output L—Q/ (a*x(tan(x/2) + 1))

35. [ -S@ gy

a+a csc(zx)
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3.6

3.6.1
3.6.2
3.6.3
3.6.4
3.6.5
3.6.6
3.6.7
3.6.8
3.6.9

1

f a+a csc(c+dx)

Optimal result

Mathematica [A] (verified)
Rubi [A] (verified)

dx

Maple [C] (verified)
Fricas [A] (verification not implemented) .
Sympy [F]
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented) .
Mupad [B] (verification not implemented)

3.6.1 Optimal result

Integrand size = 12, antiderivative size = 28

/

1

a + acsc(c + dzx)

dr = —+

cot(c + dx)

a d(a+acsc(c+ dx))

-

output LX/a+cot (d*x+c)/d/ (ata*csc(d*x+c))

-/

3.6.2 Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.68

1

dz

/ a + acsc(c + dx)

c+dxr —

2sin( % (ct+dz))
cos( % (c+dz))+sin (% (c+dz))

ad

input‘ Integrate[(a + a*Csclc + d*x])~(-1),x]

output‘ (c + d*x - (2#Sin[(c + d*x)/2])/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))/(a*

}d)

3.6.

J

1

a+a csc(c+dz)

dz
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3.6.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 954 Ryjes used = {3042,
integrand size
4264, 24)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ! dz
acsc(c+dz)+a
| 3042

/ 1 dx
acsc(c+dz) +a
l 4264

cot(c + dzx) | —adz

d(acsc(c+ dz) + a) a?

| 24

cot(c + dz) x

d(acsc(c+dz)+a) a

input‘ Int[(a + a*Csclc + d*x])~(-1),x] ‘

output Lx/a + Cot[c + d*x]/(d*(a + axCsclc + dx*x])) J

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

3.6.3.1 Defintions of rubi rules used

-/

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

LQ [u, x] J

1
3.6. f m diL'
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rule 4264 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Csclc + d*x])"n/(d*(2%n + 1))), x] + Simp[1/(a"2*(2*n + 1))

Int[(a + b*Csc[c + d*x])"(n + 1)*(a*x(2*n + 1) - b*x(n + 1)*Csc[c + dx*x]),
x], x] /; FreeQl[{a, b, c, d}, x] && EqQ[a~"2 - b"2, 0] && LeQ[n, -1] &% Int
egerQ[2x*n]

3.6.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.04

method result size
. 2

I'lSCh % —|— m 29
2arctan(tan(d””+ ;))—i—%

derivativedivides - 2tan(§+5)+2 37
2arctan(tan(dw+ ;))4—%

default T 2tan(F+5)+2 37
tan( %€+ ¢ ) gd+dr—2tan( 4+ &

parallelrisch (5+5) (%+5) 48

daftan (% +5)+1)

£+wtan(d7+§> 2tan(dz+§)

norman a o da 52

tan( T4 ) +1

-

input tlnt (1/ (at+axcsc(d*x+c)) ,x,method=_RETURNVERBOSE)

~—

output [x/a+2/d/a/ (I+exp(I*(d*x+c)))

-/

3.6.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.93

dzr =

/ 1 dz + (dx + 1) cos(dz +c) + (dxr — 1)sin (dz +¢) + 1
a + acsc(c+ dz) ad cos (dz + ¢) + adsin (dz + ¢) + ad

p
inputLintegrate(1/(a+a*csc(d*x+c)),x, algorithm="fricas")

|

1
3.6. f m diL'
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output‘(d*x + (d*x + 1)*cos(d*x + c) + (d*x - 1)*sin(d*x + c) + 1)/(a*d*cos(d*x +
‘ c) + axdxsin(d*x + c) + axd)

3.6.6 Sympy [F]

dr —
a+ acsc(c+ dx) v a

1
h/“ 1 | s ds

inputLintegrate(1/(a+a*csc(d*x+c)),X)

outputLIntegral(l/(csc(c + d*x) + 1), x)/a

3.6.7 Maxima [A] (verification not implemented)
Time = 0.31 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.79

in(dz+c)
2 (arCtan<c§s(dzic)c+l> + 1 )

in(dz+
1 do — e a+cz:(d;fc)i)1
a + acsc(c+ dzx) d

inputLintegrate(1/(a+a*csc(d*x+c)),x, algorithm="maxima")

output‘Q*(arctan(sin(d*x + c)/(cos(d*x + c) + 1))/a + 1/(a + a*sin(d*x + c)/(cos(
‘d*x +c) + 1)))/d

3.6.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.14

dz+c 2
a a(tan(% dw+% c)+1)

/ ! dxr =
a+acsc(c+dz) d

inputLintegrate(1/(a+a*csc(d*x+c)),x, algorithm="giac")

outputt((d*x + c)/a + 2/(ax(tan(1/2%d*x + 1/2%c) + 1)))/d

1
3.6. f a—l—aT(c—l—dw) dl‘
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3.6.9 Mupad [B] (verification not implemented)

Time = 18.40 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.96

/ ! dz—f-l- 2
a+acsc(c+dz) a ad (tan (£ +42) +1)

input [int(l/(a + a/sin(c + d*x)),x)

e—

-

output Lx/a + 2/(axd*(tan(c/2 + (d*x)/2) + 1))

-/

1
3.6. f m dl‘
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3.7 | _sin@@) _ g

a+a csc(z)

3.71 Optimalresult . . . ... ... ... .
3.7.2 Mathematica [A] (verified) . . . . . .. ... ... L Lo oL
3.7.3 Rubi [A] (verified) . . . .. ... ..
3.74 Maple [A] (verified) . ... ... . ... ..
3.7.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.7.6  Sympy [F] . . . .
3.7.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ..
3.7.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.7.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ....

3.7.1 Optimal result

Integrand size = 11, antiderivative size = 25

a + acsc(x) a a a + acsc(x)

/ sin(zx) i T 2cos(z) N cos(x)

outputL-x/a-2*cos(x)/a+cos(x)/(a+a*csc(X))

3.7.2 Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.28

2sin(3
/ sin(z) o oz + cos(z) — m
a + acsc(zx) a

-

input LIntegrate [Sin[x]/(a + axCsc[x]),x]

-/

output L—((x + Cos[x] - (2%Sin[x/2])/(Cos[x/2] + Sin[x/2]))/a)

~—

37. [ @ g

a+a csc(zx)
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3.7.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04, number
of steps used = 8, number of rules used = 8, Bumber of rules _ , 797 Ry jjeq ysed = {3042,

integrand size
4306, 25, 3042, 4274, 24, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(m:f(lg(j)c)ﬂldx

l 3042

1
/ csc(z)(acse(z) + a) de
| 4306

cos(z) [ —((2a — acsc(z)) sin(z))dz
acsc(z) +a a?

l 25

J(2a — acsc(z)) sin(z)dz cos(z)

a? acsc(z) +a
| 3042
20—
J “cﬁc‘fic)(”) dx cos(x)
a? acsc(z) +a
| 4274
2a [ sin(z)dz — a [ 1dz cos(x)
a? acsc(z) +a
| 24
2a [ sin(z)dz — az cos(x)
a? acsc(z) + a
| 302
2a [ sin(z)dz — az cos(x)
a? acsc(z) +a
| 3118
—azx — 2a cos(z) cos(z)
a? acsc(z) +a

37. [ @ g

a+a csc(zx)




CHAPTER 3. LISTING OF INTEGRALS

7T

input LInt [Sin[x]/(a + a*Csc[x]),x]

outputt(-(a*x) - 2xaxCos[x])/a"2 + Cos[x]/(a + a*Csc[x])

3.7.3.1 Defintions of rubi rules used

ruk324LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3118 Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 4274 | Int[(csc[(e_.) + (f_)*(x )1*(d_.))"(n_.)*(csc[(e_.) + (f_.)*(x_)I*(b_.) +
(a_)), x_Symbol] :> Simp[a Int[(d*Csc[e + f*x])~n, x], x] + Simp[b/d 1In
t[(d*Cscle + f*xx])"(n + 1), x], x] /; FreeQ[{a, b, d, e, £, n}, x]

rule 4306 | Int [(csc[(e_.) + (f_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (f_)*(x_)I*(_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Cscl[e + f*x])"n/(f*(a + b*Cscle +
fxx]))), x] - Simp[1/a”2 Int[(d*Cscle + f*x]) n*(a*(n - 1) - b*nxCscle +
fxx]1), x1, x] /; FreeQ[{a, b, d, e, £}, x] && EqQ[a"2 - b2, 0] && LtQ[n, O
]

37. [ @ g
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3.7.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.80

method result size
parallelrisch | = COS(Z)_Z_taa'n(E)_Sec(E) 20
— 21 — 2 —2arctan (tan ( z ) )
default wn(§) 1 v4ian(5)’ : 36
: x et e~ 2
I'lSCh _E_E_W_m 43
_é_Ztan(%)_2tan(%)2_£_ztan(%)_ztan(%) _ztan(%) 86
norman a a a a a a
(1+tan(%)?) (tan(3)+1)

inputLint(sin(x)/(a+a*csc(x)),x,method=_RETURNVERBOSE)

output ‘ (-cos(x)-x-2+tan(x)-sec(x))/a

3.7.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.40

/ sin(x) dr — (z + 2) cos (z) + cos (z)* + (z + cos (x) — 1) sin (z) + z + 1
a + acsc(z) acos (x) + asin (x) + a

input Lintegrate (sin(x)/(ata*csc(x)),x, algorithm="fricas")

output‘—((x + 2)*cos(x) + cos(x)"2 + (x + cos(x) - 1)*sin(x) + x + 1)/(a*cos(x) +
‘ a*sin(x) + a)

3.7.6 Sympy [F]

a + acsc(z) a

. sin ()
/ sin(z) dr = = @1 4T

input Lintegrate (sin(x)/(ata*csc(x)),x)

output LIntegral(sin(x)/(csc(x) +1), x)/a

37. [ @ g
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3.7.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 78 vs. 2(25) = 50.

Time = 0.32 (sec) , antiderivative size = 78, normalized size of antiderivative = 3.12

. sin(x) sin(z)? sin(z)
/ (o) gy 2 <C°S<x>+1 + Gos@+? T 2) _ 2 arctan (cos<w>+1>
a-+a CSC(:L') a+ asin(z) + asin(z)? -+ asin(z)® a

cos(z)+1 (cos(z)+1) (cos(z)+1)°

inputLintegrate(sin(x)/(a+a*csc(x)),x, algorithm="maxima")

~—

output‘(—2*(sin(x)/(cos(x) + 1) + sin(x)"2/(cos(x) + 1)72 + 2)/(a + a*sin(x)/(cos(
‘x) + 1) + a*sin(x)~2/(cos(x) + 1)°2 + axsin(x)~3/(cos(x) + 1)73) - 2%arcta
‘n(sin(x)/(cos(x) + 1))/a

———————.

3.7.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.76

a + acsc(z) a (tan (3 x)3 + tan (3 x)2 +tan (3 z) + 1)a

[ gt 2 (tan (3)° + tan (3) +2)

input Lintegrate (sin(x)/(ata*csc(x)),x, algorithm="giac")

output}-x/a - 2x(tan(1/2%x)~2 + tan(1/2%x) + 2)/((tan(1/2*x)~3 + tan(1/2%x)"2 + t
Lan(1/2*x) + 1)*a)

3.7.9 Mupad [B] (verification not implemented)

Time = 18.34 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.84

/ sin(x) x 2tan(
L G A
a + acsc(z) a (tan (z

37. [ @ g
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input Lint(sin(x)/(a + a/sin(x)),x)

output‘- x/a - (2%tan(x/2) + 2*tan(x/2)"2 + 4)/(a*(tan(x/2)"2 + 1)*(tan(x/2) + 1)
)

37. [ @ g
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3.8  [-S@ gy

a+a csc(z)
3.8.1 Optimalresult . .. ... .. .. .. ... BTl
3.8.2 Mathematica [A] (verified) . . . . . .. . ... L L &1
3.8.3 Rubi [A] (verified) . . . .. ... .. 82
3.8.4 Maple [A] (verified) . . .. ... . . ... R
3.8.5 Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... .. Rl
3.8.6 Sympy [F] . . . . . 85
3.8.7 Maxima [B] (verification not implemented) . . . . . . .. .. ... ... ... 851
3.8.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 85
3.8.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. R0

3.8.1 Optimal result

Integrand size = 13, antiderivative size = 40

/ sin?(x) dp — 3z + 2cos(z)  3cos(z)sin(z)  cos(z)sin(z)
a + acsc(z) 2a a 2a a + acsc(z)

output [3/2*x/a+2*cos (x)/a-3/2*cos (x) *sin(x)/a+cos(x) *sin(x) / (a+a*csc(x))

3.8.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.05

/ sin? () —6x — 4 cos(x) + % + sin(2x)

a + acsc(x) 4a

input ‘ Integrate[Sin[x]~2/(a + a*Csc[x]),x]

-

output L-1/4*(-6*x - 4*xCos[x] + (8%Sin[x/2])/(Cos[x/2] + Sin[x/2]) + Sin[2*x])/a

38. f sin(z) _ 7.

a+a csc(zx)

~—

| —
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3.8.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.02, number
of steps used = 9, number of rules used = 9, Bumber of rules _ , 699 Ryjles used = {3042,

integrand size
4306, 25, 3042, 4274, 3042, 3115, 24, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/acssi:;()m—)l-adx

l 3042

1
/ csc(z)?(acse(z) + a) dz
| 4306

sin(z) cos(z)  J —((3a — 2acsc(z)) sin®(z)) do
acsc(z) +a a?

l 25

[(3a — 2acsc(z)) sin?(z)dr  sin(z) cos(x)

a? acsc(z) +a
| 3042
J 3a;:cz7&;§<2:(x) dz  sin(z) cos(z)
a? acsc(z) +a
| 4274
3a [ sin?(z)dz — 2a [ sin(z)dz + sin(z) cos(z)
a? acsc(z) +a
| 3042
3a [ sin(z)2dz — 2a [ sin(z)dz + sin(z) cos(z)
a? acsc(z) +a
| 3115

3a( 15" — Jsin(e) cos(e) ) ~2a [ sin(@)dr gin(z) cos(z)

a? acsc(z) +a

l24

3a(% — Lsin(z) cos(z)) — 2a [sin(z)dz  sin(z) cos(x)
a? acsc(z) +a

38. f sin(z) _ 7.
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l 3118

2a cos(z) + 3a(% — I sin(z) cos(z))  sin(z) cos(x)
a? acsc(z) +a

input LInt [Sin[x]~2/(a + a*Csc[x]),x]

output ‘ (Cos[x]#Sin[x])/(a + a*Csc[x]) + (2*a*Cos[x] + 3*ax(x/2 - (Cos[x]*Sin[x])/

‘2))/a‘2

3.8.3.1 Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

rule 3115

rule 3118

rule 4274

LQ[u, x]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2%n]

Int[sinf(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*x(x_)]1*(b_.) +
(a_)), x_Symbol] :> Simp[a Int[(d*Cscl[e + £f*x])~n, x], x] + Simp[b/d In
t[(d*Csc[e + f*x])"(n + 1), x], x] /; FreeQ[{a, b, d, e, £, n}, x]

38. f sin(z) _ 7.
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rule 4306 Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (f_.)*x(x_)I*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Cscl[e + f*x])"n/(f*(a + b*Cscle +
fxx]))), x] - Simp[1/a~2 Int[(d*Cscle + f*x]) n*(a*(n - 1) - b*n*Cscle +
f*x]), x], x] /; FreeQl[{a, b, d, e, £}, x] && EqQ[2"2 - b~2, 0] && LtQ[n, O
]

3.8.4 Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.72

method result size
parallelrisch 6z+8—sin(2z)+4 cos4(;c)+4 sec(z)—4 tan(z) 29

; 3z iz iz 2 sin(2z)
risch 2a + 62_0. + e2a + (i+e®)a =~  4a 52

2 (tan(zg)g_‘_tan(g)z_hangg-’—

) 1)
+3arctan (tan(%)).{- 16

2122 8tan(%)+8
1+tan 2
default ( ® ) - 58
§_tan(%)5+2tan(%)4+tan(%)3+3tan(%)2+gi tha;n(%) Swtan(%)Q+32tan(%)3+3xta§(%)4+3zta;(%)5
norman a a a a a a . g a a a a 133
(1+tan(2)?) (tan(g)+1)
inputLint(sin(x)“2/(a+a*csc(x)),x,method=_RETURNVERBUSE) J
OutputL1/4*(6*x+8-sin(2*x)+4*cos(x)+4*sec(x)—4*tan(x))/a J

3.8.5 Fricas [A] (verification not implemented)
Time = 0.26 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.32
2
/ sin®(x) i
a + acsc(x)
_ cos(z)’ +3(z + 1) cos (z) + 2 cos (z)° — (cos (z)” — 3z — cos (z) + 2) sin (z) + 3z + 2
B 2 (acos(z) + asin (z) + a)

input Lintegrate (sin(x)~2/(a+a*csc(x)),x, algorithm="fricas") J

output‘ 1/2x(cos(x)"3 + 3*(x + 1)*cos(x) + 2*cos(x)72 - (cos(x)"2 - 3*x - cos(x) + ‘
‘ 2)*sin(x) + 3*x + 2)/(a*xcos(x) + a*sin(x) + a) ‘

38. f sin(z) _ 7.
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3.8.6 Sympy [F]

sin? (z
/ sin2 (CC) de = f csc (:E()-i-)l dz
a+acsc(r) a

input ‘ integrate(sin(x)**2/(ataxcsc(x)),x)

output LIntegral(sin(x)**2/(csc(x) + 1), x)/a

3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(36) = 72.

Time = 0.34 (sec) , antiderivative size = 128, normalized size of antiderivative = 3.20

. sin(z) 5 sin(z)?2 3 sin(z)3 3 sin(z)?
/ Sll'lz(il}) dr — cos(z)+1 + (cos(z)+1)? + (cos(z)+1)3 + (cos(z)+1)* +4
a + acsc(z asin(z) 2 a sin(z)? 2asin(z)® asin(z)? asin(z)®
( ) a+ cos(z)+1 + (cos(z)+1)? + (cos(z)+1)3 + (cos(z)+1)* + (cos(z)+1)°

3 arctan (C;;?gg)zJ)rl)

+

a

input‘integrate(sin(x)‘2/(a+a*csc(x)),x, algorithm="maxima")

OUtPHt‘(sin(x)/(cos(x) + 1) + 5*sin(x)~2/(cos(x) + 1)72 + 3*sin(x)~3/(cos(x) + 1)
‘“3 + 3*sin(x)"4/(cos(x) + 1)"4 + 4)/(a + a*sin(x)/(cos(x) + 1) + 2*a*sin(x
‘)“2/(cos(x) + 1)72 + 2*xa*sin(x)"3/(cos(x) + 1)°3 + a*sin(x)~4/(cos(x) + 1)
“4 + a*sin(x)"5/(cos(x) + 1)75) + 3*arctan(sin(x)/(cos(x) + 1))/a

3.8.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.40

z)’ —tan(% ) +2 2

/ sin?(z) ge = 37 N tan (3 z)’ +2 tan (

a + acsc(x) 2a <tan( 2) + ) +a(tan (2z)+1)

38. [ Sn@ g,

ata csc(:c)
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inputLintegrate(sin(x)“2/(a+a*csc(x)),x, algorithm="giac")

output‘3/2*x/a + (tan(1/2*x)~3 + 2*tan(1/2*x)"2 - tan(1/2*x) + 2)/((tan(1/2*x)"2
‘+ 1)"2%a) + 2/(ax(tan(1/2%x) + 1))

3.8.9 Mupad [B] (verification not implemented)

Time = 18.30 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.48

/ sin?(z) L, 37 3tan(§)4—|—3tan(§)3+5tan(§)2+tan(§) +4
~ 5, 2
a+ acsc(z) 2a a (tan (%0)2 4 1) (tan () +1)

input‘ int(sin(x)"2/(a + a/sin(x)),x)

output‘ (3*x)/(2%a) + (tan(x/2) + 5*tan(x/2)"2 + 3*tan(x/2)"3 + 3*tan(x/2)"4 + 4)/
\(a*(tan(x/z)*z + 1)"2x(tan(x/2) + 1))

38. f sin(z) _ 7.
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3.9 [-S@ gy

a+a csc(z)
3.9.1 Optimalresult . .. ... .. .. .. .. &7
3.9.2 Mathematica [A] (verified) . . . . . .. . ... .. L 87
3.9.3 Rubi [A] (verified) . . . . .. ... ... RY
3.9.4 Maple [A] (verified) . ... ... . ... .. 90
3.9.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 90)
3.9.6 Sympy [F] . . . . . OT]
3.9.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. OT]
3.9.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 92
3.9.9 Mupad [B] (verification not implemented) . . ... ... ... ... .... 92

3.9.1 Optimal result

Integrand size = 13, antiderivative size = 53

a+acsc(z)  2a a 3a 2a a + acsc(zx)

/ sin3(x) i — 3z 4cos(x) N 4 cos®(z) N 3 cos(z) sin(z) N cos(z) sin?(x)

output ‘(—3/2*x/a—4*cos (x) /a+4/3*cos(x) ~3/a+3/2*cos (x) *sin(x) /atcos(x) *sin(x) "2/ (a+ ‘

La*csc (x)) J

3.9.2 Mathematica [A] (verified)

Time = 0.32 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.92

sin® () —21 cos(x) + cos(3z) + 3 <—6x + % + sin(2x)>
/ a + acsc(zx) dz = 12a
input LIntegrate [Sin[x]~3/(a + a*Csc[x]),x] J

e B

(-21*Cos[x] + Cos[3*x] + 3x(-6*x + (8*Sin[x/2])/(Cos[x/2] + Sin[x/2]) + Si
'n[2%x]))/(12+a) |

output

39. f sind(z) _ 7.

a+a csc(zx)
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3.9.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.98, number

of steps used = 11, number of rules used = 10, Bumber of rules _ 769 Ryles used =
integrand size

{3042, 4306, 25, 3042, 4274, 3042, 3113, 2009, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/acssi:;()m-)i-adx

l 3042

1
/ csc(z)3(acse(z) + a) dz
| 4306

sin?(x) cos(z) [ —((4a — 3acsc(z))sin®(z)) dz

acsc(z) +a a?

l 25

[(4a — 3acsc(z)) sin3(z)dz  sin?(x) cos(z)

a? acsc(z) +a
| 3042
J 4a;:ca($g(x)dx sin?(z) cos(z)
a? acsc(z) +a
| 4274
4a [ sin3(z)dz — 3a [ sin?(z)dz  sin?(z) cos(z)
a? acsc(z) +a
| 3042
4a [ sin(z)3dz — 3a [ sin(z)%dz  sin?(z) cos(z)
a? acsc(z) +a
| 3113
—3a [ sin(z)%dz — 4a [ (1 — cos?(z)) dcos(z)  sin?(z) cos(z)
a? acsc(z) +a
| 2009

. C053 T
—3a [ sin(z)?dz — 4a (cos(ac) - %) sin?(z) cos(z)
a? acsc(z) +a

39. f sind(z) _ 7.
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l 3115

—3a<f12dz — 1 sin(z) cos(:c)) —4a (cos(w) - COSZ("E)> sin?(z) cos()
a? acsc(z) +a

l24

—4a <cos(a:) - %) —3a(% - %sin(:r) cos(z)) sin?(x) cos(z)

a? acsc(z) +a

input tInt [Sin[x]~3/(a + a*Csc[x]),x]

output‘ (Cos[x]*Sin[x]"2)/(a + a*Csc[x]) + (-4*xax(Cos[x] - Cos[x]~3/3) - 3*a*x(x/2

- (Cos[x]*8in[x1)/2))/a~2

3.9.3.1 Defintions of rubi rules used

rule 24‘Int [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 3042

rule 3113

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sinf(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
and[(1 - x72)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQl{c, d}, x]
&& 1GtQ[(n - 1)/2, 0]

rule 3115‘ Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx

‘x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
‘[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] &% GtQ[n, 1] && IntegerQ[
‘ 2xn]

39. f sind(z) _ 7.
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rule 4274 Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[a Int[(d*Csc[e + f*x])°n, x], x] + Simp[b/d In
t[(d*Cscle + £*x])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

rule 4306 | Int[(cscl[(e_.) + (£_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Cscl[e + f*x]) n/(f*(a + b*Cscle +
£xx]))), x] - Simp[1/a”2 Int[(d*Csc[e + f*x]) n*(a*(n - 1) - b*n*Cscle +
fxx]1), x1, x] /; FreeQ[{a, b, d, e, £}, x] && EqQ[a"2 - b2, 0] && LtQ[n, O
]

3.9.4 Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.62

method result
. —182—324-cos(3x)—21 cos(z)+3 sin(2z)+12 tan(z) —12 sec(z)
parallelrisch 1o
: 3z __ Tel® _ TeTi® 2 cos(3z) sin(2z)
risch 2a 8a 8a (i+e'*)a + 12a + 4a
T 5 x
2(tan(2§) +tan(%)4+4tan(%)2—tangf) +g)
—tan(%)+1_ 1+tan(%)2>3 —3arctan(tan(%))
default -
5tan(%)2 5tan(%)5 3z 8 3xtan(%) than(%)z 9wtan(%)3 9ztan(%>4 than(%)s 3ztan(%>6 3wtan(%)7
norman e —a— TR A T T T A7 S A TR
N
(1+tan(g) ) (tan(Z)+1)

inputLint(sin(x)“3/(a+a*csc(x)),x,method=_RETURNVERBOSE) J

outputt1/12*(—18*x-32+cos(3*x)—21*cos(x)+3*sin(2*x)+12*tan(x)-12*sec(x))/a J

3.9.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.32

/ sin®(z) i

a + acsc(x)
_2cos (z)* — cos (z)® — 3 (3x + 5) cos () — 12 cos (z)* + (2 cos (z)* + 3 cos (z)* — 9z — 9 cos (z) + 6) s
6 (acos (z) + asin (z) + a)

39. f sind(z) _ 7.
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input‘integrate(sin(x)“3/(a+a*csc(x)),x, algorithm="fricas") ‘

output‘1/6*(2*cos(x)“4 - cos(x)"3 - 3%(3*x + 5)*cos(x) - 12*cos(x)"2 + (2*cos(x)”
‘3 + 3*cos(x)"2 - 9%x - 9*cos(x) + 6)*sin(x) - 9*x - 6)/(axcos(x) + a*sin(x

‘)+a) ‘

3.9.6 Sympy [F]

/ sin®(x) dp — J c:::n(x()j-)l dx

a+acsc(r) a
inputLintegrate(sin(x)**S/(a+a*csc(x)),x) J
outputLIntegral(sin(x)**3/(csc(x) + 1), x)/a J

3.9.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 180 vs. 2(47) = 94.

Time = 0.35 (sec) , antiderivative size = 180, normalized size of antiderivative = 3.40

;3
S
/ in®(x) dp —
a + acsc(x)
39 sin(z)? 24 sin(z)® 24 sin(z)* 9 sin(z)® . 9 sin(z)® +16

7 sin(z)
+ (cos(z)+1)2 + (cos(z)+1)3 + (cos(z)+1)* + (cos(z)+1) (cos(z)+1)°

cos(z)+1
asin(z) 3 asin(z)? 3asin(z)3 3asin(z)* 3asin(z)® asin(z)® asin(z)” )
3 (a + cos(z)+1 + (cos(z)+1)? + (cos(z)+1)3 + (cos(z)+1)* + (cos(z)+1)° + (cos(z)+1)° + (cos(z)+1)"

3 arctan (C:Sl?g}rl)

a

inputkintegrate(sin(x)‘3/(a+a*csc(x)),x, algorithm="maxima") J

output | -1/3*(7*sin(x)/(cos(x) + 1) + 39*sin(x)~2/(cos(x) + 1)72 + 24xsin(x)~3/(co
s(x) + 1)73 + 24xsin(x)~4/(cos(x) + 1)~4 + 9*sin(x)~5/(cos(x) + 1)75 + 9%s
in(x)"6/(cos(x) + 1)76 + 16)/(a + a*sin(x)/(cos(x) + 1) + 3*a*sin(x)~2/(co
s(x) + 1)72 + 3*a*sin(x)~3/(cos(x) + 1)°3 + 3*a*sin(x)~4/(cos(x) + 1)74 +
3xaxsin(x) "5/ (cos(x) + 1)75 + a*sin(x)~6/(cos(x) + 1)76 + a*sin(x)~7/(cos(
x) + 1)°7) - 3*arctan(sin(x)/(cos(x) + 1))/a

39. f sind(z) _ 7.

a+a csc(zx)
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3.9.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.26

/ sin®(x) dx__3_x_ 2
a+acsc(z)  2a atan(iz) +1)
3tan(%x5+6tan( )+24tan( )—3tan(%x)+10

2
3 (tan )

input Lintegrate (sin(x)~3/(ataxcsc(x)),x, algorithm="giac") J

output‘-3/2*x/a - 2/(ax(tan(1/2*x) + 1)) - 1/3%(3*tan(1/2*%x)"5 + 6%xtan(1/2*x)"4 +
\ 24xtan(1/2%x)~2 - 3%tan(1/2%x) + 10)/((tan(1/2%x)~2 + 1)~3%a)

3.9.9 Mupad [B] (verification not implemented)

Time = 19.65 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.47

.3
/ sin®(zx) da
a + acsc(x)
7tan(Z)

3z 3tan(§)6+3tan(§)5+8tan(2) +8tan( ) +13tan(§)2+ 32 +%

2a a (tan (2)° + ) (tan (2) +1)

-

input Lint(sin(x) ~3/(a + a/sin(x)),x)

-/

output‘— (3%x)/(2*a) - ((7*tan(x/2))/3 + 13*tan(x/2)"2 + 8*tan(x/2)~3 + 8*tan(x/2
‘)‘4 + 3xtan(x/2)°5 + 3*tan(x/2)"6 + 16/3)/(a*(tan(x/2)"2 + 1)~ 3*(tan(x/2)
+ 1))

-

39. f sind(z) _ 7.

a+a csc(zx)
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4
sin®(z)
3.10 f a+a csc(z) dz
3.10.1 Optimal result . . . . . . .. . ... . 93]
3.10.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL 93
3.10.3 Rubi [A] (verified) . . . . . . . . . . 94
3.10.4 Maple [A] (verified) . .. . ... . ... .. 96
3.10.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... 97l
3.10.6 Sympy [F] . . . . o 97
3.10.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ...
3.10.8 Giac [A] (verification not implemented) . . . ... ... ... ........
3.10.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 99
3.10.1 Optimal result
Integrand size = 13, antiderivative size = 66
/ sin*(z) g — 15z N 4cos(z) 4cos’(z) 15cos(x)sin(z)
a+acsc(r) ~  8a a 3a 8a
_ 5cos(z)sin®(z) | cos(z)sin®(z)
4a a + acsc(x)
output‘15/8*x/a+4*cos(x)/a—4/3*cos(x)“3/a—15/8*cos(x)*sin(x)/a—5/4*cos(x)*sin(x)“
‘ 3/atcos(x)*sin(x) "3/ (ata*csc(x)) ‘
3.10.2 Mathematica [A] (verified)
Time = 0.38 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.86
sin®(z) . 168 cos(z) — 8 cos(3x) + 3(60x - % — 16sin(2x) + sin(4x)>
/a+awd@ v 96a

input LIntegrate [Sin[x]~4/(a + a*Csc[x]),x]

~—

output ‘( (168*Cos[x] - 8*Cos[3*x] + 3*(60*x — (64*Sin[x/2])/(Cos[x/2] + Sin[x/2]) -

\ 16%Sin[2%x] + Sin[4%*x]))/(96%a)

—

3.10.

J

sin*(x)
a+acsc(z)

dz
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3.10.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.02, number

of steps used = 13, number of rules used = 12, Bumber of rules _ , 993 Ryles used =
integrand size

{3042, 4306, 25, 3042, 4274, 3042, 3113, 2009, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/mdx

l 3042

1
/ csc(z)*(acse(z) + a) dz
| 4306

sin®(z) cos(z) [ —((5a — 4acsc(z))sint(z)) dz

acsc(z) +a a?

l 25

[(5a — 4acsc(z)) sint(z)dz  sin®(x) cos(z)

a? acsc(z) +a
| 3042
—4
f e csca(;ji(x) dx Sil’l3 (x) COS(:C)
a? acsc(z) +a
| 4274
5a [ sin*(z)dz — 4a [sin®(z)dz  sin3(z) cos(x)
a? acsc(z) +a
| 3042
5a [ sin(z)*dz — 4a [sin(z)3dz  sin3(z) cos(x)
a? acsc(z) +a
| 3113
5a [ sin(z)*dz + 4a [ (1 — cos®(z)) dcos(z)  sin®(x) cos(z)
a? acsc(z) +a
| 2009

. COS3 T
5a [ sin(z)*dz + 4a (cos(a:) - %) sin3(z) cos(z)
a? acsc(z) +a

310, [ @) gy

a+acsc(z)
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| 3115
5a(3 [sin®(z)dz — % sin®(z) cos(z)) + 4a (cos(:c) — Cosz(m)) sin®(x) cos(z)
a2 acsc(z) +a
| 3042
5a(3 [sin(z)?dz — § sin®(z) cos(z)) + 4a <COS(93) - COSZ(x)) sin3(x) cos(z)
a2 acsc(z) +a
| 3115
Sa(% (fl;lw — 1sin(z) cos(a:)) — X sin3(z) cos(w)> +4a (COS(fﬂ) - COSS%) sin3(z) cos(z)
a2 acsc(z) +a

| 24
4a (cos(x) - ms:‘%) +5a(2 (£ — 1 sin(z) cos(z)) — § sin®(z) cos(z))

a? acsc(z) +a

sin3(z) cos(z)

input LInt [Sin[x]"4/(a + a*Csc[x]),x]

output ‘ (Cos[x]*Sin[x]~3)/(a + a*Csc[x]) + (4*a*x(Cos[x] - Cos[x]~3/3) + 5*ax(-1/4%
‘ (Cos[x]*Sin[x]~3) + (3*(x/2 - (Cos[x]*Sin[x])/2))/4))/a"2

3.10.3.1 Defintions of rubi rules used

rule 24LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 25 LInt [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], x]

~

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

310, [ @) gy

a+acsc(z)




rule 3113

rule 3115

rule 4274

rule 4306
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Int[sin[(c_.) + (d_.)*(x))17(n)), x_Symbol] :> Simp[-d”(-1)  Subst[Int[Exp
and[(1 - x72)"((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQl{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_.)*(cscl(e_.) + (£_.)*(x_)I*(b_.) +
(a_)), x_Symbol] :> Simp[a Int[(d*Csc[e + f*x])"n, x], x] + Simp[b/d 1In
t[(d*Csc[e + f*x])~"(n + 1), x], x] /; FreeQ[{a, b, d, e, £, n}, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(m_)/(cscl(e_.) + (£_)*(x_)1*(_.) + (
a_)), x_Symbol] :> Simp[Cot[e + fxx]*((d*Cscl[e + f*x])~n/(fx(a + bxCscle +
f*x]1))), x] - Simp[1/a”2 Int[(d*Csc[e + f*x]) n*(a*x(n - 1) - b*n*Cscle +
f*x]), x], x] /; FreeQ[{a, b, 4, e, £}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, O
]

3.10.4 Maple [A] (verified)

Time = 0.59 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.68

method result
. 3 cos(4z) tan(z) —42 cos(2z) tan(z)+168 cos(z)—8 cos(3z)—141 tan(z)+96 sec(x)+180x+104
parallelrisch Soa
: 15w 7 e'” Te 2 sin(4z)  cos(3z) _ sin(2x)
risch + + 8a + (i+e**)a + 32a 12a 2a
7 5 3 2
Tt z 15t z 4 15tan( % 17tan( & 7tan( &
2( an(%) +tan(%)6+ an(%) +5tan(g)"- 8(7) 4 3(7) _ S(Q)Jrg) 3
64 4 +15 arctan(tan(f))
1

32tan(%)+32 (1+tan(£)2>
default 2a

151 15 ISxtan(%) 15mtan(%)2 15xtan(%) 45a:tan( )4 45ztan( )5 15mtan(%)6 15xtan(%)7
norman ) 4a 8a + 2a + 2a + 4a + 4a + 2a + 2a I

<1+tan(%)2) (tar

input Lint (sin(x)~4/(a+a*csc(x)) ,x,method= RETURNVERBOSE)

3.10. [ S gy

ata csc(z
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output ‘ 1/96% (3*cos (4*x) *tan (x)-42*cos (2*x) *tan (x) +168*cos (x) -8*cos (3*x) -141*tan(x ‘
\)+96*sec(x)+180*x+1o4)/a \

3.10.5 Fricas [A] (verification not implemented)
Time = 0.24 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.23

/ sin*(z) i —

a + acsc(x)
6 cos (z)® + 8 cos (z)* — 25 cos (z)® — 45 (z + 1) cos (z) — 48 cos (z)® — (6 cos (z)* — 2 cos (z)® — 27

24 (acos (z) + asin (z) + a)

input Lintegrate (sin(x)~4/(a+a*csc(x)),x, algorithm="fricas")

-

output‘—1/24*(6*cos(x)‘5 + 8%cos(x)~"4 - 25*cos(x)”~3 - 45%(x + 1)*cos(x) - 48*cos(
‘x)‘2 - (6*cos(x)"4 - 2xcos(x)”3 - 27*cos(x)"2 + 45*x + 21*cos(x) - 24)*sin
L(x) - 45xx - 24)/(a*cos(x) + a*sin(x) + a)

~

3.10.6 Sympy [F]

/ sin(x) dp — J ciln(xgi)l dz
a+acsc(r) a

input Lintegrate (sin(x)**4/ (ata*csc(x)) ,x) J
output LIntegral(sin(x)**lL/(csc(x) + 1), x)/a J

310, [ @) gy

a+acsc(z)
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3.10.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 230 vs. 2(58) = 116.

Time = 0.33 (sec) , antiderivative size = 230, normalized size of antiderivative = 3.48

19 sin(z) 211 sin(z)? 91 sin(z)® 219 sin(z)* 165 sin(z)® 165 sin(z)® 45 sin(z)” 45 sin(z)®
cos(z)+1 (cos(z)+1)2 + (cos(z)+1)> + (cos(z)+1)* + (cos(z)+1)° + (cos(z)+1)° + (cos(z)+1)" + (cos(z)+1)® +

- 12 <a+ asin(z) + 4asin(z)? + 4asin(z)3 + 6 asin(x)? + 6 asin(z)® + 4asin(z)® + 4asin(z)” + asin(ar:)g8 +

cos(z)+1 (cos(z)+1)2 (cos(z)+1)3 (cos(z)+1)* (cos(z)+1)° (cos(z)+1)° (cos(z)+1)7 (cos(z)+1)

15 arctan (cossl?x()ij)

4a

+

| —

p
inputLintegrate(sin(x)“4/(a+a*csc(x)),x, algorithm="maxima"

output | 1/12*x(19*sin(x)/(cos(x) + 1) + 211*sin(x)"2/(cos(x) + 1)°2 + 91x*sin(x)~3/(
cos(x) + 1)73 + 219*sin(x)~4/(cos(x) + 1)74 + 165*sin(x)"5/(cos(x) + 1)°5

+ 165%sin(x) "6/ (cos(x) + 1)76 + 45*sin(x)"7/(cos(x) + 1)77 + 45*sin(x)~8/(
cos(x) + 1)78 + 64)/(a + a*sin(x)/(cos(x) + 1) + 4*a*xsin(x)~2/(cos(x) + 1)
~2 + 4xaxsin(x)~3/(cos(x) + 1)73 + 6*axsin(x)~4/(cos(x) + 1)74 + 6*a*sin(x
)"5/(cos(x) + 1)75 + 4*axsin(x)"6/(cos(x) + 1)76 + 4*axsin(x)~7/(cos(x) +

1)°7 + a*sin(x)~8/(cos(x) + 1)°8 + a*sin(x)~9/(cos(x) + 1)79) + 15/4*arcta
n(sin(x)/(cos(x) + 1))/a

3.10.8 Giac [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.38

/ sin*(x) e — 15z N 2
a+acsc(r)  8a  a(tan(iz)+1)

+21 tan (3 x)7 + 24 tan (%:{:)6 + 45 tan (3 a:)5 + 120 tan (3 x)4 — 45 tan (3 x)3 + 136 tan (3 ac)2 — 21"
12 (tan (% x)2+1>4a

-/

input Lintegrate (sin(x)~4/(ata*csc(x)),x, algorithm="giac")

output| 15/8x/a + 2/(a*(tan(1/2+x) + 1)) + 1/12+(21xtan(1/2%x)"7 + 24xtan(1/2%x)"
‘6 + 45xtan(1/2%x)~5 + 120%tan(1/2%x)~4 - 45%tan(1/2%x)~3 + 136%tan(1/2*x)"
2 - 21%tan(1/2%x) + 40)/((tan(1/2+x)"2 + 1) 4*a) |

310, [ @) gy

a+acsc(z)
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3.10.9 Mupad [B] (verification not implemented)

Time = 18.68 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.41

/ sin(z 152
dr =
a + acsc(x) 8a
z)8 n(2)’ n(2)® an(Z)® an(Z)*
s 15ta1;(2) + 15ta4(2) + 55ta4(2) 55t 4(2) 73t 4(2)

a (tan (%)2 + 1>4 (tan (%) +1)

91tan(%)3 211tan(%)2 19tan(%) 16

12 12 12 3

+

input Lint(sin(x) ~4/(a + a/sin(x)),x) J

output‘ (15*%x)/(8*%a) + ((19%tan(x/2))/12 + (21i1xtan(x/2)"2)/12 + (91*tan(x/2)"3)/1
‘2 + (73*tan(x/2)"4)/4 + (65%tan(x/2)°5)/4 + (65%tan(x/2)"6)/4 + (15%tan(x/
‘2)"7)/4 + (15*tan(x/2)"8)/4 + 16/3)/(ax(tan(x/2)"2 + 1) 4x(tan(x/2) + 1)) ‘

310, [ @) gy

a+acsc(z)
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3.11 | ey 9T

a+a csc(c+dx))
3.11.1 Optimal result . . . . .. .. . ... 100l
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL 100
3.11.3 Rubi [A] (verified) . . . . . . .. .. 1071
3.11.4 Maple [C] (verified) . . . . ... .. ... ... 103
3.11.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 103
3.11.6 Sympy [F] . . . . . 104
3.11.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 104
3.11.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 104
3.11.9 Mupad [B] (verification not implemented) . . . . . ... ... ... ..... 105

3.11.1 Optimal result

Integrand size = 12, antiderivative size = 57

/ 1 P 4 cot(c + dz) cot(c + dz)
(a+acsc(c+dz))2 " a2 3a2d(1l+csc(c+dz))  3d(a+ acsc(c+ dzx))?

p
output‘x/a“2+4/3*cot(d*x+c)/a“2/d/(1+csc(d*x+c))+1/3*cot(d*x+c)/d/(a+a*csc(d*x+c)
)72 |

3.11.2 Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.89

1
(a + acsc(c+ dzx))
3(—4 + 3¢+ 3dz) cos (3(c + dz)) + (10 — 3¢ — 3dz) cos (2(c + dz)) + 6(—3 + 2c + 2dz + (c + dz) cos(c

6a2d (cos (1(c+ dz)) +sin (3(c+ dx)))B

2d:v

input‘ Integrate[(a + axCsclc + d*x])~(-2),x] J

output‘ (3% (-4 + 3*c + 3*d*x)*Cos[(c + d*x)/2] + (10 - 3*c - 3*d*x)*Cos[(3*(c + d* ‘
'x))/2] + 6%(-3 + 2%c + 2xd*x + (c + dxx)*Cos[c + dxx])*Sin[(c + d*x)/21)/( |
‘6*a"2*d*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])"3) ‘

3.11. dz

f 1
(a+acsc(c+dx))?
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3.11.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.07, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 5e3 Ry jjeg ysed = {3042,

integrand size
4264, 25, 3042, 4407, 3042, 4281}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (acsc(c+ dz) + a)? de

l 3042

1 dz
(acsc(c+ dz) + a)?

l 4264

3a— +d.
cot(c + dz) B f—%ﬂ%dw

3d(acsc(c+ dz) + a)? 3a?

| 25

f 3a—acsc(c+dx)d

csc(ct+dr)ata T COt(C =+ dil,‘)
3a? 3d(acsc(c+ dz) + a)?
l 3042
— d
J 3casc(acfc(t:§:§:+ﬁ) dx cot(c + dz)
3a? 3d(acsc(c+ dz) + a)?
l 4407
csc(c+dz
3z —4a f csc(c—({—dx)azi—a dx COt(C + dm)
3a? 3d(acsc(c + dz) + a)?
J’3042
ct+dz
3z — 4a f csng—(i—;;)azl—a dz COt(C + dx)
3a? 3d(acsc(c+ dz) + a)?
l 4281
4a cot(c+d
% + 3z cot(c + dzx)
3a? 3d(acsc(c + dz) + a)?

input‘ Int[(a + a*Csc[c + d*x])~(-2),x]

3.11. dz

f 1
(a+acsc(c+dx))?
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output‘Cot[c + d*x]/(3*d*(a + a*Csc[c + d*x])~2) + (3*x + (4*xaxCot[c + d*x])/(d*(

t

-

a + axCscl[c + d*xx])))/(3*xa~2)

|

3.11.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042

rule 4264

rule 4281

rule 4407

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(ecscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + bxCsc[c + d*x])"n/(d*(2*%n + 1))), x] + Simp[1/(a”2*(2*n + 1))

Int[(a + b*Csclc + d*x])~(n + 1)*(a*x(2%n + 1) - bx(n + 1)*Csclc + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0] && LeQ[n, -1] && Int
egerQ [2*n]

Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cotl[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, f}
,» Xx] && EqQ[a"2 - b2, 0]

/

Int[(cscl(e_.) + (£_.)*(x_)I*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)]1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - ax*d)/a Int[Cscl[e + fx*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

3.11. dz

f 1
(a+acsc(c+dx))?



CHAPTER 3. LISTING OF INTEGRALS 103

3.11.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.45 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.95

method result size
. z 6iei(dm+c)+4e2i(dx+c)_%
risch =+ e (e @) 54
2arctan(tan(d2z+§))— 2 4 =+ 2 2 5+ ds
N N « . L c Z 4 C 4tan( EE 4+ S )+4
derivativedivides 3(tan(7+§);()i (ten(F+5)+1) (%+4) 67
2arctan(tan( 2&+<))— 4 + 2 + 8
default (% 45)) #w%%+%;f (tan(4+5)+1)" " stan(%F+5)+s 67
parallelrisch (3dz—8) tan(‘%’”+%> 3+(9dz—18) tan (d{-i-%) 2-i-(9d:v—6) tan(%”-i—%) +3dx 79
3da2(tan(d§+§ +1 °
ztan(de+%) 4tan(d7:”+%) Sxtan(%-ﬁ—%) 3ztan(d7x+%)2 2 2tan(d7’:+%)3
norman h 2 — s e R— T5d" " da — | 118
a(tan(%w+§>+l>
inputLint(l/(a+a*csc(d*x+c))‘2,x,method=_RETURNVERBOSE) J

e

output

x/a”2+2/3* (9*Ixexp (I* (d*x+c) ) +6%exp (2*I* (d*x+c))-5)/d/a"2/ (I+exp (I*(d*x+c)
1373 |

3.11.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 124 vs. 2(53) = 106.
Time = 0.25 (sec) , antiderivative size = 124, normalized size of antiderivative = 2.18
1
(a + acsc(c+ dx))?
(3dzx — 5) cos (dz + ¢)* — 6 dz — (3dz + 4) cos (dz + ¢) — (6dz + (3dzx + 5) cos (dz + ¢) + 1) sin (dz + ¢
3 (a2d cos (dz + ¢)* — ad cos (dz + ¢) — 2a2d — (a2d cos (dz + ¢) + 2 a%d) sin (dz + c))

dz

input Lintegrate (1/(ata*xcsc(d*x+c))~2,x, algorithm="fricas")

N

output‘ 1/3*%((3*d*x - 5)*cos(d*x + ¢c)~2 - 6*d*x - (3*d*x + 4)*cos(d*x + c) - (6*d*
'x + (3xd*x + 5)*cos(d*x + c) + 1)*sin(d*x + c) + 1)/(a”2*d*cos(d*x + c)"2
‘— a~2*d*cos(d*x + c) - 2*%a~2%d - (a~2*d*cos(d*x + c) + 2%a~2*d)*sin(d*x +

‘c))

ERI———.——.,

1
3.11. f de
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3.11.6 Sympy [F]

1
1 de — f csc? (c+dzx)+2csc (e+dx)+1 dx
(a + acsc(c+ dx))? a?

inputLintegrate(l/(a+a*csc(d*x+c))**2,x)

e—

-

output LIntegral(l/(csc(c + d*x)**2 + 2kcsc(c + d*x) + 1), x)/a**2

-/

3.11.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 142 vs. 2(53) = 106.

Time = 0.35 (sec) , antiderivative size = 142, normalized size of antiderivative = 2.49

9 sin(dz+c) 3 sin(dz+c)2 in(dz+c)
9 cos@toFiT (eos(date) L 1) +4 n 3 arctan(W)
a2+ 3a2sin(dz+c) |, 3a2 sin(dm+c)2 a? sin(da:+c)3 a?
1 do — cos(d@+c)F1 ' (cos(datc)+1)2 | (cos(date)+1)3
(a + acsc(c+ dz))? 3d

inputLintegrate(l/(a+a*csc(d*x+c))‘2,x, algorithm="maxima")

output‘2/3*((9*sin(d*x + ¢c)/(cos(d*x + ¢c) + 1) + 3*sin(d*x + c)~2/(cos(d*x + c) +
‘ 1)°2 + 4)/(a”2 + 3*a"2*sin(d*x + c)/(cos(d*x + c) + 1) + 3*a"2*xsin(d*x +
1©)"2/(cos(d*x + ¢) + 1)72 + a”2*sin(d*x + c)"3/(cos(d*x + c) + 1)73) + 3a
‘rctan(sin(d*x + c)/(cos(d*x + c) + 1))/a~2)/d

3.11.8 Giac [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.05

3 (dz+c) 2 (3 tan(% dac—i—% c)2+9 tan(% dz+% c)+4)

/ 1 dr a? a? (tan(% dx—i—% c)—i—l)3

(a + acsc(c+ dx))? 3d

input Lintegrate (1/ (ata*csc(d*x+c))~2,x, algorithm="giac")

output‘ 1/3*x(3*(d*x + c)/a"2 + 2*(3*tan(1/2*d*x + 1/2%c)”2 + 9xtan(1/2xd*x + 1/2%c
\) + 4)/(a~2%(tan(1/2%d*x + 1/2%c) + 1)°3))/d

1
3.11. f de
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3.11.9 Mupad [B] (verification not implemented)

Time = 18.08 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.91

/ : dx:£+2tan(§+d§)2+6tan(§+d?w)+§
(a + acsC(C—I— dx))2 a? a2d (tan (g + d_w) + 1)3

input Lint(l/(a + a/sin(c + d*x))~2,x%)

~—

output‘(x/a‘Q + (6xtan(c/2 + (d*x)/2) + 2+tan(c/2 + (d*x)/2)"2 + 8/3)/(a~2*d*(tan(
c/2 + (d*x)/2) + 1)73)

—

1
3.11. f de
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3.12.1 Optimal result

Integrand size = 12, antiderivative size = 88

/ 1 dr= L cot(c + dr)
(a+acsc(c+dz))3 "~ a3 bd(a+ acsc(c+ dr))3
7cot(c + dx) 22 cot(c + dx)

15ad(a 4+ acsc(c+ dx))?  15d (a® + a3 csc(c + dx))

output ‘ x/a~3+1/5*cot (d*x+c) /d/ (ata*csc(d*x+c)) ~3+7/15*cot (d*x+c) /a/d/ (at+a*csc(d*x ‘
‘+c))‘2+22/15*cot(d*x+c)/d/(a“3+a“3*csc(d*x+c)) \

3.12.2 Mathematica [A] (verified)

Time = 1.05 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.40

L d
i
(a + acsc(c+dx))3
/1 .
15 15d 3 _ 13 2sin( 3 (c+dzx)) (—38+416 cos(2(c+dx))—51 sin(c-
. ¢+ T+ (cos(%(c+dz))+sin(%(c+dm)))4 (cos(%(c—i—dz))—ksin(%(c+d:c)))2 + (cos(%(c+dac))+sin(%(c+dz)))5

15a3d

input Integrate[(a + a*Csc[c + d*x])~(-3),x]

3.12. dz

f 1
(a+acsc(c+dx))3
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output‘ (15%c + 15%d*x + 3/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])"4 - 13/(Cos[(c +
\d*x)/z] + Sin[(c + d*x)/2])"2 + (2xSin[(c + d*x)/2]*(-38 + 16*Cos[2*(c + d
‘*x)] - B1xSin[c + d*x]))/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])"5)/(15%a"3x%

\d)

3.12.3 Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.11, number

_ _ number of rules _ —
of steps used = 10, number of rules used = 10, integrand size 0.833, Rules used =

{3042, 4264, 25, 3042, 4410, 25, 3042, 4407, 3042, 4281}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

1
/ (acsc(c+dz) + a)?
| 3042

1
(acsc(c+ dz) + a)3

l 4264

5a—2 d
cot(c + dx) J- (;c(cicc?;;iag)ﬂg dzx

5d(acsc(c+ dx) +a)® 5a2

| 25

5a—2a csc(c+dz)
| Gescterdr)ata)? 9% cot(c + dz)

5a? 5d(acsc(c + dz) + a)3
| 3042

dz

5a—2 +d.
f (;c(cz—ct;;%—i-a@ dx COt(C + dac)

5a? 5d(acsc(c+ dz) + a)3
| 4410

1502 —7a2 +d
7a cot(c+dx) _ S- acsc(cidczs)c;ia %) da
cot(c + dzx)

3d(a csc(ct+dz)+a)? 3a? 4
5a? 5d(a csc(c + dz) + a)3

| 25

1502742 +dx
/ acsc(+:)céia)dw 7a cot(c+dz)
3a2 3d(a csc(ct+dz)+a)? COt(C + dx)

5a? 5d(acsc(c+ dz) + a)?

1
3.12. f W de‘
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| 302
2— (l2 csc(c T
/ %{M{iz 7a cot(c+dx)
3a2 3d(a csc(ct+dzx)+a)? COt(C + da:)
5a? 5d(acsc(c + dz) + a)3
| 4407
15a2—220 | %dz 7a cot(c+dzx)
3a? + + + 3d(a csc(c+dzx)+a)? COt(C + dﬂ?)
5a? 5d(acsc(c+ dz) + a)3
| 3042
15a—22a | %dz 7a cot(c+dzx)
gaz e 3d(acsc(ctdz)+a)? cot(c + dx)
5a? 5d(acsc(c+ dz) + a)3
| 4281
2202 cot(c+dx) +15az
d(a csc(c+dz)+a) Ta COt(C+diI})
+3a2+ 3d(a csc(ct+dz)+a)? COt(C + d-'L')
5a2 5d(a csc(c + dz) + a)3

input‘ Int[(a + axCsc[c + d*x])~(-3),x]

output ‘/Cot [c + d*x]/(5*%d*x(a + a*Csc[c + d*x])~3) + ((7*axCot[c + d*x])/(3*d*(a +
‘a*Csc [c + d*x])"2) + (15*axx + (22*a~2*Cot[c + d*x])/(d*(a + a*Csc[c + d*x
1)))/(3%a"2))/ (5%a™2)

-

3.12.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1]

Int[Fx, x], x]

.
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4264

egerQ[2x*n]

Int[(ecscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Csclc + d*x])"n/(d*(2%n + 1))), x] + Simp[1/(a"2*(2*n + 1))

Int[(a + b*Csc[c + d*x])"(n + 1)*(a*x(2*n + 1) - b*x(n + 1)*Csc[c + dx*x]),
x], x] /; FreeQl[{a, b, c, d}, x] && EqQ[a~2 - b"2, 0] && LeQ[n, -1] &% Int

3.12.

f 1
(a+acsc(c+dx))3

dz



rule 4281

rule 4407

rule 4410
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Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, f}
,» x] && EqQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simpl[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscle + fx*
x]/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && NeQ[b*c
- axd, 0]

Int[(cscl(e_.) + (£_.)*(x_)]1*(_.) + (a_))"(m_)*(cscl(e_.) + (f_.)*(x_)]*(d
_.) + (c_)), x_Symbol] :> Simp[(-(b*c - a*d))*Cotl[e + f*x]*((a + b*Cscle +
fxx]) "m/ (b*£*(2*m + 1))), x] + Simp[1/(a"2%(2*m + 1)) Int[(a + b*Cscle +
£*x])~(m + 1)*Simp[a*c*x(2*m + 1) - (b*c - a*d)*(m + 1)*Cscle + f*x], x], x]
, x] /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] &&
EqQ[a"2 - b~2, 0] && IntegerQ[2+*m]

3.12.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.58 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

method result

74 e2i;d””+c) +184e3i(dwtc) _ 46ie

i(dz+c) Ki(d 64
risch 5+ S — LS
a

d a3 (i+ei(dz+o)) 5

2arctan<tan<‘%z+%)>— 4 + 8 + 4
derivativedivides

+
(tan(%+%)+l)4 5(tan(d2—x+%)+1)5 B(tan(dz—m+%)+1)3 (tan(

da3

2arctan(tan(%z+§)>— 4 + 8 + 4

7 +
default (tan(%+5)+1)" "s(tan(%+5)+1)°  3(tan(%+5)+1)” " (tan(

dz | o)* | (75dz—1 dz | o)" | (150dz—2 dz 1 ¢)® 4 (150dz—90 dz | o)’
(15dw—38)tan<7-l—§) +(75dz— 60)tan(7+§) +(150dz—230) tan —+§) +( z— )tan<7+ )

parallelrisch o 5
15da3(tan<d§+%>+1)
de_ c\% dz ¢4 de | c dz | c)2 de | c\3 dz
norman %+ztan(?+?) 2tan(z+§) +5xtan(?+§)+lﬂxtan(?+§) +10mtan ?+§) +5mtan(a7+

input Lint (1/(at+axcsc(d*x+c)) ~3,x,method=_RETURNVERBOSE)

3.12. dz

f 1
(a+acsc(c+dx))3
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output‘x/a‘3+2/15*(—185*exp(2*I*(d*x+c))+135*I*exp(3*I*(d*x+c))—115*I*exp(I*(d*x+
Lc))+45*exp(4*I*(d*x+c))+32)/d/a“3/(I+exp(I*(d*x+c)))“5 J

3.12.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 181 vs. 2(82) = 164.

Time = 0.25 (sec) , antiderivative size = 181, normalized size of antiderivative = 2.06

1
(a + acsc(c+ dzx))
(15 dz + 32) cos (dz + ¢)* + (45 dz — 19) cos (dz + ¢)* — 60 dz — 6 (5 dzx + 9) cos (dz + ¢) + ((15dz — 32
15 (a3d cos (dz + ¢)® + 3 a3d cos (dz + ¢)* — 2 a3d cos (dzx + ¢) — 4a3d + (a?d cos (

3d:v

input‘integrate(1/(a+a*csc(d*x+c))”3,x, algorithm="fricas") ‘

output | 1/15%((15%d*x + 32)*cos(d*x + c)~3 + (45*%d*x - 19)*cos(d*x + c)~2 - 60*d*x
- 6x(5*%d*x + 9)*cos(d*x + c) + ((15*d*x - 32)*cos(d*x + c)”2 - 60*d*x - 3
*(10*d*x + 17)*cos(d*x + c) + 3)*sin(d*x + c) - 3)/(a"3*d*cos(d*x + c)~3 +
3*a~3*d*cos(d*x + c)~2 - 2*a"3*d*cos(d*x + c) - 4*a~3xd + (a"3*d*cos(d*x

+ ¢)72 - 2*a~3*dxcos(d*x + c) - 4*a~3*d)*sin(d*x + c))

3.12.6 Sympy [F]

dz

dr =

1
/ 1 f csc3 (c+dz)+3 csc? (e+dx)+3 csc (c+dz)+1
(a4 acsc(c+ dz))3 a?

input‘integrate(l/(a+a*csc(d*x+c))**3,x)

output‘Integral(l/(csc(c + d*x)**3 + 3*xcsc(c + d*x)**2 + 3*csc(c + d*x) + 1), x)/
‘a**S

1
3.12. f W de‘
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3.12.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 228 vs. 2(82) = 164.

Time = 0.32 (sec) , antiderivative size = 228, normalized size of antiderivative = 2.59

1
/ (a + acsc(c+ dx))? dz

95 sin(dz+c) |, 145 sin(dz+c)? | 75 sin(dz+c)® | 15 sin(dz+c)? sin(de+c)
2 cos(dz+c)+1 (cos(dz+c)+1)2 (cos(dz+c)+1)3 (cos(dz+c)+1)4 +22 15 a'I‘Cta'n<cos(d:i:-l»c)-f—l
a3+ 5 a3 sin(dz+c) |, 10a3 sin(da:+c)2 103 sin(dm+c)3 5a3 sin(dm+c)4 a3 sin(dm+c)5 a3
cos(dz+c)+1 ' (cos(da+c)+1)2 | (cos(dz+c)+1)3 | (cos(dz+c)+1)% " (cos(dz+c)+1)d

input‘integrate(1/(a+a*csc(d*x+c))”3,x, algorithm="maxima")

output | 2/15%((95*sin(d*x + c)/(cos(d*x + ¢c) + 1) + 145%sin(d*x + c)~2/(cos(d*x +
c) + 1)72 + 75*sin(d*x + ¢)~3/(cos(d*x + c) + 1)73 + 15*sin(d*x + c)~4/(co
s(d*x + c) + 1)74 + 22)/(a"3 + 5*%a~3*sin(d*x + c)/(cos(d*x + c) + 1) + 10%
a~3*sin(d*x + c)~2/(cos(d*x + c) + 1)72 + 10*a~3*sin(d*x + c)~3/(cos(d*x +

c) + 1)73 + 5xa~3*sin(d*x + c)"4/(cos(d*x + c) + 1)74 + a~3*sin(d*x + c)~
5/(cos(d*x + c) + 1)75) + 1Bb*arctan(sin(d*x + c)/(cos(d*x + c) + 1))/a~3)/
d

3.12.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.98

1
3 dx
(a + acsc(c+ dx))
15 (dz-+c) n 2 (15 tan(% dx—l—% c)4+75 tan(% dx—l—% c)3+145 tan(% dac—i—% c)2+95 tan(% dz—i—% c)+22)
a? a3(tan(% dac—i—% c)—i—l)5

15d

inputtintegrate(1/(a+a*csc(d*x+c))‘3,x, algorithm="giac")

output‘1/15*(15*(d*x + c)/a"3 + 2*%(15*xtan(1/2*d*x + 1/2%c)"4 + T75*tan(1/2xd*x + 1
\/2*c)‘3 + 145%tan(1/2%d*x + 1/2*c)~2 + 95%tan(1/2*d*x + 1/2%c) + 22)/(a"3%
L(tan(1/2*d*x + 1/2%c) + 1)76))/d

——

1
3.12. f W de‘



CHAPTER 3. LISTING OF INTEGRALS 112

3.12.9 Mupad [B] (verification not implemented)

Time = 19.65 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.89

t/(a+wu$; &)y *

dz da\3 58tam(2+"l;”)2 sstan(5+%2) 4
x 2tan(§ ) +10tan($ + 45)° + . E +4
G S (5+ ) +1)°

input Lint(l/(a + a/sin(c + d*x))~3,x)

-/

output‘x/a‘S + ((38*tan(c/2 + (d*x)/2))/3 + (568*tan(c/2 + (d*x)/2)"2)/3 + 10*tan(
\c/2 + (d*x)/2)"3 + 2xtan(c/2 + (d*x)/2)"4 + 44/15)/(a"~3*d*(tan(c/2 + (d*x)
\/2) + 1)°5)

3.12. dz

f 1
(a+acsc(c+dx))3
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3.13 [(a+ acsc(x))’?dx

3.13.1 Optimalresult . . . . . . .. ... .. 113l
3.13.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 113
3.13.3 Rubi [A] (verified) . . . . . . ... .. 114
3.13.4 Maple [B] (verified) . . . . ... . ... ... 176!
3.13.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 117
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3.13.8 Giac [B] (verification not implemented) . . . ... ... ... ........ 119
3.13.9 Mupad [F(-1)] . . . o o 120

3.13.1 Optimal result

Integrand size = 10, antiderivative size = 65
/(a + acsc(x))? dr =

t 14a3 cot 2
—2a5/? arctan( e ) B e a” cot(z)\/a + acsc(z)

a + acsc(z) 3yv/a+acsc(z) 3

output‘—2*a‘(5/2)*arctan(cot(x)*a‘(1/2)/(a+a*csc(x))‘(1/2))—14/3*a‘3*cot(x)/(a+a*
‘csc(x))‘(1/2)—2/3*a‘2*cot(x)*(a+a*csc(x))‘(1/2) J

3.13.2 Mathematica [A] (verified)

Time = 2.23 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.23

/(a + acsc(z))? dr =
20%\/a(1 + cso(a)) (3arctan (/=1 + cso(@) ) + /=1 + cso(@)(8 + cse(x)) ) (cos (3) —sin (3))

3v/—1+ csc(z) (cos (£) +sin (%))

input LIntegrate [(a + axCsc[x])~(5/2),x]

-/

output‘ (-2*%a~2#Sqrt [a*(1 + Csc[x])]*(3*ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[-1 + Cscl ‘
'x]1x(8 + Csclx]))*(Cos[x/2] - Sin[x/2]1))/(3*Sqrt[-1 + Csc[x]]1*(Cos[x/2] + |
Sinfx/2])) |
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3.13.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.06, number

of steps used = 10, number of rules used = 9, Bumber of rules _ , 950 Ryles used = {3042,
integrand size

4262, 27, 3042, 4403, 3042, 4261, 216, 4279}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

ga/ %\/csc(:r)a + a(7csc(x)a + 3a)dx — §a2 cot(z)v/acsc(z) + a

| 27
;a/ vese(z)a + a(7 cse(x)a + 3a)dr — gaz cot(z)y/acsc(z) +a

| 3042
;a/ Vese(z)a + a(7 csc(x)a + 3a)dz — §a2 cot(z)\/acsc(z) + a

| 4403

1 2 9

3a<3a/\/CSC(w)7a-l-ada:+7a/csc(m)\/CSC(x)7a-l-adw> — 30 cot(z)\/acsc(z) + a
| 3042

1 2 o

3a<3a/ Vvesc(z)a + adr + 7a/csc(w)\/csc(ac)a + adw) — 3¢ cot(z)v/acsc(z) + a
| 4261

1 1 a cot(x)
—al| 7a [ csc(x)+/csc(x)a + adx — 6a2/ d —
3 ( / (=) (=) Z:C‘(’ggz(_ﬂ +a +/csc(z)a+ a)

§a2 cot(z)v/acsc(z) + a

l 216

3.13.  [(a+acsc(z))?dx
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%a <7a / cse(z)/csc(z)a + ade — 6a>/2 arctan <\/c_zcot(x)>> - %az cot(x)v/acsc(z) +a

acsc(z) +a
| 4279
2
1a——6a3/2arctan vacot(z) _ _14a7cot(z) ——aﬂmﬂ@ acsc(z) + a
3 acsc(z) +a acsc(z) +a 3

-

input LInt [(a + a*Csc[x])~(5/2),x]

| —

output ‘ (-2*%a~2*Cot [x]*Sqrt[a + a*Csc[x]])/3 + (a*x(-6*a”(3/2)*ArcTan[(Sqrt[a]*Cot[
‘ x])/Sqrt[a + axCsc[x]]] - (14xa~2*Cot[x])/Sqrtl[a + axCsc[x]]))/3

3.13.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 216 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4261 Int [Sqrt[cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Simp[-2*(b/d)
Subst [Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + bxCsclc + d*x]1])],
x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0]

rule 4262 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])~"(n - 2)/(d*(n - 1))), x] + Simp[a/(n - 1)

Int[(a + b*Csclc + d*x])"(n - 2)*(a*(n - 1) + b*(3*n - 4)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && GtQ[n, 1] && Inte
gerQ[2+*n]
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rule 4279 Int[csc[(e_.) + (f_.)*(x_)]1*Sqrtlcscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)], x_S
ymbol] :> Simp[-2%bx(Cot[e + f*x]/(fxSqrtl[a + b*Cscle + f*x]1)), x] /; Free
Ql{a, b, e, £}, x] && EqQ[a"2 - b~2, 0]

rule 4403 | Int[Sqrt[cscl(e_.) + (f_.)*(x_)I*(b_.) + (a_)l*(cscl(e_.) + (£f_.)*(x_)1*(d_
.) + (c_)), x_Symbol] :> Simpl[c Int[Sqrt[a + b*Cscl[e + f*x]], x], x] + Si

mp[d Int[Sqrtl[a + b*Cscle + f*x]]*Cscle + f*x], x], x] /; FreeQ[{a, b, c,
d, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]

3.13.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 274 vs. 2(51) = 102.

Time = 0.88 (sec) , antiderivative size = 275, normalized size of antiderivative = 4.23

method | result

5

a(csc(m)(l—cos(m))2+2—2 cos(a:)+sin(m)) 2 3 3 3 csc(z)—cot(z)++/c
csc(x)< T—cos(@) ) (1—cos(z)) (2 csc(z)? (1—cos(z))?+3v/2 (csc(z) —cot(z)) 2 ln(—m

default

-

input Lint ((at+ax*csc(x))~(5/2) ,x,method=_RETURNVERBOSE)

~—

output | 1/12*csc(x)*(a/(1-cos(x))*(csc(x)*(1-cos(x)) "2+2-2*cos(x)+sin(x)))~(5/2) /(
csc(x)-cot(x)+1) "6x(1-cos(x) ) *(2*csc(x) “3*(1-cos(x)) ~3+3%27(1/2) *(csc(x)-c
ot (x))~(3/2)*1n(-(csc(x)-cot (x)+(csc(x)-cot(x))~(1/2)*27(1/2)+1)/((csc(x)-
cot (x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1))+12%2~(1/2) *(csc(x)-cot (x)) ~(3/2) *a
rctan((csc(x)-cot(x)) " (1/2)*27(1/2)+1)+12%2~(1/2)*(csc(x)-cot (x)) ~(3/2) *ar
ctan((csc(x)-cot(x))~(1/2)*2~(1/2)-1)+3*2"(1/2) *(csc(x)-cot (x))~(3/2)*1n(-
((esc(x)-cot(x))~(1/2)*%2"(1/2)-csc(x)+cot (x)-1)/(csc(x)-cot (x)+(csc(x)-cot
(x))~(1/2)*27(1/2)+1) ) +30*csc (x) "2* (1-cos (x) ) "2-30*csc (x) +30*cot (x) —2) *2~ (
1/2)
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3.13.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 142 vs. 2(51) = 102.

Time = 0.27 (sec) , antiderivative size = 318, normalized size of antiderivative = 4.89

fe

+acsc(z))®? dr =

2acos(z)?—2 <cos(ac)2+(cos(x)+1) sin(z)

3 (a?cos (z)* — a® — (a® cos (z) + a?) sin (z) ) v/—alog ( .
3

inputLintegrate((a+a*csc(x))“(5/2),x, algorithm="fricas") J

output | [1/3*(3*(a"2*cos(x)"2 - a”2 - (a"2*cos(x) + a"2)*sin(x))*sqrt(-a)*log((2*a
*xcos(x)"2 - 2*%(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)#*sqrt(-a)*sqrt((a*sin(x)
+ a)/sin(x)) + axcos(x) - (2*a*cos(x) + a)*sin(x) - a)/(cos(x) + sin(x) +
1)) + 2x(8*a~2*cos(x)”2 + a"2*cos(x) - 7*¥a"2 + (8*a~2xcos(x) + 7*a~2)*sin
(x))*sqrt((a*sin(x) + a)/sin(x)))/(cos(x)~2 - (cos(x) + 1)*sin(x) - 1), 2/
3% (3*(a"2*cos(x)"2 - a”2 - (a"2*cos(x) + a"2)*sin(x))*sqrt(a)*arctan(-sqrt
(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x)
+ a)) + (8*a"2xcos(x)"2 + a~2%cos(x) - 7*a"2 + (8*a~2xcos(x) + T*a~2)*sin
(x))*sqrt((a*sin(x) + a)/sin(x)))/(cos(x)"2 - (cos(x) + 1)*sin(x) - 1)]

3.13.6 Sympy [F]

/(a + acsc(z))? dr = /(a csc (z) + a)g dx

input‘integrate((a+a*csc(x))**(5/2),X)

outputLIntegral((a*csc(x) + a)*x(5/2), x) J

3.13.  [(a+acsc(z))?dx
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3.13.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 417 vs. 2(51) = 102.

Time = 0.35 (sec) , antiderivative size = 417, normalized size of antiderivative = 6.42

11

/(“+acsc(x))5/2dw=l\/ﬁai(M)2+j\/§5<m)3

M

22 cos(z) +1 18 cos (z) +1
7 5 3
9 s( sin(z) \z 1 s( sin(z) \* 2 s sin(z) \?2
2 V23 [ 22 - V243 9g5 (S (E)
T Vaa <cos(x)+1) + 2\/_a (cos +1 \/_a cos(z) +1

|t

[\D

+\/§<\/§arctan ( \/_<\/_+ 2 \/ sin )) + v/2arctan ( \/_<\/_ 2 —cozi?x()xﬁ)- 1)>)a

924} sin (z)

cos (z) +1
693 \/ia% sin(x) 1155 fa? sm(a:) 1386 \/ia,% sin(z)® 990 fa? sm(a:) 385 \/ﬁa% sin(z)® 63 \/ﬁa% sin(x)®
cos(z)+1 + (cos(z)+1)? + (cos(z)+1)3 + (cos(z)+1)* + (cos(z)+1)° + (cos(x)+1)°

1386 Slll(il:)

cos(z)+1

7\@(1% sin(x) 105 ﬂa% sin(z)? __ 210 \@a% sin(z)? _ 70 ﬁa% sin(z)* 21 \/ia% sin(z)® _ 3\@41% sin(z)®
cos(z)+1 (cos(z)+1)? (cos(z)+1)3 (cos(z)+1)* (cos(z)+1)° (cos(z)+1)°

5
sin(z) 2
42 (cos(ac)+1 >

inputLintegrate((a+a*csc(x))“(5/2),x, algorithm="maxima") J

output

1/22*xsqrt (2)*a~(56/2) *(sin(x) /(cos(x) + 1))~ (11/2) + 5/18*sqrt(2)*a~(5/2)*(
sin(x)/(cos(x) + 1))7(9/2) + 9/14*sqrt(2)*a”~(5/2)*(sin(x)/(cos(x) + 1))~ (7
/2) + 1/2*xsqrt(2)*a”~(5/2)*(sin(x)/(cos(x) + 1))~(5/2) - 2/3*sqrt(2)*a~(5/2
)*(sin(x)/(cos(x) + 1))7(3/2) + sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(
2) + 2xsqrt(sin(x)/(cos(x) + 1)))) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)
- 2*sqrt(sin(x)/(cos(x) + 1)))))*a~(5/2) - 2xsqrt(2)*a”(5/2)*sqrt(sin(x)/(
cos(x) + 1)) - 1/1386%*(693*sqrt(2)*a”~(5/2)*sin(x)/(cos(x) + 1) + 1155*sqrt
(2)*a~(5/2)*sin(x)"2/(cos(x) + 1)72 + 1386*sqrt(2)*a~(5/2)*sin(x) "3/ (cos(x
) + 1)73 + 990*sqrt(2)*a”(5/2)*sin(x)~4/(cos(x) + 1)~4 + 38b*sqrt(2)*a”(5/
2)*sin(x)"5/(cos(x) + 1)75 + 63*sqrt(2)*a~(5/2)*sin(x)"6/(cos(x) + 1)76)/s
grt(sin(x)/(cos(x) + 1)) - 1/42x(7*sqrt(2)*a~(5/2)*sin(x)/(cos(x) + 1) + 1
05*sqrt(2)*a~(5/2)*sin(x) "2/ (cos(x) + 1)72 - 210*sqrt(2)*a~(5/2)*sin(x)~3/
(cos(x) + 1)73 - 70*sqrt(2)*a~(5/2)*sin(x)~4/(cos(x) + 1)74 - 21*sqrt(2)*a
~(56/2)*sin(x) "5/ (cos(x) + 1)75 - 3*sqrt(2)*a~(5/2)*sin(x)~6/(cos(x) + 1)76
)/ (sin(x)/(cos(x) + 1))~(5/2)

3.13.  [(a+acsc(z))?dx



CHAPTER 3. LISTING OF INTEGRALS 119

3.13.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 250 vs. 2(51) = 102.

Time = 0.46 (sec) , antiderivative size = 250, normalized size of antiderivative = 3.85
e
+ acsc(z))?? dr = <a2\/ la| + a|a|%> arctan

(T o) i | Y2 )

1 1
+ 3 <a2 la| — a|a|%> log (atan 5% + \/ﬁﬁ /atan \/ la| + |a|)
1
~3 < |a| — alal|? ) log (atan \/51 /atan \/ la| + |a|>
+1\/§ atan 1:L' a’ tan 1 +154/atan a: a’
6 2 2 2

B \/5(15 a*tan (% .13) + a4)

6/atan (1 z)atan (1 z)

v2(V2y/lal +2,/atan (1))

lal

p
input Lintegrate ((ata*csc(x))~(5/2) ,x, algorithm="giac")

~—

output (a~2*sqrt(abs(a)) + axabs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a
)) + 2*sqrt(a*tan(1/2*x)))/sqrt(abs(a))) + (a"2*sqrt(abs(a)) + axabs(a)~(3
/2))*arctan(-1/2*sqrt (2) *(sqrt (2) *sqrt (abs(a)) - 2*sqrt(axtan(1/2#x)))/sqr
t(abs(a))) + 1/2x(a"2*sqrt(abs(a)) - a*abs(a)”~(3/2))*log(a*tan(1/2%x) + sq
rt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs(a)) - 1/2x(a"2*sqrt(abs(a)) -
axabs(a) ~(3/2))*log(a*tan(1/2+x) - sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a))
+ abs(a)) + 1/6%sqrt(2)*(sqrt(a*tan(1/2*x))*a~2*tan(1/2%x) + 15*sqrt(a*ta
n(1/2*x))*a"2) - 1/6xsqrt(2)*(15*%a~4*tan(1/2*x) + a~4)/(sqrt(axtan(1/2*x))

*xa*xtan(1/2*x))
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3.13.9 Mupad [F(-1)]

/(a + acsc(z))? de = / (a + sina(x))5/2 dz

Timed out.

input‘ int((a + a/sin(x))~(5/2),x)

output Lint((a + a/sin(x))~(5/2), x)

3.13.  [(a+acsc(z))?dx
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3.14 [(a+ acsc(x))*?dx

3.14.1 Optimal result . . . . . . .. . .. 1211
3.14.2 Mathematica [A] (verified) . . . . . . . . ... .. Lo 121
3.14.3 Rubi [A] (verified) . . . . . ... .. 122
3.14.4 Maple [B] (warning: unable to verify) . . . . . ... ... ... . L. 123
3.14.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 124
3.14.6 Sympy [F] . . . . . 125
3.14.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 1251
3.14.8 Giac [B] (verification not implemented) . . . .. ... ... .. ....... 126
3.14.9 Mupad [F(-1)] . . . . o o 126

3.14.1 Optimal result

Integrand size = 10, antiderivative size = 44

/(a + acsc(z))?? dz = —2a%? arctan ( va cot(z) ) __ 2d®cot(x)

a + acsc(x) a + acsc(x)

output ‘ -2%a~ (3/2)*arctan(cot (x)*a~(1/2)/(a+a*csc(x))~(1/2))-2*%a~2*cot (x) / (a+a*csc
)7 (L/2)

3.14.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.57

/(a + acsc(z))?? dr =
_Qa(arctan (W) + +/—1 + csc(z )) va(l+ csc(z))(cos (£) —sin (%))
+

—1+ csc(z) (COS (%) ( ))

input LIntegrate [(a + axCsc[x])~(3/2),x]

~—

output ‘( (-2%ax(ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[-1 + Csc[x]])*Sqrt[a*x(1 + Csc[x])]
‘ *(Cos[x/2] - Sin[x/2]1))/(Sqrt[-1 + Csc[x]1*(Cos[x/2] + Sin[x/2]))

—

3.14.  [(a+acsc(z))¥?dx



input LInt [(a + a*Csc[x])~(3/2),x]
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3.14.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 655 Ryles used = {3042,

integrand size
4262, 27, 3042, 4261, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a csc(z) + a)¥/? da

J,3042

/(a csc(z) + a)/2dx

l 4262

2
Za/ %\/csc(x)a + adx — _ 2a7cotlz)

acsc(z) +a
| 27

B 2a? cot(x)
a/\/csc(m)a-l—ad:c —\/m

l,3042

2a2 cot(z)
a/ vese(z)a + adx — TN T OET

l 4261

1 a cot(zx) 2a? cot(x)

d _
L) o \Jese(@ata Jacse(@)+a
l 216

t(x) 2a2 cot(z)
—2a%? arcta, vaco -
@ arean ( acsc(z) + a Vacse(z) +a

—2a?

r

| —

output ‘ -2%a~(3/2) *ArcTan[(Sqrt [a]*Cot [x]) /Sqrt[a + a*xCsc[x]]] - (2*a~2xCot[x])/Sq ‘

‘ rt[a + a*Csc[x]] ‘

3.14.  [(a+acsc(z))¥?dx



CHAPTER 3. LISTING OF INTEGRALS 123

3.14.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 216 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4261 Int[Sqrtlcscl(c_.) + (d_.)*(x_)I1*(b_.) + (a_)], x_Symbol] :> Simp[-2*(b/d)
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Csc[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

rule 4262 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol]l :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csclc + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[a/(n - 1)

Int[(a + b*Csclc + d*x])~(n - 2)*(a*x(n - 1) + b*(3*n - 4)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0] && GtQ[n, 1] && Inte
gerQ[2+*n]

3.14.4 Maple [B] (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 244 vs. 2(36) = 72.

Time = 0.55 (sec) , antiderivative size = 245, normalized size of antiderivative = 5.57

method | result

3
- 22— in 2
CSC(:z:) <a(csc(w)(1 cos(x))“+2—2 cos(x)+s (:v)) ) (l—cos(z)) ( CSC(:I))—COt(Z‘) \/5 In (_ csc(z) —cot(z)++/csc(z) —cot(x) vV2+1 ) +4\/§

1—cos(x) csc(z)—cot(x) v2—csc(z)+cot(z)—1

default

inputLint((a+a*csc(x))‘(3/2),x,method=_RETURNVERBOSE) J

3.14.  [(a+acsc(z))¥?dx
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N
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1/4xcsc(x)*(a/(1-cos(x))*(csc(x)*(1-cos(x)) ~2+2-2*cos (x)+sin(x)))~(3/2)/(c
sc(x)-cot(x)+1)"3*(1-cos(x))*((csc(x)-cot(x))~(1/2)*2~(1/2)*1n(-(csc(x)-co
t(x)+(csc(x)-cot(x))~(1/2)*27(1/2)+1) / ((csc(x)-cot(x))~(1/2)*2"(1/2)-csc(x
Y+cot (x)-1))+4%27(1/2)*(csc(x)-cot (x)) " (1/2) *arctan((csc(x)-cot(x))~(1/2)*
27 (1/2)+1)+4x27(1/2) *(csc(x) -cot (x) ) ~(1/2)*arctan((csc(x) -cot (x)) ~(1/2) %2~
(1/2)-1)+(csc(x)-cot (x)) ~(1/2)*27(1/2) *1n(-((csc(x)-cot (x)) ~(1/2)*2~(1/2) -
csc(x)+cot (x)-1)/(csc(x)-cot (x)+(csc(x)-cot (x))~(1/2)*2~(1/2)+1))+4*csc(x)
-4xcot (x)-4)*2~(1/2)

3.14.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 90 vs. 2(36) = 72.

Time = 0.26 (sec) , antiderivative size = 212, normalized size of antiderivative = 4.82

fi

+acsc(x))®?dr=

2a z)2—2 z)? z)+1)sin(x)—1)v/—a asin(z)ta a
(acos (z) + asin (z) + a)v/—alog < (22 sl et zos(z;i-;l(a:)jlln(z) —

cos (z) +sin (z) + 1

input  integrate((a+a*csc(x))~(3/2),x, algorithm="fricas")

output

N

[((a*cos(x) + a*sin(x) + a)*sqrt(-a)*log((2*a*cos(x)~2 - 2x(cos(x)"2 + (co
s(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + axcos(x) - (2
xa*xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)) - 2*(a*cos(x) - a*sin(x)
+ a)*sqrt((a*sin(x) + a)/sin(x)))/(cos(x) + sin(x) + 1), 2*((a*cos(x) + a
*sin(x) + a)*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) -
sin(x) + 1)/(a*cos(x) + a*sin(x) + a)) - (a*cos(x) - a*sin(x) + a)*sqrt((
a*sin(x) + a)/sin(x)))/(cos(x) + sin(x) + 1)]

3.14.  [(a+acsc(z))¥?dx
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3.14.6 Sympy [F]

/(a + acsc(z))®? dr = /(a csc (z) + a)g dz

inputLintegrate((a+a*csc(x))**(3/2),X)

~—

-

i

output

Integral((axcsc(x) + a)*x(3/2), x)

- J

3.14.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 200 vs. 2(36) = 72.

Time = 0.33 (sec) , antiderivative size = 200, normalized size of antiderivative = 4.55

e
32 5 1 | sin(x) 1 si
+acsc(z))??dr =2 (\/ﬁarctan (5 \@(\/5 +2 m)) + V2 arctan (—5 \/5(\/5 -2 cos

-3 (i ) et (20 ) 4 ety [ 20 )

cos (z) +1 cos(z)+1 cos (z) +1

5\/5«1% sin(z) 15 \/ia% sin(z)? _ Sﬂa% sin(z)? _ \/ia% sin(z)*
cos(z)+1 (cos(z)+1)? (cos(z)+1)3 (cos(z)+1)*

in(z) )
5 (cos(x)+1>

input‘integrate((a+a*csc(x))”(3/2),x, algorithm="maxima") ‘

output | sqrt (2) *(sqrt (2) *arctan(1/2*sqrt (2) *(sqrt(2) + 2xsqrt(sin(x)/(cos(x) + 1))
)) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))
*a~(3/2) - 1/5*sqrt(2)*(a~(3/2)*(sin(x)/(cos(x) + 1))~(5/2) + 5*a~(3/2)*(s
in(x)/(cos(x) + 1))~(3/2) + 10*a~(3/2)*sqrt(sin(x)/(cos(x) + 1))) - 1/5%(5
*sqrt (2)*a~(3/2)*sin(x)/(cos(x) + 1) - 15*xsqrt(2)*a”~(3/2)*sin(x) "2/ (cos(x)
+ 1)72 - b*sqrt(2)*a~(3/2)*sin(x)~3/(cos(x) + 1)73 - sqrt(2)*a~(3/2)*sin(
x) "4/ (cos(x) + 1)74)/(sin(x)/(cos(x) + 1))~(3/2)

3.14.  [(a+acsc(z))¥?dx
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3.14.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(36) = 72.

Time = 0.42 (sec) , antiderivative size = 195, normalized size of antiderivative = 4.43

/(a—l—acse( 3/2dw—\/§1/atan a——
w/atan

(\/_\/H—I—Q atan( ))

lal

o i) st [ 2L e )

(a\/H— |a|%> log <atan %x + \/51 /atan \/|;—+- |a|>
1 3 1
—§(a\/M—|a|2>log atan §x -2 atan \/|7+|a|

+ <a\/ la| + |a|%> arctan

+

N =

p
input Lintegrate ((at+a*csc(x))~(3/2) ,x, algorithm="giac")

~—

output | sqrt(2)*sqrt(axtan(1/2*x))*a - sqrt(2)*a~2/sqrt(a*tan(1/2*x)) + (a*sqrt(ab
s(a)) + abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2*sqrt(a*
tan(1/2%x)))/sqrt(abs(a))) + (a*sqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*s
qrt (2)*(sqrt(2)*sqrt(abs(a)) - 2*sqrt(axtan(1/2#x)))/sqrt(abs(a))) + 1/2%(
axsqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(1/2*x) + sqrt(2)*sqrt(a*tan(1/2*x
))*sqrt(abs(a)) + abs(a)) - 1/2*%(a*sqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(
1/2xx) - sqrt(2)*sqrt(a*tan(1/2#x))*sqrt(abs(a)) + abs(a))

3.14.9 Mupad [F(-1)]

Timed out.
0\
3/2 7. _
/(a + acsc(x))** dx / (a + = (x)) dx

input Lint((a + a/sin(x))~(3/2),x)

3.14.  [(a+acsc(z))¥?dx



CHAPTER 3. LISTING OF INTEGRALS 127

output Lint((a + a/sin(x))~(3/2), x)

3.14.  [(a+acsc(z))¥?dx
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3.15 [ va+acsc(z)dx

3.15.1 Optimal result . . . . . . . . . . . . . . 128]
3.15.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 128
3.15.3 Rubi [A] (verified) . . . . ... . . . ... 129
3.15.4 Maple [B] (verified) . ... ... ... . . ... .. 130
3.15.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 130
3.15.6 Sympy [F] . . . . o 1311
3.15.7 Maxima [B] (verification not implemented) . . . . . ... ... ... ... ... 131
3.15.8 Giac [B] (verification not implemented) . . . .. .. ... ... ... ... .. 1321
3.15.9 Mupad [F(-1)] . . . . . oo 132

3.15.1 Optimal result

Integrand size = 10, antiderivative size = 26

a + acsc(x)

/ va+ acsc(z) dr = —2v/aarctan <M>

-

output L—2*arctan(cot (x)*a~(1/2)/ (a+axcsc(x))~(1/2))*a~(1/2)

-/

3.15.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.23

2a arctan ( -1+ csc(a:)) cot(x)

v/ —1+ csc(z)+/a(l + csc(z))

/mm:_

input ‘ Integrate[Sqrt[a + a*Csc[x]],x]

output ‘ (-2*a*ArcTan[Sqrt[-1 + Csc[x]]]*Cot[x])/(Sqrt[-1 + Csc[x]]*Sqrt[a*(1 + Csc
DD

3.15. [ +/a+acsc(z)dz
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3.15.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 354 Ryjes used = {3042,
integrand size
4261, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/de

J,3042

/ Vacse(@) + ade

l 4261

1 a cot(z)
a2 cot?(x)
csc(z)ata

—2a

+a vese(r)a+a

l 216

_o/aarctan | _Yaeot®)
2Vaarct (N/acsc(m) +a>

~—

input LInt [Sgrt[a + a*Csc[x]],x]

-

output L—2*Sqrt [a]l *ArcTan[(Sqrt [a]*Cot [x])/Sqrt[a + a*Csc[x]]]

-/

3.15.3.1 Defintions of rubi rules used

rule 216‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
'rcTan[Rt([b, 2]1*(x/Rtla, 21)1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQla
, 0] Il GtQlb, 01)

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

3.15. [ +/a+acsc(z)dz
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ruk34261‘Int[Sqrt[csc[(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Simp[-2*(b/d)
‘ Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrtl[a + b*Cscl[c + d*x]])],
- x] /; FreeQl{a, b, c, d}, x] & EqQ[a™2 - b"2, 0] |

3.15.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 165 vs. 2(20) = 40.

Time = 1.06 (sec) , antiderivative size = 166, normalized size of antiderivative = 6.38

method | result
V2 /a(csc(z)+1) sin(z)+/csc(z)—cot(z) (ln ( csc(@) —cot(2) +/osc(z) —cot(z) V2+1 ) +4 arctan(x /csc(z)—cot(x) ﬁ—i—l) +4 arctan

d f lt —/csc(z)—cot(z) vV2+csc(z) —cot(z)+1
elau 2—2 cos(z)+2 sin(z)

input Lint ((at+a*csc(x))~(1/2) ,x,method=_RETURNVERBOSE) J

output | 1/2+27(1/2) *(a*(csc(x)+1))~(1/2) *sin(x) *(csc(x) -cot (x)) ~(1/2)*(In((csc(x) -
cot (x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1)/(-(csc(x)-cot(x))~(1/2)*2~(1/2)+cs
c(x)-cot(x)+1))+4*arctan((csc(x)-cot (x))~(1/2)*2~(1/2)+1)+4*arctan((csc(x)
—cot (%))~ (1/2)*2~(1/2)-1)+1n((-(csc(x)-cot (x)) ~(1/2)*2~(1/2) +csc(x) -cot (x)
+1)/(csc(x)-cot (x)+(csc(x)-cot(x))~(1/2)*%2"(1/2)+1)))/(1-cos(x)+sin(x))

3.15.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 44 vs. 2(20) = 40.

Time = 0.26 (sec) , antiderivative size = 120, normalized size of antiderivative = 4.62

2acos (z)° — 2 (cos (2)? + (cos (z) + 1) sin (z) — 1)v/—a asin(@)te 4 4 cos (z) — (2acos (z

sin(z)

cos (z) +sin (z) + 1

_ lmlog (

~—

inputLintegrate((a+a*csc(x))‘(1/2),x, algorithm="fricas")

3.15. [ +/a+acsc(z)dz
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output‘[sqrt(—a)*log((2*a*cos(x)“2 - 2%¢(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt(
‘-a)*sqrt((a*sin(x) + a)/sin(x)) + axcos(x) - (2*axcos(x) + a)*sin(x) - a)/
‘(cos(x) + sin(x) + 1)), 2*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(
'x))*(cos(x) - sin(x) + 1)/(a*cos(x) + axsin(x) + a))] |

3.15.6 Sympy [F]

/deg:/mdx

input‘integrate((a+a*csc(x))**(1/2),X) ‘

output‘Integral(sqrt(a*csc(x) +a), x) ‘

3.15.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 148 vs. 2(20) = 40.

Time = 0.32 (sec) , antiderivative size = 148, normalized size of antiderivative = 5.69

[ Varaed@an=-2 ff( in (2) )

cos (z) +1
1 .
+v2( V2arctan f Vita @ VY gcen (—La(vaog, ] SRE@ )
cos (z) +1 2 cos (z) +1
( ) <3\/§\/Esin1(a:) \/iﬁsin(x);)
11 cos(T cos(x
2vV2vay | Ty @+ (cos(@)+1)
cos (z) +1 3 si?()z) 1
cos(z)+

~—

p
inputLintegrate((a+a*csc(x))“(1/2),x, algorithm="maxima")

output | -2/3*sqrt (2) *sqrt(a)*(sin(x)/(cos(x) + 1))~(3/2) + sqrt(2)*(sqrt(2)*arctan
(1/2xsqrt (2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))) + sqrt(2)*arctan(-1/
2xsqrt (2)*(sqrt(2) - 2#sqrt(sin(x)/(cos(x) + 1)))))*sqrt(a) - 2*sqrt(2)*sq
rt(a)*sqrt(sin(x)/(cos(x) + 1)) + 2/3*(3*sqrt(2)*sqrt(a)*sin(x)/(cos(x) +

1) + sqrt(2)*sqrt(a)*sin(x)~2/(cos(x) + 1)72)/sqrt(sin(x)/(cos(x) + 1))

3.15. [ +/a+acsc(z)dz
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3.15.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 353 vs. 2(20) = 40.

Time = 0.48 (sec) , antiderivative size = 353, normalized size of antiderivative = 13.58

) 2\/§<a |a|sgn<tan (L2)° +tan (L 2)° + tan (3 z) +1> + |a|%sgn<tan (L2)° +tan (2)” + ta
L
4 a

inputLintegrate((a+a*csc(x))‘(1/2),x, algorithm="giac") J

e N

output | 1/4*sqrt (2) * (2*sqrt (2) * (a*xsqrt (abs(a))*sgn(tan(1/2*x) "3 + tan(1/2*x)"2 + t
an(1/2*x) + 1) + abs(a)~(3/2)*sgn(tan(1/2%x)~3 + tan(1/2*x)~2 + tan(1/2*x)
+ 1))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2*sqrt(a*tan(1/2+x)))/sq
rt(abs(a)))/a + 2xsqrt(2)*(a*sqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2%x)"2

+ tan(1/2*x) + 1) + abs(a)~(3/2)*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + tan(1/2
*x) + 1))*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) - 2*sqrt(a*tan(1/2*x))
)/sqrt(abs(a)))/a + sqrt(2)*(a*sqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)"
2 + tan(1/2*x) + 1) - abs(a)~(3/2)*sgn(tan(1/2*x)"3 + tan(1/2*x)"2 + tan(1
/2*xx) + 1))*log(a*tan(1/2*x) + sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + a
bs(a))/a - sqrt(2)*(a*sqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)~"2 + tan(l
/2%x) + 1) - abs(a)~(3/2)*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + tan(1/2*x) + 1
))*log(axtan(1/2*x) - sqrt(2)*sqrt(a*tan(1/2*x))*sqrt(abs(a)) + abs(a))/a)
*sgn(sin(x))

3.15.9 Mupad [F(-1)]

/W@:/‘/a%m“(m) dz

input‘int((a + a/sin(x))~(1/2),x) ‘

Timed out.

output‘int((a + a/sin(x))~(1/2), x)

3.15. [ +/a+acsc(z)dz
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3.16

1
f \/a+acsc(x) dx

3.16.1 Optimal result . . . . . . . . . ... . . 133l
3.16.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo 133
3.16.3 Rubi [A] (verified) . . . . . . . . .. 134
3.16.4 Maple [B] (verified) . ... ... ... . . ... .. 135
3.16.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.16.6 Sympy [F] . . . . . 137
3.16.7 Maxima [A] (verification not implemented) . ... ... ... . ... ..... 137
3.16.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 137
3.16.9 Mupad [F(-1)] . . . . . .o 138

3.16.1 Optimal result

Integrand size = 10, antiderivative size = 62

va cot(z) ) <M>

| Ve Va Va

output‘—2*arctan(cot(x)*a“(1/2)/(a+a*csc(x))‘(1/2))/a‘(1/2)+arctan(1/2*cot(x)*a‘(
‘ 1/2)*27(1/2) / (ata*xcsc(x))~(1/2))*27(1/2) /a~(1/2)

3.16.2 Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.87

/ 1 i <—2 arctan ( -1+ csc(x)) + v/2arctan (@)) cot ()
Jatacse@ /=1 + osc(@)/a(L + ose(@))

input LIntegrate [1/Sqrt[a + a*Csc[x]],x] J

output ‘ ((-2*%ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[2]*ArcTan[Sqrt[-1 + Csc[x]]/Sqrt[2]]
)*Cot[x])/(Sqrt[-1 + Csclx]1*Sqrt[a*(1 + Csclx])1)

3.16. [ ——%

a+acsc(z)
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3.16.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 754 Ryles used = {3042,

integrand size
4263, 3042, 4261, 216, 4282, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ﬁd

l 3042

1
- dx
/ Vacse(@) +a
l 4263
[ \/csc(z)a + adzx B csc(x) de
a Jesc(@)a + a
l 3042

J V/osc(z)a+ adz cse(z)
p Joso(@)a 1 a

l 4261
" / 1 acot(z) csc(x) d
Sars o Veseata ] escata
l 216
B cse() o 2 arctan (\/m)
Joso(@)a +a Va
l 4282
_Vacot(z)
) / 1 acot(z) Zarctan (\/W>
e +2a Veel@ote ve
l 216
V2 arctan (ﬂ\/m) ~ 2 arctan (\/m)
Va va

3.16. [ ——%

a+acsc(z)



input

output

rule 216

rule 3042

rule 4261

rule 4263

rule 4282
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‘ Int[1/Sqrt[a + a*Csc[x]],x]

‘ (-2xArcTan[(Sqrt [a] *Cot [x])/Sqrt[a + a*Csc[x]]]1)/Sqrtl[al + (Sqrt[2]*ArcTan
‘ [(Sqrt[a]l*Cot [x])/(Sqrt[2]*Sqrt[a + a*Csc[x]]1)]1)/Sqrtl[al

3.16.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[Sqrtlcscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Simp[-2*(b/d)
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrtl[a + b*Cscl[c + d*x]])],
x] /; FreeQl[{a, b, c, 4}, x] && EqQ[2"2 - b~2, 0]

Int[1/Sqrtlcscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Simp[i/a I
nt[Sqrt[a + b*Csclc + d*x]], x], x] - Simp[b/a Int[Csc[c + d*x]/Sqrt[a +
b*Csclc + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Int[cscl(e_.) + (f_.)*(x_)1/Sqrtlcscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)], x_S
ymbol] :> Simp[-2/f Subst[Int[1/(2*a + x72), x], x, b*(Cot[e + f*x]/Sqrt[
a + bxCscle + £*x]11)]1, x] /; FreeQl[{a, b, e, £}, x] && EqQ[a"2 - b2, 0]

3.16.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 184 vs. 2(47) = 94.

Time = 0.53 (sec) , antiderivative size = 185, normalized size of antiderivative = 2.98

method | result

csc(z) —cot(z) v2+csc(z) —cot(z)+1

default

(\/5 In ( _Csc(z)_wt(mﬂ' Vesc(z)—cot(z) V2+1 )+4\/§ arctan(\ /csc(z)—cot(z) \/§+1> +44/2 arctan(\/csc(w)—cot(a:) \/5—1) +v2

4+/a(csc(z)+1) \/csc(z)—cot(z)

3.16. [ ——%

a+acsc(z)
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input‘int(1/(a+a*csc(x))“(1/2),x,method=_RETURNVERBOSE) ‘

output | 1/4%(2°(1/2)*1n((csc(x)-cot (x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1)/(-(csc(x)-
cot(x))~(1/2)*27(1/2)+csc(x)-cot (x)+1))+4*2~ (1/2) *arctan((csc(x)-cot (x)) " (
1/2)*27(1/2)+1)+4%2~ (1/2)*arctan((csc(x)-cot (x)) ~(1/2) %2~ (1/2)-1)+2"(1/2) *
In((-(csc(x)-cot(x))~(1/2)*2"(1/2)+csc(x)-cot (x)+1)/(csc(x)-cot (x)+(csc(x)
—cot(x))~(1/2)*2~(1/2)+1))-8*arctan((csc(x)-cot(x))~(1/2)))/(a*(csc(x)+1))
~(1/2)/(csc(x)-cot (x))~(1/2) *(csc(x)-cot (x)+1)

3.16.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 219, normalized size of antiderivative = 3.53

1
| o
Va+ acsc(x)
\/Ea\/—»é log (ﬂ, / %&)ra, / —% sin(w)+cos(x)> _ \/—_a/ log <2 acos(x)?+42 (cos(:c)2+(cos(:c)+1) sin(z)—l) v—a assl?n((zm);'

sin(z)+1 cos(z)+sin(z)+1

V2, /2L sin(a) Vay ) LEEE (cos(z) —sin(2)+1)
2 (\/5\/6 arctan ( o) @) ) Vaarctan | — 2 cos(z) Tasm(a)Ta

a

-

inputLintegrate(l/(a+a*csc(x))‘(1/2),x, algorithm="fricas")

-/

output | [(sqrt(2)*a*sqrt(-1/a)*log((sqrt(2)*sqrt((a*sin(x) + a)/sin(x))*sqrt(-1/a)
*sin(x) + cos(x))/(sin(x) + 1)) - sqrt(-a)*log((2*a*cos(x)~2 + 2*(cos(x)~2
+ (cos(x) + 1)*sin(x) - 1)*sqrt(-a)#*sqrt((a*sin(x) + a)/sin(x)) + a*cos(x
) - (2*a*cos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)))/a, -2x(sqrt(2)*sq
rt(a)*arctan(sqrt(2)*sqrt((a*sin(x) + a)/sin(x))*sin(x)/(sqrt(a)*(cos(x) +
sin(x) + 1))) - sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(
x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a)))/al

3.16. [ ——%

a+acsc(z)
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3.16.6 Sympy [F]

dz

/ﬁ“/ﬁ

-

input Lintegrate (1/ (ata*xcsc(x))**(1/2) ,x)

-/

-/

output LIntegral (1/sqrt(a*csc(x) + a), x)

3.16.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.34

1
/ Vatace@ "
\/§<\/§ arctan <% \/ﬁ(\/ﬁ +2 C;;?gg)zJ)rl)) + v/2arctan (-% \/ﬁ(\/§ —2 ci?:ﬁfj—l)))

va
sin(z)
B 2+/2arctan ( cos(@) +1>
Ja
inputLintegrate(l/(a+a*csc(x))‘(1/2),x, algorithm="maxima") J

( N

sqrt (2) *(sqrt (2) *arctan(1/2*sqrt (2) *(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1))
‘)) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))
‘/sqrt(a) - 2*sqrt(2)*arctan(sqrt(sin(x)/(cos(x) + 1)))/sqrt(a) J

output

3.16.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(47) = 94.

Time = 0.43 (sec) , antiderivative size = 205, normalized size of antiderivative = 3.31

/ﬁ‘“:

D=

atan(

\/5<\/§\/m+2 it z)) > 2 <a\/m+|a|%> arctan (— ﬁ(ﬁ\/‘
4+/2+/a arctan ( 7

2) ) 2 <a\/m+|a|%) arctan( 5 lal

a a

3.16. [ ——%

a+acsc(z)
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input‘integrate(l/(a+a*csc(x))”(1/2),x, algorithm="giac")

output | -1/2x (4*sqrt (2) *sqrt (a) *arctan(sqrt (a*tan(1/2*x))/sqrt(a)) - 2*x(a*sqrt(abs
(a)) + abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2*sqrt(a*t
an(1/2*x)))/sqrt(abs(a)))/a - 2*(axsqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/
2xsqrt (2) *(sqrt (2) *sqrt(abs(a)) - 2*sqrt(axtan(1/2*x)))/sqrt(abs(a)))/a -
(axsqrt(abs(a)) - abs(a)~(3/2))*log(axtan(1/2*x) + sqrt(2)*sqrt(axtan(1/2#
x))*sqrt(abs(a)) + abs(a))/a + (axsqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(1l
/2xx) - sqrt(2)*sqrt(axtan(1/2+*x))*sqrt(abs(a)) + abs(a))/a)/a

3.16.9 Mupad [F(-1)]

Timed out.

h/“ ! dm-—b/“ ! dz
va + acsc(x) fa+ &t

inputtint(l/(a + a/sin(x))~(1/2),x)

output Lint(l/(a + a/sin(x))~(1/2), x)

3.16. [——L—dx

a+acsc(z)
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3.17 f( L da

a+a csc(z))
3.17.1 Optimal result . . . . . . . . . . ... 139
3.17.2 Mathematica [A] (verified) . . . . . . . ... .. .. L Lo o 139
3.17.3 Rubi [A] (verified) . . . . . .. . . . ... 1401
3.17.4 Maple [B] (warning: unable to verify) . . . . . ... ... ... L. 1421
3.17.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... T43
3.17.6 Sympy [F] . . . . . 144
3.17.7 Maxima [B] (verification not implemented) . . . . . . ... ... ... ... .. 144
3.17.8 Giac [B] (verification not implemented) . . . .. .. ... ... ... ... .. 1451
3.17.9 Mupad [F(-1)] . . . . . oo 146

3.17.1 Optimal result

Integrand size = 10, antiderivative size = 81

1 2 arctan (\/@C—L@?J
d - _ a-+a Csclx
/ (a + acsc(z))3/? v a’/?
va cot(z)
+ darctan <\/§\/a+a csc(z) ) COt(CE)
2+/2a3/2 2(a + acsc(x))3/?

output‘-2*arctan(cot(x)*a“(1/2)/(a+a*csc(x))“(1/2))/a“(3/2)+1/2*cot(x)/(a+a*csc(x
‘))“(3/2)+5/4*arctan(1/2*cot(x)*a“(1/2)*2“(1/2)/(a+a*csc(x))“(1/2))/a“(3/2)
‘*2‘(1/2) ‘

3.17.2 Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.59

/ L dr =
(a + acsc(z))3/?
(cos (%) —sin (%)) (2 — 2csc(z) + 8arctan (\/—1 + csc(x)) v/—1+ csc(z)(1 + csc(x)) — 5v/2 arctan (
4a(—1 + csc(x))/a(l + csc(z)) (cos (£) + sin (%)

input LIntegrate [(a + axCsc[x])~(-3/2),x]

~—

3.17. dz

f 1
(a+acsc(x))3/2
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output ‘ -1/4*((Cos[x/2] - Sin[x/2])*(2 - 2+Csc[x] + 8xArcTan[Sqrt[-1 + Csc[x]]]*Sq
‘ rt[-1 + Csc[x]]1*(1 + Csc[x]) - 5*Sqrt[2]*ArcTan([Sqrt[-1 + Csc[x]]/Sqrt[2]]
‘ *Sqrt[-1 + Csc[x]]*Csc[x]*(Cos[x/2] + Sin[x/2]1)"2))/(a*(-1 + Csc[x])*Sqrt[

‘a*(l + Csc[x])]*(Cos[x/2] + Sin[x/2]))

3.17.3 Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.07, number
of steps used = 11, number of rules used = 10, Bumber of rules _ 1 559 Ryles used =

integrand size
{3042, 4264, 27, 3042, 4408, 3042, 4261, 216, 4282, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

1
/(acscx) a3/2

l 3042

dx
/ (a csc(a:) + a)3/?
| 4264
[ —Aazacselz)
cot(z) B 2\/csc(z)a+ta
2(acsc(z) + a)3/? 207
| 27
[ dazacse(@) gy,
Vese@ata ™ cot(x)
402 2(acsc(z) + a)3/?
| 3042
4a—acsc(z)
f csc(z)ata dz COt(w)
4a2 2(acsc(z) + a)3/2
| 4408
_ __csc(x)
4 [ \/csc(z)a + adz — 5a [ \/m N cot(x)
4a2 2(acsc(z) + a)3/2
| 302
(z)
4f \/de - 5af \/(% N cot(gj)
4a2 2(acsc(z) + a)3/2

3.17. dz

f 1
(a+acsc(x))3/2
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| 4261
_ a cot(z) __csc(x)
i c:c((:;;ifg+ Vese(@ata ba | \/‘m cot(x)
4a? * 2(a csc(x) + a)3/2
| 216
i csc(z) . va cot(z)
ba f Vese(z)a+a do 8\/6 arctan ( \/W) cot (.’L‘)
4a? 2(a csc(z) + a)3/2
| 4282
acot(z) v/a cot(x)
10a [ - 2(32 @2 d Jecle)eta 84/a arctan <7ﬁ — (x)ﬂ) cot(z)
4a? 2(acsc(z) + a)3/2

l 216

Vacot(z) _ _Vacot(z)
5v/2y/a arctan (f\/m) 8y/aarctan (m) N cot(x)
4a2 2(acsc(z) + a)3/2

input LInt [(a + a*Csc[x])~(-3/2),x]

output ‘ (-8xSqrt [a] *ArcTan[(Sqrt [a] *Cot [x])/Sqrt[a + a*Csc[x]]] + 5*Sqrt[2]*Sqrt([a
‘ I*ArcTan[(Sqrt[al*Cot [x])/(Sqrt[2]*Sqrt[a + axCsc[x]]1)])/(4*a~2) + Cot[x]/
| (2%(a + axCsc[x])7(3/2))

3.17.3.1 Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 216‘(Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
\rcTan[Rt [b, 21*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
s 0] Il GtQ[b, 01)

————

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

3.17. dz

f 1
(a+acsc(x))3/2



rule 4261

rule 4264

rule 4282

rule 4408
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Int[Sqrtlcscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Simp[-2*(b/d)
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrtl[a + b*Cscl[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] & EqQ[a~2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))~"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Csclc + d*x])"n/(d*(2*n + 1))), x] + Simp[1/(a"2*(2*n + 1))

Int[(a + b*Cscl[c + d*x])"(n + 1)*(a*x(2*n + 1) - b*x(n + 1)*Csclc + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b"2, 0] && LeQ[n, -1] && Int
egerQ[2*n]

Int[cscl(e_.) + (£_.)*(x_)]1/Sqrtlcscl(e_.) + (f_.)*(x_)I*(b_.) + (a_)], x_S
ymbol] :> Simp[-2/f  Subst[Int[1/(2*a + x72), x], x, b*(Cot[e + f*x]/Sqrt[
a + bxCscle + £*x]]1)], x] /; FreeQ[{a, b, e, £}, x] && EqQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/Sqrtlcscl(e_.) + (£f_.)*(x_)1*(b_
.) + (a_)], x_Symbol] :> Simpl[c/a Int[Sqrtl[a + b*Cscl[e + f*x]], x], x] -
Simp[(b*c - a*d)/a  Int[Cscl[e + f*x]/Sqrt[a + b*Cscle + f*x]], x], x] /; F
reeQ[{a, b, c, 4, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a~2 - b~2, 0]

3.17.4 Maple [B] (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 641 vs. 2(60) = 120.

Time = 0.54 (sec) , antiderivative size = 642, normalized size of antiderivative = 7.93

method | result size

default | Expression too large to display | 642

input Lint (1/(ataxcsc(x))~(3/2) ,x,method=_RETURNVERBOSE)

3.17. dz

f 1
(a+acsc(x))3/2
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output | 1/4/(a/(1-cos(x))*(csc(x)*(1-cos(x)) "2+2-2*cos(x)+sin(x))) ~(3/2)*(csc(x)-c
ot (x)+1)*(csc(x)~2*%27(1/2)*1n(-(csc(x)-cot (x)+(csc(x)-cot (x))~(1/2)*2~(1/2
)+1)/((csc(x)-cot (x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1))*(1-cos(x)) "2+4*csc(x
)"2x27 (1/2) *arctan((csc(x)-cot (x)) " (1/2)*2"(1/2)+1)*(1-cos(x)) "2+4*csc(x) "~
2%27 (1/2)*arctan((csc(x)-cot (x)) ~(1/2)*2~(1/2)-1)*(1-cos(x)) "2+csc(x) "2*2~
(1/2)*1n(-((csc(x)-cot(x))~(1/2)*27(1/2)-csc(x)+cot (x)-1) /(csc(x)-cot (x)+(
csc(x)-cot(x))~(1/2)*%27(1/2)+1))*(1-cos(x)) ~2+2%2" (1/2) *1n (- (csc(x) —cot (x)
+(csc(x)-cot(x))~(1/2)*27(1/2)+1) / ((csc(x)-cot (x)) " (1/2)*2" (1/2) -csc(x)+co
t(x)-1))*(csc(x)-cot (x))+8%2~ (1/2) *arctan((csc(x)-cot (x)) ~(1/2)*2~(1/2)+1)
*(csc(x)-cot (x))+8%2~(1/2)*arctan((csc(x)-cot (x))~(1/2)*2~(1/2)-1)*(csc(x)
—cot (x))+2%27(1/2) *1n(-((csc(x)-cot (x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1)/(cs
c(x)-cot(x)+(csc(x)-cot(x))~(1/2)*27(1/2)+1))*(csc(x)-cot (x))-10*csc(x) ~2*
arctan((csc(x)-cot(x))~(1/2))*(1-cos(x))"2-2x(csc(x)-cot(x))~(3/2)+2~(1/2)
*1n(-(csc(x)-cot(x)+(csc(x)-cot(x))~(1/2)*27(1/2)+1) /((csc(x)-cot(x))~(1/2
)*27(1/2)-csc(x)+cot (x)-1))+4*2~(1/2) *arctan((csc(x)-cot (x))~(1/2)*27(1/2)
+1)+4%2~ (1/2) *arctan((csc(x)-cot (x))~(1/2)*2~(1/2)-1)+2~(1/2) *1n (- ((csc(x)
—cot(x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1)/(csc(x)-cot (x)+(csc(x)-cot (x))~(1/
2)%27(1/2)+1))-20*arctan((csc(x)-cot (x))~(1/2))*(csc(x)-cot (x))-10*arctan(
(csc(x)-cot(x))~(1/2))+2x(csc(x)-cot(x))~(1/2))/(csc(x)-cot(x))~(3/2)*2~ (1
/2)

3.17.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(60) = 120.

Time = 0.28 (sec) , antiderivative size = 427, normalized size of antiderivative = 5.27

—a asig(z)-&-a
) 5v/2(cos (z)? — (cos (x) + 2) sin (z) — cos (z) — 2)v/—alog (—W— )
/ (a + acsc(z))3/? do= |-

input integrate(1/(at+a*csc(x))~(3/2),x, algorithm="fricas")

317 f W d.’L'
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output | [-1/4*(5*sqrt(2)*(cos(x) "2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(-a)*lo
g(-(sqrt(2)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x))*sin(x) - a*cos(x))/(sin(x
) + 1)) + 4x(cos(x)”2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(-a)*log((2*
axcos(x)"2 + 2*(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)#*sqrt(-a)*sqrt((a*sin(x
) + a)/sin(x)) + axcos(x) - (2*axcos(x) + a)*sin(x) - a)/(cos(x) + sin(x)
+ 1)) + 2x(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt((a*sin(x) + a)/sin(x))
)/ (a"2%cos(x) "2 - a~2*cos(x) - 2*a~2 - (a~2*cos(x) + 2%a~2)*sin(x)), 1/2%(
5xsqrt(2)*(cos(x)~"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(a)*arctan(sqr
t(2)*sqrt(a)*sqrt ((a*sin(x) + a)/sin(x))*(cos(x) + 1)/(a*cos(x) + a*sin(x)
+ a)) + 4x(cos(x)”2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(a)*arctan(-s
grt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin
(x) + a)) - (cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt((a*sin(x) + a)/sin(x
)))/(a"2*cos(x) "2 - a"2*xcos(x) - 2*a"2 - (a~2*cos(x) + 2¥a~2)*sin(x))]

3.17.6 Sympy [F]

™[4

/ (a+ aczc(x))?’/? dz = / (acse (;) Ta) dz

inputLintegrate(l/(a+a*csc(x))**(3/2),X)

output

Integral((axcsc(x) + a)*x(-3/2), x)

N

3.17.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 150 vs. 2(60) = 120.

Time = 0.33 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.85

dr = —
(a +a CSC(-T))3/2 3 243 sin(z) ol sin(x)?
2(a2+ cos(z)+1 +

3
sin(z) \2 sin(z)
/ 1 ﬁ(cos(w)—i—l) - \/5 cos(z)+1

(cos(z)+1)2

\/§<\/§ arctan (% \/§<\/§ +2 COSSI?SJ)A)) +v2arctan (‘% \/§<\/§ -2 c:sl?ag:)q)))

+ 5
a2

5+/2arctan ( C:Sl?g}rl)

3
2a2

3.17. dz

f 1
(a+acsc(x))3/2
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input‘integrate(l/(a+a*csc(x))”(3/2),x, algorithm="maxima")

output | -1/2x(sqrt(2)*(sin(x)/(cos(x) + 1))~(3/2) - sqrt(2)*sqrt(sin(x)/(cos(x) +
1)))/(a~(3/2) + 2*a~(3/2)*sin(x)/(cos(x) + 1) + a~(3/2)*sin(x)"2/(cos(x) +
1)72) + sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos
(x) + 1)))) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x)
+ 1)))))/a~(3/2) - 5/2*sqrt(2)*arctan(sqrt(sin(x)/(cos(x) + 1)))/a~(3/2)

3.17.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 243 vs. 2(60) = 120.

Time = 0.36 (sec) , antiderivative size = 243, normalized size of antiderivative = 3.00

atan(%m)
54/2 arctan (T)

e ———
(a + acsc(z))3/? T = ”
(o1l (2022 )
|al
+ \
( \/|7+|a|%> arCtan( ‘[\/E}\a/m))

(a |%)log (atan )++v2,/atan (1 z \/|7—|-|a|>
2a3
( |a|%>log (atan (3z) —v2,/atan (%x)\/m+|a|>

2a

/ 1, / 1
( atan atan 5 atan(yc)a)

2 (atan (; x) + a)za

p
inputtintegrate(l/(a+a*csc(x))‘(3/2),x, algorithm="giac")

~—

317 f W d.’L'
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output -5/2*sqrt(2)*arctan(sqrt(axtan(1/2*x))/sqrt(a))/a~(3/2) + (a*sqrt(abs(a))
+ abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2*sqrt(a*xtan(1l/
2xx)))/sqrt(abs(a)))/a"3 + (a*sqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*sqr
t(2)*(sqrt(2)*sqrt(abs(a)) - 2*sqrt(axtan(1/2+*x)))/sqrt(abs(a)))/a~3 + 1/2
*x(axsqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(1/2*x) + sqrt(2)*sqrt(a*tan(1/2
xx))*sqrt(abs(a)) + abs(a))/a~3 - 1/2*(axsqrt(abs(a)) - abs(a)~(3/2))*log(
axtan(1/2*x) - sqrt(2)*sqrt(a*tan(1/2*x))*sqrt(abs(a)) + abs(a))/a~3 - 1/2
*sqrt (2) *(sqrt (axtan(1/2*x))*a*tan(1/2+x) - sqrt(a*tan(1/2*x))*a)/((a*tan(
1/2xx) + a)~2xa)

3.17.9 Mupad [F(-1)]

Timed out.

/(a+acic(x))3/2 dx=/< 1a )3/2 dz

inputtint(l/(a + a/sin(x))~(3/2),x)

outputtint(l/(a + a/sin(x))~(3/2), x)

317 f W d.’L'
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3.18.1 Optimalresult . . . . . . . . . . . . .. 147
3.18.2 Mathematica [A] (verified) . . . . . . . . ... . L 147
3.18.3 Rubi [A] (verified) . . . . ... .. . ... 148]
3.18.4 Maple [B] (warning: unable to verify) . . . . . . ... ... ... L. 1511
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3.18.1 Optimal result

Integrand size = 10, antiderivative size = 100

2 arctan <M>

/ 1 o Jatacso(@)
(a + acsc(x))>/2 ab/?
va cot(z)
.\ 43 arctan (m) N cot(z) 11 cot(x)

16+/2a5/2 4(a+ acsc(z))®?  16a(a + acsc(zx))3/?

output‘-2*arctan(cot(x)*a“(1/2)/(a+a*csc(x))“(1/2))/a“(5/2)+1/4*cot(x)/(a+a*csc(x
1)) (5/2)+11/16%cot (x) /a/ (a+akcsc (x)) ™ (3/2)+43/32*arctan (1/2*cot (x) ¥a™ (1/2)
‘*2‘(1/2)/(a+a*csc(x))‘(1/2))/a‘(5/2)*2‘(1/2) ‘

3.18.2 Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.39

o csc?(z) (cos (£) +sin (%)) (7 + 15 cos(2x) — 64 arctan <\/—1 + csc(:c)) V-1+

1
/ (a + acsc(z))5/? 32(a(1+

-

input LIntegrate [(a + axCsc[x])~(-5/2),x]

~—

3.18. dz

f 1
(a+acsc(x))>/2
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output‘ (Csc[x]~2*(Cos[x/2] + Sin[x/2])*(7 + 15xCos[2*x] - 64*ArcTan[Sqrt[-1 + Csc ‘
| [x]111#Sqrt[-1 + Csclx]1*(Cos[x/2] + Sin[x/2]1)"4 + 43%Sqrt[2]*ArcTan[Sqrt[-
‘ 1 + Csc[x]]1/8qrt[2]1]1*Sqrt[-1 + Csc[x]]*(Cos[x/2] + Sin[x/2])"4 + 8+%Sin[x]) ‘
‘ )/ (32%(a*x(1 + Csc[x]))~(5/2)*(Cos[x/2] - Sin[x/2]1)) ‘

3.18.3 Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.12,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size — 1.300, Rules

used = {3042, 4264, 27, 3042, 4410, 27, 3042, 4408, 3042, 4261, 216, 4282, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx
/ (acsc(z) + a)d/2

l.3042

1
/ (acsc(z) + a)/2 dz
l 4264

8a—3a csc(x
cot(z) B /- 2(csc(m)a+a()3)/2 dz

4(a csc(z) + a)®/2 4a?

l 27
8a—3a csc(x
J ( o) da cot(z)

(csc(z)a+a)3/?
8a? 4(acsc(z) + a)>/2
| 3042

_8a—3acsc(z)
f (csc(x)a+a)3/? dzx COt(.’L‘)

8a? 4(acsc(z) + a)?/?
| 4410

+

32421142 32a%—11a” csc(x) d

11(1(3017(.’17) _ f 2\/csc(z)a+ta
2(a csc(x)+a)3/2 2a? cot (IE)

8a? + 4(a csc(x) + a)>/2

l 27

3.18. dz

f 1
(a+acsc(x))>/2
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f 32021142 csc(z)dz

\/csc(z)ata 11a cot(z)
4a? 2(a csc(x)+a)3/2 cot (-’L')
8a? 4(acsc(z) + a)>/?
| 3042
32a2—11a2 32a%—11a” csc(x)
| = facyete 4 Ua cot(x)
4a? 2(a csc(z)+a)3/2 cot (:C)
8a? 4(a csc(x) + a)>/2
| 4408
csc(z)
32a [ /csc(z)atadr—43a? [ \/csc(fcm + Llacot(z)
4a? 2(a csc(x)+a)3/2 cot (:L‘)
8a? 4(acsc(z) + a)>/2
| 3042
32a [ \/csc(z)atadr—43a? [ \/% + 1a cot(z)
4a? 2(a csc(x)+a)3/2 cot (w)
8a? 4(acsc(z) + a)>/2
| 4261
—43a2 f _csc(z) do—64a2 f a cot(z)
Vesc(z)ata a2 cot2 (z) csc(z)ata
csc(z)a+a 11a cot(x)
4a? 2(a csc(x)+a)3/2 cot (-T)
8a? 4(acsc(z) + a)>/?
| 216
4302 [ @) gy 6443/2 _Vacot(z)
43a? [ \/mdx 64a arctan( W) 114 cot(z)
4a? 2(a csc(z)+a)?/2 cot(x)
8a? 4(acsc(z) + a)>/2
| 4282
86% [ ooy d ) —64a%/2 arctan (7%)
csc(m)a+a +2a + 1lla cot(m)
4a? 2(a csc(x)+a)3/2 cot (w)
8a? 4(acsc(z) + a)b/?
| 216
Va cot(x) _ Va cot(x)
43+/2a3/2 arctan (7\5\/@) 64a3/2 arctan (7\/m> N 114 cot(x)
4a® 2(a csc(z)+a)3/2 cot(z)
8a? 4(acsc(z) + a)>/2

input ‘ Int[(a + axCsc[x])~(-5/2),x]

3.18. dz

f 1
(a+acsc(x))>/2
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OUtPUt‘COt[X]/(4*(a + axCsc[x])~(5/2)) + ((-64*a~(3/2)*ArcTan[(Sqrt[al*Cot[x])/Sq
‘rt[a + axCsc[x]]] + 43*Sqrt[2]*a~(3/2)*ArcTan[(Sqrt[al*Cot[x])/(Sqrt[2]*Sq
‘rt[a + axCsc[x]1)])/(4*xa~2) + (1ixa*Cot[x])/(2*%(a + a*Csc[x])~(3/2)))/(8*a
\*2)

3.18.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 216 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4261 Int[Sqrtlcscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Simp[-2*(b/d)
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Cscl[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

N

rule 4264 Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Csclc + d*x])"n/(d*(2*n + 1))), x] + Simp[1/(a"2*(2*n + 1))

Int[(a + b*Csclc + d*x])"(n + 1)*(a*x(2%n + 1) - bx(n + 1)*Csclc + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Int
egerQ [2*n]

rule 4282 Int[cscl(e_.) + (f_.)*(x_)1/Sqrtlcscl(e_.) + (£_.)*(x_)1*(b_.) + (a_ )], x_S
ymbol] :> Simp[-2/f  Subst[Int[1/(2*a + x72), x], x, b*(Cot[e + f*x]/Sqrt[
a + bxCscle + £*x]11)]1, x] /; FreeQl[{a, b, e, £}, x] && EqQ[a"2 - b2, 0]

rule 4408  Int[(csc[(e_.) + (£_.)*(x_)]1*(d_.) + (c_))/Sqrtlcscl(e_.) + (£_.)*(x_)1*(b_
.) + (a_)], x_Symbol] :> Simp[c/a Int[Sqrtl[a + b*Cscl[e + f*x]], x], x] -
Simp[(b*c - a*d)/a  Int[Cscle + f*x]/Sqrt[a + b*Csc[e + f*x]], x], x] /; F
reeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && EqQ[a~2 - b~2, 0]

3.18. f W d.’L'
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ruk34410/Int[(csc[(e_.) + (£_)*(x1*x(b_.) + (@) " (m_)*(cscl(e_.) + (£_.)*(x_)]*(d

_.) + (c_)), x_Symbol] :> Simp[(-(b*c - a*d))*Cotl[e + f*x]*((a + b*Cscl[e +
fxx]) "m/ (b*f*(2%m + 1))), x] + Simp[1/(a"2*x(2*m + 1)) Int[(a + b*Csc[e +
f*xx])~(m + 1)*Simp[a*c*(2*m + 1) - (b*c - a*d)*(m + 1)*Cscle + £*x], x], x]
, xJ] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] && LtQ[m, -1] &&
EqQ[a"2 - b~2, 0] && IntegerQ[2*m]

3.18.4 Maple [B] (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 1103 vs. 2(75) = 150.

Time = 0.59 (sec) , antiderivative size = 1104, normalized size of antiderivative = 11.04

method | result size
default | Expression too large to display | 1104

e

inputL

int (1/(a+a*csc(x))~(5/2) ,x,method=_RETURNVERBOSE)

~—

output

/1/16/(a/(1-cos(x))*(csc(x)*(l—cos(x))‘2+2—2*cos(x)+sin(x)))A(5/2)*(csc(x)—

cot (x)+1)*(16%27(1/2)*1n(-(csc(x)-cot (x)+(csc(x)-cot (%)) ~(1/2)*2~(1/2)+1)/
((esc(x)-cot(x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1) ) *(csc(x)-cot (x))+64%2~(1/2
)*arctan((csc(x)-cot(x))~(1/2)*27(1/2)+1) *(csc(x)-cot (x) ) +64*2~(1/2) *arcta
n((csc(x)-cot(x))~(1/2)*27(1/2)-1)*(csc(x)-cot (x))-258*csc(x) “2*arctan((cs
c(x)-cot(x))~(1/2))*(1-cos(x)) "2+19*(csc(x)-cot (x)) ~(3/2)-11*(csc(x)-cot (x
))~(7/2)-43*arctan((csc(x)-cot (%))~ (1/2))-19*(csc(x)-cot (x))~(5/2)+16%2~ (1
/2)*1n(-((csc(x)-cot(x))~(1/2)*2"(1/2)-csc(x)+cot (x)-1)/(csc(x)-cot (x)+(cs
c(x)-cot(x))~(1/2)*27(1/2)+1))*(csc(x)-cot (x))-172*csc(x) "3*arctan((csc(x)
-cot (x))~(1/2))*(1-cos(x)) "3+24*csc(x) "2*x2~(1/2) *1n(-(csc(x)-cot (x)+(csc(x
)-cot(x))~(1/2)*2~(1/2)+1)/((csc(x)-cot(x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1)
)*(1-cos(x)) ~2+96*csc(x) ~2*2~(1/2)*arctan((csc(x)-cot (x))~(1/2)*2~(1/2)+1)
*(1-cos(x)) "2+96*csc(x) ~2%2~ (1/2)*arctan((csc(x)-cot (%))~ (1/2)*2~(1/2)-1)*
(1-cos(x)) ~2+24*csc(x) "2%27(1/2) *1n(-((csc(x)-cot (x)) ~(1/2)*2~(1/2) -csc(x)
+cot (x)-1)/(csc(x)-cot (x)+(csc(x)-cot(x))~(1/2)*27(1/2)+1)) *(1-cos(x)) "2-1
72*arctan((csc(x)-cot (%))~ (1/2))*(csc(x)-cot (x))+64*csc(x) “3*arctan((csc(x
Y-cot(x))~(1/2)*2~(1/2)+1)*2~(1/2) * (1-cos (x) ) “3+64*csc(x) “3*arctan((csc(x)
-cot (x))~(1/2)*27(1/2)-1)*2"(1/2) *(1-cos(x) ) "3+16*csc(x) "3*1n(-((csc(x)-co
t(x))~(1/2)*%27(1/2)-csc(x)+cot (x)-1) /(csc(x)-cot (x)+(csc(x)-cot(x))~(1/2)*
27 (1/2)+1))*27(1/2)*(1-cos(x) ) "3+4*csc(x) “4*1n(-(csc(x) -cot (x)+(csc(x)-...

3.18. f W d.’L'
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3.18.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 254 vs. 2(75) = 150.

Time = 0.27 (sec) , antiderivative size = 546, normalized size of antiderivative = 5.46

43/2(cos (z)® + 3 cos (z)* + (cos (z)® — 2 cos (z) — 4) sin (z) — 2 cos (z) — 4

/ (a+acic(w))5/2 do= |-

inputLintegrate(l/(a+a*csc(x))“(5/2),x, algorithm="fricas") J

output | [-1/32%(43*sqrt(2)*(cos(x) "3 + 3*cos(x)”2 + (cos(x)"2 - 2*cos(x) - 4)*sin(
x) - 2xcos(x) - 4)*sqrt(-a)*log(-(sqrt(2)*sqrt(-a)*sqrt((a*sin(x) + a)/sin
(x))*sin(x) - a*cos(x))/(sin(x) + 1)) + 32*(cos(x)"3 + 3*cos(x)"2 + (cos(x
)72 - 2%cos(x) - 4)*sin(x) - 2%cos(x) - 4)*sqrt(-a)*log((2*a*cos(x)~2 + 2%
(cos(x)72 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x))
+ axcos(x) - (2%axcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)) - 2*%(15%c
0s(x)"3 + 4*cos(x)"2 - (15%cos(x)"2 + 11xcos(x) - 4)*sin(x) - 15*cos(x) -
4)*sqrt((a*sin(x) + a)/sin(x)))/(a"3*cos(x)”~3 + 3*a"3*cos(x)"2 - 2xa~3*cos
(x) - 4%¥a”3 + (a"3*cos(x)"2 - 2*a~3*cos(x) - 4*a~3)*sin(x)), 1/16%(43*sqrt
(2)*(cos(x)~3 + 3*cos(x)~2 + (cos(x)"2 - 2*cos(x) - 4)#*sin(x) - 2*cos(x) -
4)*sqrt(a)*arctan(sqrt(2)*sqrt(a) *sqrt ((a*sin(x) + a)/sin(x))*(cos(x) + 1
)/ (axcos(x) + a*sin(x) + a)) + 32*%(cos(x)"3 + 3*cos(x)"2 + (cos(x)"2 - 2*c
os(x) - 4)#*sin(x) - 2xcos(x) - 4)*sqrt(a)*arctan(-sqrt(a)*sqrt((a*xsin(x) +
a)/sin(x))*(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a)) + (15*cos(x)”
3 + 4xcos(x)"2 - (15xcos(x)”"2 + 11xcos(x) - 4)*sin(x) - 15*cos(x) - 4)*sqr
t((a*sin(x) + a)/sin(x)))/(a"3*cos(x)~3 + 3*a"3*cos(x)~2 - 2*a~3*cos(x) -

4*a~3 + (a~3*cos(x)"2 - 2*a~3*cos(x) - 4*a~3)*sin(x))]

3.18.6 Sympy [F]

lot

/ (a+ acic(x))5/2 d = / (@oc (;) T dx

e hY

integrate(1/(at+a*csc(x))**(5/2),x)

N J

input

output‘Integral((a*csc(x) + a)**x(-5/2), x) ‘

3.18. f W d.’L'
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3.18.7 Maxima [F]

/ (a+ aCiC(x))E’/Q o= / (acsc (a::l) +a)? @

input Lintegrate (1/(ata*csc(x))~(5/2) ,x, algorithm="maxima") J

output Lintegrate((a*csc(x) + a)~(-5/2), x) J

3.18.8 Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 286 vs. 2(75) = 150.

Time = 0.36 (sec) , antiderivative size = 286, normalized size of antiderivative = 2.86

atan lz
1 43 v/2 arctan (%)
dr = —
/ (a + acsc(z))5/? o 16a3

<a\/m + |a|%> arctan (ﬁ(ﬂ\/m;q v “tan(%x))>

lal

+ o

arctan (— ﬁ<\/§\/m—2 \/@) )

2/l

)
s <a\/H— |a|g> log (atan ) +v2y/atan (2 z)/]a] + |a|>

2a

(a\/H—|a|%>log (atan —+v2\/atan (3 z \/|7+|a|>
2a4
(11@/atan 1z)a®tan (1 z) +19w/atan(%x)a3tan (%x)2—19 atan (1 z)a® tan (%x)—ll\/;

16 (atan (1 z) + a)4a2

input Lintegrate (1/(at+a*csc(x))~(5/2),x, algorithm="giac") J

3.18. f W d.’L'
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output | -43/16*sqrt (2)*arctan(sqrt(axtan(1/2*x))/sqrt(a))/a~(5/2) + (axsqrt(abs(a)
) + abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2xsqrt(a*tan(
1/2*x)))/sqrt(abs(a))) /a4 + (a*sqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2%s
qrt(2)*(sqrt(2) *sqrt(abs(a)) - 2*xsqrt(axtan(1/2*x)))/sqrt(abs(a)))/a~4 + 1
/2% (a*sqrt(abs(a)) - abs(a)~(3/2))*log(a*xtan(1/2*x) + sqrt(2)*sqrt(axtan(l
/2*x))*sqrt(abs(a)) + abs(a))/a"4 - 1/2x(a*sqrt(abs(a)) - abs(a)~(3/2))*1lo
g(axtan(1/2*x) - sqrt(2)*sqrt(a*tan(1/2*x))*sqrt(abs(a)) + abs(a))/a"4 - 1
/16xsqrt(2) *(11*sqrt (a*tan(1/2*x))*a~3*tan(1/2*x) "3 + 19*sqrt(a*tan(1/2*x)
)*a~3xtan(1/2*x) "2 - 19*sqrt(axtan(1/2*x))*a"3*tan(1/2*x) - 11*sqrt(a*tan(
1/2*x))*a~3)/((axtan(1/2*x) + a)~4*a~2)

3.18.9 Mupad [F(-1)]

Timed out.

/(a+ac;c(a;))5/2 dx_/< 1a >5/2 do

a+ sin(z)

inputtint(l/(a + a/sin(x))~(5/2),x) J

e

outputlint(l/(a + a/sin(x))~(5/2), x)

~—

3.18. dz

f 1
(a+acsc(x))>/2
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3.19.2 Mathematica [B] (verified) . . . . . . .. . ... .. oo 155
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3.19.7 Maxima [F] . . . . . .. 158
3.10.8 Giac [F(-2)] .« v v v vt 150
3.19.9 Mupad [F(-1)] . . . . o o 1591

3.19.1 Optimal result

Integrand size = 25, antiderivative size = 37

. _Vacot(etfz)
24/aarcsinh ( atacsc(etfz) )

f

/\/csc(e+fa:)\/a+acsc(e+fz) dr = —

output L—2*arcsinh(cot (fxx+e)*a~(1/2) / (a+a*csc(f¥x+e))~(1/2))*a~(1/2) /£ J

3.19.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 108 vs. 2(37) = 74.

Time = 0.89 (sec) , antiderivative size = 108, normalized size of antiderivative = 2.92

/ Vesc(e + fr)y/a+ acsc(e + fz)dx

B 2cot(e + fz)\/a(l + csc(e + fz)) (log(l + csc(e + fr)) — log <«/csc(e + fz) + csc2 (e + fx) 4 /cot?(
a fy/cot?(e + fx)\/1+ csc(e + fz)

input LIntegrate [Sqrt[Cscle + f*x]1*Sqrtla + a*Cscle + f*x1],x]

-/

output‘ (2#Cot [e + f*x]*Sqrt[a*x(1 + Cscl[e + f*x])]*(Log[l + Cscle + f*x]] - LoglSq ‘
‘rtlCscle + £*x]] + Cscle + £%x]17(3/2) + Sqrt[Cotle + f+x]~2]*Sqrt[1 + Cscl |
‘e + £xx]11))/(£xSqrt [Cot[e + f+x]°2]*Sqrt[1 + Cscle + £xx]1) |

3.19. [ \/cesc(e+ fzr)\/a+acsc(e + fz)dx
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3.19.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 194 Ryjles used = {3042,

integrand size
4288, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vesc(e + fx)\/acsc(e + fx) +adzx

J,3042

/ Vesc(e + fx)v/acsc(e + fz) + adz

l 4288

9 1 acot(e+fx)

\/ acot(etfe) g Vesc(etfa)ata
csc(e+fx)ata

f
l'222

2y/aarcsinh ( \/%>

f

input LInt [Sqrt[Csc[e + f*x]]*Sqrt[a + a*Cscle + f*x]],x]

~—

-

output L(—z*Sqrt [a]l*ArcSinh[(Sqrt[a]l*Cot[e + f*x])/Sqrt[a + axCscle + fx*x]]1])/f

-/

3.19.3.1 Defintions of rubi rules used

rule 222 | Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && PosQ[b]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.19. [ \/cesc(e+ fzr)\/a+acsc(e + fz)dx
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rule 4288 Int[Sqrtlcscl(e_.) + (f_.)x(x)1x(d_.)I*Sqrtlescl(e_.) + (F_)*(x)1*(b_.)
'+ (al)], x_Symboll :> Simp[-2+(a/(b*f))*Sqrt[ax(d/b)]  Subst[Int[1/Sqrt[1 |
‘+ x~2/al, x], x, b*(Cot[e + f*x]/Sqrt[a + b*Cscle + £*x]1)], x] /; FreeQl{a

, b, d, e, £}, x] & EqQ[a~2 - b2, 0] && GtQ[ax(d/b), 0] |

3.19.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 97 vs. 2(31) = 62.

Time = 2.51 (sec) , antiderivative size = 98, normalized size of antiderivative = 2.65

method | result size

sin(fz+e) (arcsinh(cot(fw+e)—csc(fw-i-e))-l-arctanh <2\/f2f) ) Vese(fz+e) \/a(l+csc(fz+e)) V2
default — 14cos(fz+e)
f(cos(fz+e)+sin(fz+e)+1) \/m

98

input Lint (csc(f*x+e)~(1/2) *(a+a*csc(f*x+e)) " (1/2) ,x,method=_RETURNVERBOSE) J

output ‘ -1/f*sin(f*x+e)* (arcsinh(cot (f*x+e)-csc(f*x+e))+arctanh(1/2*2~(1/2)/(1/(1+ ‘
‘ cos(f*x+e)))~(1/2)))*csc(f*x+e) ~(1/2)* (ax(1+csc(f*x+e)))~(1/2)*27(1/2)/ (co ‘
's(£xx+e)+sin(fxx+e)+1)/(1/(1+cos (£¥x+e)))~(1/2) |

3.19.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 75 vs. 2(31) = 62.

Time = 0.28 (sec) , antiderivative size = 283, normalized size of antiderivative = 7.65

/ Vesc(e + fx)v/a+acsc(e + fr)dx

Valog

4 (cos(f$+e)3+3 cos(fw+e)2 - (cos(f

acos(fz+e)3—7acos(fr+e)2—9acos(fz+e)+ (a cos(fz+e)?+8a cos(fa:+e)—a) sin(fz+e)+

cos(fz+e)3+cos(fz+e)2+ (cos(fac—i—e)2 —1) sin(fz+e)—cos(fz+

2f

input Lintegrate (csc(fxx+e)~(1/2)*(a+axcsc(f*x+e))~(1/2),x, algorithm="fricas") J

3.19. [ \/cesc(e+ fzr)\/a+acsc(e + fz)dx
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output | [1/2*sqrt(a)*log((axcos(f*x + e)~3 - T*xa*xcos(f*x + e)”2 - 9xaxcos(f*x + e)

+ (axcos(f*x + e)”2 + 8xaxcos(f*x + e) - a)*sin(f*x + e) + 4*(cos(f*x + e
)"3 + 3*%cos(fxx + €)”2 - (cos(f*x + e)”~2 - 2xcos(f*x + e) - 3)*sin(f*x + e
) - cos(f*x + e) - 3)*sqrt(a)*sqrt((a*sin(f*x + e) + a)/sin(f*x + e))/sqrt
(sin(f*x + e)) - a)/(cos(f*x + e)”3 + cos(f*x + e)"2 + (cos(f*x + e)”2 - 1
Y*¥sin(f*x + e) - cos(f*x + e) - 1))/f, sqrt(-a)*arctan(1/2*(cos(f*x + e)~2
+ 2xsin(f*x + e) - 1)*sqrt(-a)*sqrt((a*sin(f*x + e) + a)/sin(f*x + e))/(a
*cos(f*x + e)*sqrt(sin(f*x + e))))/f]

3.19.6 Sympy [F]

/\/csc(e+fw)\/a+acsc(e+fx)dx:/\/a(csc(e+fm) +1)\/csc (e + fz)dx

inputLintegrate(csc(f*x+e)**(1/2)*(a+a*csc(f*x+e))**(1/2),x)

e

outputLIntegral(sqrt(a*(csc(e + f*x) + 1))*sqrt(csc(e + f*x)), x)

~—  /

3.19.7 Maxima [F]

/\/csc(e+fx)\/a+acsc(e+fx)dz=/\/acsc(fx+e)—|—a\/csc(fx+e)dx

input‘integrate(csc(f*x+e)‘(1/2)*(a+a*csc(f*x+e))”(1/2),x, algorithm="maxima")

outputLintegrate(sqrt(a*csc(f*x + e) + a)*sqrt(csc(f*x + e)), x) J

3.19. [ \/cesc(e+ fzr)\/a+acsc(e + fz)dx
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3.19.8 Giac [F(-2)]

Exception generated.

/ Vesc(e + fr)y/a+ acsc(e + fx) dz = Exception raised: TypeError

input Lintegrate (csc(f*x+e) ~(1/2)*(at+axcsc(f*x+e))~(1/2) ,x, algorithm="giac")

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) :;0UTPUT:Limit: Max order reached or unable
‘to make series expansion Error: Bad Argument Value

3.19.9 Mupad [F(-1)]

Timed out.

1

/\/csc(e+fx)\/a+acsc(e+fx)da:z/\/a+ ¢ dz

sin(e+ fz) \/ sin(e+ fx)

inputtint((a + a/sin(e + £*x))~(1/2)*(1/sin(e + £*x))~(1/2),x)

output Lint((a + a/sin(e + f*x))~(1/2)*(1/sin(e + f*x))~(1/2), x)

3.19. [ \/cesc(e+ fzr)\/a+acsc(e + fz)dx
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3.20 [ /—csc(e + fr)\/a —acsc(e + fz)dr

3.20.1 Optimalresult . . . . . . .. . ... .. 1601
3.20.2 Mathematica [B] (verified) . . . . . . .. ... L L Lo 160
3.20.3 Rubi [A] (verified) . . . . . . . . . . 161
3.20.4 Maple [B] (verified) . . . . ... . ... .. 162
3.20.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 162
3.20.6 Sympy [F] . . . . . 163
3.20.7 Maxima [F] . . . . . ... 163
3.20.8 Giac [B] (verification not implemented) . . . ... .. ... ... ....... 164
3.20.9 Mupad [F(-1)] . . . . o 164

3.20.1 Optimal result

Integrand size = 28, antiderivative size = 38

24/aarcsinh (_ﬁ cot(e+ fz) )

a—acsc(e+fx)

f

/\/—csc(e+fx)\/a—acsc(e+fz) dr = —

-

output L—2*arcsinh(cot (fxx+e)*a”(1/2)/(a-axcsc(f*x+e))~(1/2))*a~(1/2)/f

~—

3.20.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 101 vs. 2(38) = 76.

Time = 3.14 (sec) , antiderivative size = 101, normalized size of antiderivative = 2.66

/ \/—cscle + fr)\/a — acsc(e + fz)dzx
- Z(arcsinh(tan (3(e+ fz))) + arctanh(\/sec2 (3(e+ fx))>> v/—csc(e + fz)y/a—acsc(e + fz)tan (3
fr/sec? (e + ) (—1+tan ((e + f2))

-/

input LIntegrate [Sqrt[-Cscle + f*x]1*Sqrtla - a*Cscle + f*x1],x]

output‘ (2x(ArcSinh[Tan[(e + f*x)/2]] + ArcTanh[Sqrt[Sec[(e + f*x)/2]72]])*Sqrt[-C ‘
‘sc[e + fxx]]*Sqrt[a - a*Csc[e + f*x]]*Tan[(e + f*x)/2])/(f*Sqrt[Sec[(e + £ ‘
#x)/2]1°2]%(-1 + Tan[(e + £*x)/2]1)) |

3.20. [ \/—cscle+ fz)y/a—acsc(e+ fz)dz
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3.20.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 157 Ryjles used = {3042,
integrand size
4288, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ V/—csc(e + fx)\/a — acsc(e + fz)dx

J,3042

/ V/—csc(e + fx)\/a — acsc(e + fz)dx
| 4288

1 ___acot(et+fx) )
2 f \/M+1 d( \/a_a csc(e—i—fz)
a—acsc(e+fx)
f

l 992

2y/aarcsinh ( —‘[%Zozs(:;i g})z) )

f

input tInt [Sqrt[-Cscle + f*x]]*Sqrt[a - a*Cscle + f*x]],x] J

output L(—z*Sqrt [al*ArcSinh[(Sqrt[al*Cot[e + f*x])/Sqrt[a - axCscle + f*x]11)/f

-

-/

3.20.3.1 Defintions of rubi rules used

rule 222‘ Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt ‘

' [a)1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQla, 0] && PosQ[b] \

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

\Q[u, x] \

3.20. [ \/—cscle+ fz)y/a—acsc(e+ fz)dz
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rule 4288 Int[Sqrtlcscl(e_.) + (f_.)x(x)1x(d_.)I*Sqrtlescl(e_.) + (F_)*(x)1*(b_.)

'+ (al)], x_Symboll :> Simp[-2+(a/(b*f))*Sqrt[ax(d/b)]  Subst[Int[1/Sqrt[1

‘+ x~2/al, x], x, b*(Cot[e + f*x]/Sqrt[a + b*Cscle + £*x]1)], x] /; FreeQl{a

, b, d, e, £}, x] & EqQ[a~2 - b2, 0] && GtQ[ax(d/b), 0] |

3.20.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(32) = 64.

Time = 2.75 (sec) , antiderivative size = 127, normalized size of antiderivative = 3.34

method | result

sin(fz+e) (arctan (\/51 +arctan V2 Sin\7$+e) T v —a(=1+csc(fz+e)) /— csc(fz+e) V2
2 /—W 2(14cos(fz+e)) ~ T¥cos(FaFe)
default | —

f(—cos(fz+e)+sin(fz+e)—1) \/— m

inputLint((—csc(f*x+e))‘(1/2)*(a—a*csc(f*x+e))‘(1/2),x,method=_RETURNVERBOSE)

~—

output ‘(—1/f*sin(f*x+e) *(arctan(1/2%2~(1/2)/(-1/ (1+cos(f*x+e)))~(1/2))+arctan(1/2*
‘2*(1/2)*sin(f*x+e)/(1+cos(f*x+e))/(—1/(1+cos(f*x+e)))‘(1/2)))*(-a*(-1+CSC(
‘f*x+e)))*(1/2)*(—csc(f*x+e))‘(1/2)*2‘(1/2)/(-cos(f*x+e)+sin(f*x+e)-1)/(-1/
L(1+cos(f*x+e)))‘(1/2)

/|

3.20.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 81 vs. 2(32) = 64.

Time = 0.26 (sec) , antiderivative size = 296, normalized size of antiderivative = 7.79

/\/— csc(e + fx)v/a — acsc(e + fx)dx
Valog (

acos(fz+e)3—7acos(fr+e)?—4 (cos(fz+e)3+3 cos(fz+e)2+ (cos(fac—i—e)2 -2 cos(fw+e)—3> sin(fz+e) —cos(fx-l—e)—3) \/E\/
cos(fz+e)3+cos(fz+e)?— (cos(fx+e)2—1> sin(fz+

2f

input‘integrate((—csc(f*x+e))“(1/2)*(a—a*csc(f*x+e))“(1/2),x, algorithm="fricas"
) |

3.20. [ \/—cscle+ fz)y/a—acsc(e+ fz)dz
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output | [1/2*sqrt(a)*log((axcos(f*x + e)~3 - T*xa*xcos(f*x + e)”2 - 4x(cos(f*x + e)”
3 + 3*cos(fxx + e)72 + (cos(f*x + e)”2 - 2xcos(f*x + e) - 3)*sin(f*x + e)

- cos(f*x + e) - 3)xsqrt(a)*sqrt((a*sin(f*x + e) - a)/sin(f*x + e))*sqrt(-
1/sin(f*x + e)) - 9*axcos(f*x + e) - (axcos(f*x + e)”2 + 8xa*cos(f*x + e)

- a)*sin(f*x + e) - a)/(cos(f*x + e)”3 + cos(f*x + e)”2 - (cos(f*x + e)~2

- D) *sin(f*x + e) - cos(f*x + e) - 1))/f, sqrt(-a)*arctan(-1/2*(cos(f*x +

e)”"2 - 2xsin(f*x + e) - 1)x*sqrt(-a)*sqrt((a*sin(f*x + e) - a)/sin(f*x + e)
)xsqrt (-1/sin(f*x + e))/(a*xcos(f*x + e)))/f]

3.20.6 Sympy [F]

/\/—csc(e-l—fx)\/a—acsc(e—l—fx)dx =/\/—csc(e—i-fx)\/—a(csc(e—i-fx) —1)dz

inputLintegrate((-csc(f*x+e))**(1/2)*(a—a*csc(f*x+e))**(1/2),x)

e

outputLIntegral(sqrt(—csc(e + f*x))*sqrt(-a*(csc(e + f*x) - 1)), x)

~—  /

3.20.7 Maxima [F]

/\/—csc(e+fm)\/a—acsc(e+fx)dm=/\/—acsc(fas+e)+a\/—csc(fx+e)d:c

input \ integrate ((-csc(f*x+e))~(1/2)*(a-axcsc(f*x+e))~(1/2),x, algorithm="maxima"

p

outputLintegrate(sqrt(-a*csc(f*x + e) + a)*sqrt(-csc(f*x + e)), x)

3.20. [ \/—cscle+ fz)y/a—acsc(e+ fz)dz
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3.20.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 101 vs. 2(32) = 64.

Time = 0.66 (sec) , antiderivative size = 101, normalized size of antiderivative = 2.66

/\/—CSC(B-I-f-’v)\/a—GCSC(eJrfz) dr =

2aarctan(a% tan(% _fz+% e)+\/jj:an(%fw+%e)2+a3>
= —ﬁlog(agtan(%fx—l—%e)—l-\/a?’tan(%fx—i-%e)Q—l-c
f
inputtintegrate((-csc(f*x+e))‘(1/2)*(a—a*csc(f*x+e))‘(1/2),x, algorithm="giac") J

output‘—(2*a*arctan((a‘(3/2)*tan(1/2*f*x + 1/2%e) + sqrt(a”3xtan(1/2xf*x + 1/2xe)
"‘2 + a~3))/(sqrt(-a)*a))/sqrt(-a) - sqrt(a)*log(abs(a~(3/2)*tan(1/2xf*x +
‘1/2*e) + sqrt(a”3*tan(1/2*f*x + 1/2*e)”2 + a”3))))/f ‘

3.20.9 Mupad [F(-1)]

Timed out.

/\/—csc(e—l-f:c)\/a—acsc(e-l—fx)dz:/\/a—sin(ei_fz) \/_sin(e:—fx) dzx

-

input Lint((a - a/sin(e + £*x))~(1/2)*(-1/sin(e + £*x))~(1/2),x)

-/

-/

output Lint((a - a/sin(e + f*x))~(1/2)*(-1/sin(e + £*x))~(1/2), x)

3.20. [ \/—cscle+ fz)y/a—acsc(e+ fz)dz
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3.21 [ esc3(c+ dz)r/a + acsc(c + dz) dx

3.21.1 Optimal result . . . . . . . . . ... . 165
3.21.2 Mathematica [C] (verified) . . . . . . . . .. ... L Lo 166
3.21.3 Rubi [A] (verified) . . . . . . . . . . .. 166
3.21.4 Maple [F] . . . . . o o 168
3.21.5 Fricas [F] . . . . . . . o 1691
3.21.6 Sympy [F(-1)] - o v v ve e T69
3.21.7 Maxima [F] . . . . . . . e 169
3.21.8 Giac [F] . . . o 170
3.21.9 Mupad [F(-1)] . . . . o 170

3.21.1 Optimal result

Integrand size = 25, antiderivative size = 254

_ 6acos(c +dz) csci (¢ + da)
5d+/a + acsc(c + dz)

3 2
4 3%/%\/2 4+ v/3a® cot(c + dx) (1 — esc(e+ dx)) J 1+ esc(C + d)+esed (c+da) EllipticF <arcsin <1—_

(1+¢§— Yese(e+ dac))2 1+

/cscg (c+ dz)\/a+ acsc(c + dz) dx =

5d\l ( -V ese(c + da) »(a — acsc(c+ dz))+/a + acsc(c + dz)

1+v3- 3/ cse(ec + dx))

output | -6/5*a*cos (d*x+c) *csc(d*x+c)~(4/3)/d/ (ataxcsc(d*x+c)) ~(1/2)-4/5%37(3/4) *a"
2*cot (d*x+c) * (1-csc(d*x+c) ~(1/3) ) *E1lipticF ((1-csc(d*x+c)~(1/3)-37(1/2))/(
1-csc(d*x+c)~(1/3)+37(1/2)) ,I*37(1/2)+2*I)*(1/2*6~ (1/2)+1/2%2~(1/2) ) * ((1+c
sc(d*x+c) " (1/3)+csc(d*x+c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)/d/
(a—a*csc(d*x+c) )/ (ata*xcsc(d*x+c))~(1/2)/((1-csc(d*x+c)~(1/3) )/ (1-csc(d*x+c
)~(1/3)+37(1/2))"2)"(1/2)

321. [ cscs (¢ + dx) va+ acsc(c+ dr)dz
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3.21.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 8.59 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.40

/csc§ (c+ dz)\/a + acsc(c+ dz) dr =

2¢/a(1 + csc(c + dx)) (3 {/esc(c + dz) + 2 Hypergeometric2F1 (3, 2,21 — csc(c + dw))) (cos (3(c+

5d (cos (§(c+d$ ) + sin ( (C"‘dx)))

~—

input LIntegrate [Csclc + d*x]~(4/3)*Sqrt[a + axCsclc + d*x]],x]

output‘((—Q*Sqrt [a*(1 + Csclc + d*x])]1*(3*Csc[c + d*x]~(1/3) + 2*Hypergeometric2F1
' [1/2, 2/3, 3/2, 1 - Csclc + d*x]1)*(Cos[(c + d*x)/2] - Sinl[(c + d*x)/21))/
‘(S*d*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))

———

3.21.3 Rubi [A] (verified)
Time = 0.35 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.05,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 94 Ryles used

integrand size
= {3042, 4293, 60, 73, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/csc‘s1 (c + dz)\/acsc(c+ dz) + adzx

J’3042

/ cse(c + dz)*3\/a csc(c + dx) + adz

l'4293

a? cot(c + dz) f Vese(c + dz) dcsc(c + dx)

v/a—a csc(c+dx)

dv/a — acsc(c + dz)\/acsc(c+ dz) +a

| 60

321. [ cscs (¢ + dx) va+ acsc(c+ dr)dz
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azcouc+-dx)<§ dcgic4_dm)__6%&$c@>+dﬁgvz_aam@+¢@>
a

1
f csc3 (c+dzx)+/a—acsc(c+dz)
dv/a — acsc(c +dz)\/acsc(c+ dz) +a

| 73
63/csc(c+ dx)/a—ac c(ct+dz)
a? cot(c + dz) (g [ \/md?/csc(c + dz) — 2V ( 521\/ s )

dv/a —acsc(c+dz)\/acsc(c+dz) +a
| 759

2 3/ 3/ -
4 33/4/213 (1— {/cese(e+ dx)) cnc (ctda)+ y/C5C(C + dz);” EllipticF | arcsin | —) csc(c + dz)-van
<_ 3 /CSC(C + dx)+\/§+1> - \/CSC(C + d:L‘)+\/§+1

a?cot(c+dz) | — -
5 =V CSC(C + dw) 5/ a—a csc(c+dr)
(—»%/CSC(C-+-d$)+v§+1>
dv/a — acsc(c+ dz)\/acsc(c+dz) +a
input LInt [Csc[c + d*x]~(4/3)*Sqrt[a + a*Csc[c + d*x]],x] J

output | (a~2xCot [c + d*x]*((-6*Csclc + d*x]~(1/3)*Sqrt[a - a*Cscl[c + d*x]])/(5*a)
- (4%37(3/4)*Sart[2 + Sqrt[3]1*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 + Csclc +
d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]1*Ell
ipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1 + Sqrt[3] - Csclc + dx
x]1°(1/3))]1, -7 - 4*Sqrt[3]11)/(6*Sqrt[(1 - Csclc + d*x]1~(1/3))/(1 + Sqrt[3]

- Csclc + d*x]1~(1/3))"2]*Sqrt[a - a*Cscl[c + d*x]])))/(d*Sqrt[a - ax*Csclc
+ d*x]]*Sqrt[a + a*Cscl[c + d*x]])

3.21.3.1 Defintions of rubi rules used

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((bxc - axd)/(
bx(m + n + 1))) Int[(a + b*x) m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] &% GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ[m, 0] && ( !Integer
Qn] Il (GtQ[m, O] && LtQ[m - n, 0]))) && 'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

321. [ cscs (¢ + dx) va+ acsc(c+ dr)dz
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rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x]] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 759 | Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 311,
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrtl[(s~2 - r*s
*x + r72%xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*xx)/((1 + Sqrt[3])*s + r+*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*xx)/((1 + Sqrt[3]1)*s + r*x)], -7 - 4xSqrt[3]1]1, x]] /; FreeQ[{a, b}, x] &
& PosQ[al

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4293 Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£_.)*(x_)]*(b_.)

+ (a_)], x_Symbol] :> Simp[a~2+d*(Cot[e + f*x]/(f*Sqrt[a + bxCscle + f*x]]
*Sqrt[a - b*Cscle + f*x]])) Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, £, n}, x] && EqQ[a~2 - b2, 0]

3.21.4 Maple [F]

/csc (dx + c)% Va + acsc(dz + c¢)dz

input \ int (csc(d*x+c)~(4/3) * (a+axcsc(d*x+c))~(1/2) ,x)

outputLint(csc(d*x+c)“(4/3)*(a+a*csc(d*x+c))“(1/2),X)

321. [ cscs (¢ + dx) va+ acsc(c+ dr)dz
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3.21.5 Fricas [F]

4
3

/cscg(c—l-dx)\/a—i-acsc(c-l—dx)dz=/\/acsc(dx—l—c)—i—acsc(dx—l—c) dz

input Lintegrate (csc(d*x+c)~(4/3)*(a+axcsc(d*x+c))~(1/2) ,x, algorithm="fricas")

output Lintegral(sqrt(a*csc(d*x + ¢c) + a)xcsc(d*x + c)~(4/3), x)

3.21.6 Sympy [F(-1)]

Timed out.

/ csc? (c+ dz)\/a + acsc(c + dz) dz = Timed out

input Lintegrate (csc(d*x+c)**(4/3) * (a+a*xcsc (dxx+c) ) **(1/2) ,x)

output tTimed out

3.21.7 Maxima [F]

4
3

/cscg(c+d:c)\/a+acsc(c—|—dx)dz'=/\/acsc(dx—l—c)—l—acsc(dx—l—c) dx

input Lintegrate (csc(d*x+c)~(4/3)*(a+axcsc(d*x+c))~(1/2) ,x, algorithm="maxima")

output Lintegrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + ¢)~(4/3), x)

321. [ cscs (¢ + dx) va+ acsc(c+ dr)dz
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3.21.8 Giac [F]

4
3

/cscg(c—l-dx)\/a—i-acsc(c-l—dx)dz=/\/acsc(dx—l—c)—i—acsc(dx—l—c) dz

input Lintegrate (csc(d*x+c)~(4/3)*(at+a*xcsc(d*x+c))~(1/2) ,x, algorithm="giac")

output Lintegrate(sqrt(a*csc(d*x + ¢) + a)xcsc(d*x + c)~(4/3), x)

3.21.9 Mupad [F(-1)]

Timed out.

/cscé(c+dx)\/a-l—acsc(c—l-dx)dx=/\/a—l- - (sin( ! )>4/3dx

sin (c+ dx) c+dx

input Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(4/3),x)

output Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(4/3), x)

321. [ cscs (¢ + dx) va+ acsc(c+ dr)dz
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3.22 [ ¥/csc(c+ dz)+/a + acsc(c + dz) dx

3.22.1 Optimalresult . . . . . . . . . . . . . ival
3.22.2 Mathematica [C] (verified) . . . . . . . . ... Lo 172
3.22.3 Rubi [A] (verified) . . . . ... . . . ... 1721
3.22.4 Maple [F] . . . . . . Ive!
3.22.5 Fricas [F] . . . . . . o Ive!
3.22.6 Sympy [F] . . . . . 174
3.22.7 Maxima [F] . . . . . . . e 175
3.22.8 Giac [F] . . . . . o 1751
3.22.9 Mupad [F(-1)] . . . . . oo 175

3.22.1 Optimal result

Integrand size = 25, antiderivative size = 213

/ €/CSC(C + dx) \/a + acsc(c+dz)dx =

3/ 2
2 33/4\/2 + /3a? cot(c + dx) <1 — v/ese(e+ dx)) J H( f;c((; + di)jsj (;wa) EllipticF (arcsin (1—_
1+v3-3/csc(c + dz 4

1_3\/m a —acse(e T a + acsclc z
dJ (1+f_m)2( (c + dz))\/a + acsc(c + dz)

output | -2x37(3/4) *a~2*cot (d*x+c) * (1-csc(d*x+c) ~(1/3) ) *E1llipticF ((1-csc(d*x+c) ~(1/
3)-37(1/2))/(1-csc(d*x+c)~(1/3)+37(1/2)) ,I*37(1/2)+2xI)*(1/2%6~ (1/2) +1/2%2
~(1/2))*((1+csc(d*x+c) ~(1/3)+csc(d*x+c) ~(2/3) )/ (1-csc(d*x+c) ~(1/3)+37(1/2)
)"2)~(1/2)/d/ (a—a*csc(d*x+c)) / (a+a*csc(d*x+c) )~ (1/2)/ ((1-csc(d*x+c) ~(1/3))
/ (1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)

3.22. [ {/esc(c+dz)\/a+ acsc(c+ dz)dz
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3.22.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 3.08 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.22

/ ese(c + dr)y/a+ acsc(c + dx) dx
2a cot(c + dz) Hypergeometric2F1 (3, 2, 2,1 — csc(c + dz))
dv/a(1 + csc(c + dz))

input ‘ Integrate[Csclc + d*x]~(1/3)*Sqrt[a + a*Csc[c + d*x]],x]

output‘ (-2*axCot [c + d*x]*Hypergeometric2F1[1/2, 2/3, 3/2, 1 - Csclc + d*x]])/(d*
‘Sqrt[a*(l + Csclc + d*x]1)1)

3.22.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Mumber of rules _ ( 150 Ryles used

integrand size
= {3042, 4293, 73, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ {/csc(c + dx)\/acsc(c + dz) + adz

J’3042

/ {/ese(c + dz)+v/acsc(c + dz) + adz

l'4293

a®cot(c+dz) | dcsc(c+dzx)

1
csc% (c+dz)+/a—acsc(c+dx)
dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 73

2 1
3a COt(C+ diL') f m(i
dv/a — acsc(c+dz)\/acsc(c+dz) +a

l 759

v/ cse(c+ dzx)

3.22. [ {/esc(c+dz)\/a+ acsc(c+ dz)dz
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2 3 3/
2 33/4\/2 + V/3a2 cot(c + dz) (1 — csc(c+ dz)) | =2 (ctda)t \/mtl EllipticF | arcsin = vesel(e:
(- Vesole+ dz)+vn) \

—3/csc(c
d 1-V/ese(e + dr) s(a —acsc(c+dzx))y/acsec(c+ dz) +a
J(Wcmd@%ﬂ) ( (c +dz))/acsc(c + dz) +

input‘Int[Csc[c + d*x]~(1/3)*Sqrt[a + a*Csc[c + d*x]],x]

output | (-2+3~(3/4)*Sqrt[2 + Sqrt[3]]*a~2#Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sq
rt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + ax
x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1 + Sqrt
[3] - Csclc + d*x]1~(1/3))], -7 - 4*Sqrt[3]1]1)/(d*Sqrt[(1 - Csclc + d*x]1~(1/
3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]1*(a - a*Csc[c + d*x])*Sqrt[a + ax*
Csclc + d*x]])

3.22.3.1 Defintions of rubi rules used

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 759 Int[1/Sqrt[(a_) + (b_.)*(x_)~3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 3]]1}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s~2 - r*s
*x + r-2%x72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*xx)/((1 + Sqrt[3])*s + r+*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]1]1, x]] /; FreeQ[{a, b}, x] &
& PosQ[a]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.22. [ {/esc(c+dz)\/a+ acsc(c+ dz)dz
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rule 4293‘Int[(csc[(e_.) + (f_)*(x_)1*(d_.))"(n_)*Sqrtlcsc[(e_.) + (£_.)*(x_)I1*(b_.)
‘ + (a_)], x_Symbol] :> Simp[a~2*d*(Cot[e + f*x]/(f*Sqrtl[a + b*Cscl[e + f*x]]
‘*Sqrt[a - b*Cscl[e + f£*x]])) Subst [Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
- Cscle + £*x]1, x] /; FreeQl{a, b, d, e, £, n}, x] & EqQ[a"2 - b"2, 0]

3.22.4 Maple [F]

/csc (dx + c)% Va+ acsc(dz + c)dx

input Lint (csc(d*x+c) ~(1/3) *(at+axcsc(d*x+c))~(1/2) ,x)

output Lint (csc(d*x+c)~(1/3)*(at+axcsc(d*x+c))~(1/2),x)

3.22.5 Fricas [F]

/{'/csc(c+dx)\/a+acsc(c+dx)dx:/\/acsc(dx+c)+acsc(dx+c)§ dz

inputtintegrate(csc(d*x+c)‘(1/3)*(a+a*csc(d*x+c))‘(1/2),x, algorithm="fricas")

output Lintegral(sqrt(a*csc(d*x + ¢) + a)xcsc(d*x + c)~(1/3), x)

3.22.6 Sympy [F]

/\3/csc(c+dx)\/a+acsc(c+dx)dx=/\/a(csc(c—l—dx)—|—1){’/csc(c+dx)dx

inputLintegrate(csc(d*x+c)**(1/3)*(a+a*csc(d*X+C))**(1/2),X)

outputLIntegral(sqrt(a*(csc(c + d*x) + 1))*csc(c + d*xx)**x(1/3), x)

3.22. [ {/esc(c+dz)\/a+ acsc(c+ dz)dz
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3.22.7 Maxima [F]

/{’/csc(c+dw)\/a-l-aCSC(C—l-dx)dx=/\/acsc(da:—i-c)-l-acsc(da:-l—c)é dx

input Lintegrate (csc(d*x+c)~(1/3)*(a+axcsc(d*x+c))~(1/2) ,x, algorithm="maxima")

output Lintegrate(sqrt(a*csc(d*x + ¢) + a)xcsc(d*x + c)~(1/3), x)

3.22.8 Giac [F]

/{'/csc(c+dx)\/a+acsc(c+dx)dx=/\/acsc(da:+c)+acsc(dg;+c)§ dz

input tintegrate (csc(d*x+c)~(1/3) *(ata*csc(d*x+c))~(1/2) ,x, algorithm="giac")

-

output Lintegrate(sqrt(a*csc(d*x + ¢) + a)xcsc(d*x + ¢)~(1/3), x)

-/

3.22.9 Mupad [F(-1)]

Timed out.

/{’/csc(c—l—dz‘)\/a+acsc(c—|-dx)dx:/\/a—l— @ < L ))1/3d:c

sin(c+dzx) \sin(c+dz

input Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(1/3),x)

output Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(1/3), x)

3.22. [ {/esc(c+dz)\/a+ acsc(c+ dz)dz
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3.93 f \/a+a csc(ct+dz) du

CSC%(C-I-dSC)
3.23.1 Optimal result . . . . . . . . . . ... . 176}
3.23.2 Mathematica [C] (verified) . . . . . . . . .. ... L I
3.23.3 Rubi [A] (verified) . . . . . ... . ... e
3.23.4 Maple [F] . . . . . . . 179
3.23.5 Fricas [F] . . . . . . . 180
3.23.6 Sympy [F] . . . . . 180
3.23.7 Maxima [F] . . . . . . . 180
3.23.8 Giac [F] . . . . . o 181
3.23.9 Mupad [F(-1)] . . . . . oo 18T

3.23.1 Optimal result

Integrand size = 25, antiderivative size = 254

va+ acsc(c+ dz) go— 38 cos(c + dzx) {/csc(c + dz)
csci (¢ + dz) 2d+/a + acsc(c + dx)

3/ 2 :
3%/4\/2 + v/3a? cot(c + dx) (1 — {/csc(c + dw)) \l 1+ ese(C + dr) voscS (cde) EllipticF (arcsin (1_—‘/

(1+\/§— Vese(e+ dz)>2 14V

1-3/csc(c + dzx)
2d s(a — acsc(ec+ dzx a+ acsc(ec+ dzx
J (1+\f— 3\/csc(c-i-da:)) ( ( 2% ( )

output | -3/2%a*cos (d*x+c)*csc(d*x+c)~(1/3)/d/ (ataxcsc(d*x+c))~(1/2)-1/2%3~(3/4) *a~
2xcot (d*x+c)* (1-csc(d*x+c) ~(1/3) ) *EllipticF ((1-csc(d*x+c) ~(1/3)-37(1/2))/(
1-csc(d*x+c) ~(1/3)+37(1/2)) ,I*3~(1/2)+2*I)*(1/2%6~(1/2)+1/2*2~(1/2) ) *((1+c
sc(d*x+c) " (1/3)+csc(d*x+c) ~(2/3))/ (1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)/4/
(a-—a*csc(d*x+c) )/ (ataxcsc(d*x+c)) ~(1/2) /((1-csc(d*x+c) ~(1/3) )/ (1-csc(d*x+c
)~=(1/3)+37(1/2))"2)"(1/2)

3.93. f a-+a csc(c+dzx) dx

2
csc3 (c+dz)
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3.23.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 3.38 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.43

d
/\/a—l-acsc(c-l— ) o —

csci (¢ + d) Bl
va(l + csc(c + dz)) (3 + csci (¢ + dz) Hypergeometric2F1 (3,%,3,1—csc(c+ dx))) (cos (2(c+ dzx)
- 2d cscs (¢ + dz) (cos (1(c+ dz)) +sin ((c + dz)))

e hY

Integrate[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(2/3),x]

input

N

OUtPUt‘ -1/2%(Sqrt[a*(1 + Csclc + d*x])]*(3 + Csclc + d*x]~(2/3)*Hypergeometric2F1 ‘
‘ [1/2, 2/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]))/
L(d*Csc[c + d*x]~(2/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])) J

3.23.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.05,

number of steps used = 6, number of rules used = 5, Bumber of rules _ 934 Ryles used
integrand size

= {3042, 4293, 61, 73, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

Vacsc(c+dz) +a
2
csc3 (¢ + dx)

l 3042

dz

Vacsc(c+dz) +a
csc(c + dz)?/3

l 4293

a? cot(c +dz) | dcsc(c+ dx)

1
cscd (c+dzx)+/a—a csc(ct+dx)
dv/a — acsc(c+dz)\/acsc(c+ dr) +a

| 61

3.93. f a-+a csc(c+dzx) dx

2
csc3 (c+dz)
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2 cot(c 4 d) [ 1 1 d dz) — 3ve—acsc(ctdr)
& cotle + da) <4f N e G T (57

dv/a —acsc(c+dz)\/acsc(c+dz) +a

| 73

2 3 1 3 __ 3y/a—acsc(ctdz)
a® cot(c + dx) (4 i —\/md\/csc(c—i— dx) >

2
2a csc3 (c+dx)

dv/a —acsc(c+dz)\/acsc(c+dz) +a
759

2
33/4\/m(1_ Veselc + dm)) esc3 (crda)+ 3/ €sc(c + dx)+1 BllipticF (amsin < —3/esc(c+ dz)-va

~3/csc(c + dzx)+va

<_ {/csc(e + d:c)+¢§+1>2

)

a?cot(c+dzx) | —
escletdn) s
(_ {Vese(e + dfﬂ)+\/§+1>

dv/a — acsc(c+dz)\/acsc(c+dz) +a

e

inputLInt [Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(2/3),x]

~—

~

output | (a~2*Cot [c + d*x]*((-3*Sqrt[a - a*Csc[c + d*x]])/(2*a*Csclc + d*x]~(2/3))

- (37(3/4)*Sqrt[2 + Sqrt[3]1*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 + Csclc + dx*
x]~(1/3) + Csclc + d*x]1°(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*Ellip
ticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]
~(1/3))1, -7 - 4xSqrt[3]]1)/(2*Sqrt[(1 - Csclc + d*x]1~(1/3))/(1 + Sqrt[3] -
Csclc + d*x]~(1/3))"2]*Sqrt[a - a*Csc[c + d*x]])))/(d*Sqrt[a - a*Csc[c +

d*x]]1*Sqrt[a + a*Csclc + d*x]])

3.23.3.1 Defintions of rubi rules used

rule 61 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, 4, n}, x] && LtQ[m, -1] && !'(LtQ[n, -1] && (EqQ[a, O
1 Il (NeQ[c, 0] &% LtQ[m - n, 0] & IntegerQ[n]))) && IntLinearQ[a, b, c, d
, m, n, xJ

3.93. f a+acsc(ct+dz) dx

2
csc3 (c+dz)
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rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x]] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 759 | Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 311,
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrtl[(s~2 - r*s
*x + r72%xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*xx)/((1 + Sqrt[3])*s + r+*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*xx)/((1 + Sqrt[3]1)*s + r*x)], -7 - 4xSqrt[3]1]1, x]] /; FreeQ[{a, b}, x] &
& PosQ[al

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4293 Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£_.)*(x_)]*(b_.)

+ (a_)], x_Symbol] :> Simp[a~2+d*(Cot[e + f*x]/(f*Sqrt[a + bxCscle + f*x]]
*Sqrt[a - b*Cscle + f*x]])) Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, £, n}, x] && EqQ[a~2 - b2, 0]

3.23.4 Maple [F]

va+acsc (dm+c)dx
csc(d:c+c)%

input Lint ((ataxcsc(d*x+c))~(1/2) /csc(d*x+c)~(2/3) ,x)

outputLint((a+a*csc(d*x+c))“(1/2)/csc(d*x+c)“(2/3),X)

3.93. f a-+a csc(c+dzx) dz

2
csc3 (c+dz)
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3.23.5 Fricas [F]

Va+ acsc(c+ dz) o — Vacsc(dz +c)+a

5 5 dz
cscd(c +dz) csc (dz + ¢)3

input Lintegrate ((ataxcsc(d*x+c))~(1/2) /csc(d*x+c)~(2/3) ,x, algorithm="fricas")

output Lintegral(sqrt(a*csc(d*x + ¢) + a)/csc(d*x + ¢)~(2/3), x)

3.23.6 Sympy [F]

/\/a-l—acsc(c—i—d:c /\/a csc(c—l—da: +1) e

csci (¢ + da) csci (c+ di)

inputLintegrate((a+a*csc(d*x+c))**(1/2)/csc(d*x+c)**(2/3),X)

outputtIntegral(sqrt(a*(csc(c + d*x) + 1))/csc(c + d*x)**(2/3), x)

3.23.7 Maxima [F]

Va+ acsc(c+ dz) dp — Vacsc(dz +c)+a
cscs (¢ + d) csc (dx + c)%

inputLintegrate((a+a*csc(d*x+c))“(1/2)/csc(d*x+c)“(2/3),x, algorithm="maxima")

outputtintegrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(2/3), x)

3.93 f a+a csc(c+dz) dx
o csc% (c+dz)
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3.23.8 Giac [F]

Va+ acsc(c+ dz) o — Vacsc(dz +c)+a

2 5 dx
cscd(c +dz) csc (dz + ¢)3

input Lintegrate ((ata*csc(d*x+c))~(1/2) /csc(d*x+c) ~(2/3) ,x, algorithm="giac")

output Lintegrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(2/3), x)

3.23.9 Mupad [F(-1)]

Vva+acsc(c+ dx / V@ sm(c+dz

csci (¢ + dz) 2/3

Timed out.

s1n(c+d x)

input Lint((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(2/3),x)

output Lint((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(2/3), x)

3.93 f a+a csc(c+dz) dz
o csc% (c+dz)
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3.24 [ esc3(c+ dz)r/a + acsc(c + dz) dx

3.24.1 Optimalresult . . . . ... . . . .. . ... e 182
3.24.2 Mathematica [C] (verified) . . . . . . . . . ... ..o 183l
3.24.3 Rubi [A] (warning: unable to verify) . . ... ... ... ... ... ... 183
3.244 Maple [F] . . . . . . o 186
3.24.5 Fricas [F] . . . . . . o o 187
3.24.6 Sympy [F(-1)] . . . . o 187
3.24.7 Maxima [F] . . . . . .. 187
3.24.8 Giac [F] . . . . . o 1R8]

3.24.9 Mupad [F(-1)] . . . . o 18Y

3.24.1 Optimal result

Integrand size = 25, antiderivative size = 514

/cscg (c+ dz)\/a + acsc(c + dz) dx
B 24a cot(c + dx) _ 6acos(c+ dr) csci (¢ + dz)
7d (1 + /3 — {/csc(c+ dx)) va+acsc(c+ dx) 7d\/a + acsc(c + dz)

3 2 3 IS
129/3v/2 — VBa? cot(e + da) (1 - {/oselc + do)) J e Vsl o) el ) p gy (1=

(1+\/§— {Yese(c+ da:)) 1+v3- 3/ cs

7dJ ( -V ese(c + dz) »(a — acsc(c+ dz))/a + acsc(c+ dz)

1+v3- 3/ cse(ec + dz))

3 2 3
8v/23%*a? cot(c + dx) (1 — {/cse(c+ dx)) 1+3/csc(c + d$)+csc3(c+tzia:) EllipticF (arcsin (—1_‘/5_ 3\/(_:
(1+«/§— {ese(e+ dz)) 14+v3-3/c
_|_

»(a — acsc(c+ dz))/a + acsc(c + dz)

7d 1-3/csc(c + dx)
(1+f— Vese(e+ da:))

324. | csci (¢ + dx) va+ acsc(c+ dr)dz
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output | -6/7+*a*cos (d*x+c)*csc(d*x+c) ~(5/3) /d/ (a+a*xcsc(d*x+c) )~ (1/2)+24/T*xa*cot (d*x
+c)/d/ (1-csc(d*x+c)~(1/3)+37(1/2)) / (a+a*csc(d*x+c) )~ (1/2)+8/7*3~(3/4) *a~2*
cot (d*x+c) *(1-csc(d*x+c) " (1/3))*EllipticF ((1-csc(d*x+c)~(1/3)-37(1/2))/(1-
csc(d*xx+c)~(1/3)+37(1/2)) ,I*37(1/2)+2*I)*2~(1/2) *((1+csc(d*x+c) ~(1/3)+csc(
d*x+c)~(2/3))/(1-csc(d*x+c) ~(1/3)+37(1/2))"2)~(1/2)/d/ (a—a*csc(d*x+c) )/ (a+
a*xcsc(d*x+c))~(1/2)/((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c) ~(1/3)+37(1/2))"2)"
(1/2)-12/7%3"~(1/4) *a~2xcot (d*x+c) * (1-csc (d*x+c) " (1/3) ) *E1llipticE((1-csc(d*
x+c)~(1/3)-37(1/2))/(1-csc(d*x+c) ~(1/3)+37(1/2)) ,I*37(1/2)+2*I) *(1/2%6~ (1/
2)-1/2*2~(1/2) ) *((1+csc(d*x+c) " (1/3)+csc(d*x+c) ~(2/3) )/ (1-csc(d*x+c) ~(1/3)
+37(1/2))72)~(1/2)/d/ (a—axcsc(d*x+c)) / (at+ta*csc(d*x+c)) ~(1/2) / ((1-csc(d*x+c
)~(1/3))/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)

3.24.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 21.35 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.23

/cscg (c+ dx)\/a + acsc(c+ dz) dr =

2¢/a(1 + csc(c + dx)) (3(4 + csc(c + dz)) — 8+/csc(c + dz) Hypergeometric2F1 (3, 3,3,1 — csc(c+d

7d+/csc(c + dz) (cos (3(c + dz)) +sin (3(c + dz)))

input’Integrate[Csc[c + d*x]~(5/3)*Sqrt[a + a*Csc[c + d*x]],x] J

e B

(-2#Sqrt[a*(1 + Csclc + d*x])]1*(3*(4 + Cscl[c + d*x]) - 8*Cscl[c + d*x]~(1/3
‘)*Hypergeometric2F1[1/2, 4/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] -
‘Sin[(c + d*x)/2]))/(7*d*Csclc + d*x]~(1/3)*(Cos[(c + d*x)/2] + Sin[(c + d*
Lx)/2]))

output

~

3.24.3 Rubi [A] (warning: unable to verify)

Time = 0.48 (sec) , antiderivative size = 510, normalized size of antiderivative = 0.99,
number of steps used = 8, number of rules used = 7 number of rules _ 0.280, Rules used

' integrand size
= {3042, 4293, 60, 73, 832, 759, 2416}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

324. | csci (¢ + dx) va+ acsc(c+ dr)dz
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/cscg (c+ dx)\/acsc(c+ dx) + adz

l 3042

/csc(c + dz)%3\/acsc(c + dz) + adz

| 4293
csc% (c+dz)

v/a—acsc(c+dz)
dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 60

a? cot(c + dz) ( dcsc(c+ dz) — ﬁcsc%‘(c-l-dm)\?/m)
v%a:c+1h0¢37ﬁ§@1£7 a
d\/a —acsc(c+ dw)\/acsc(c+ dz) +a

| 73

/ 2 —_—
a? cot(c + dz) <12 FSSCSCCZ Sim d \/m Sese (etde) 7; = CSC(CHZ))

dv/a —acsc(c+dz)\/acsc(c+dz) +a
| 832

a? cot(c + dz) [ dcsc(c + dx)

+d \[1 6502
o ao(e-+ o) (3 (1= VD) | gt Vole = f =S L 0o ) - ot

dv/a —acsc(c+dz)\/acsc(c+dz) +a
| 759

(1_\/§> /72_"_\/5(1_ m) csc%(c+dz)+3\/'

(— {/ese(c -

a?cot(c+dz) | 2| - Vese(c + dz) \[Hd\/csc c+dz) —

\/a a csc(c+dr)

-/ esc(c

dv/a — acsc(c + dz)+/acsc(c

l_2416

324. | csci (¢ + dx) va+ acsc(c+ dr)dz
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2
2(1-v3) V2+v3 (1— {/csc(c+ dx)) csc (c+do)+ 3/ €SC(C + d) 1 EllipticF <arcsin<

(- {/cese(c+ d;v)+\/§+1)2

-{/csc(c + d:

-3/csc(c + d:

a? cot(c + dz) |

<7 {/csc(c+ dw)+¢§+1>

3/
%\I - CSC(C + d.’L‘) 5 v/ a—a csc(ctdi)

;
input Int[Csc[c + d*x]~(5/3)*Sqrt[a + a*Csc[c + d*x]],x]

output

rule 60

rule 73

(a”2*Cot[c + d*x]*((-6*Csc[c + d*x]~(2/3)*Sqrt[a - a*Csclc + d*x]])/(7*a)
+ (12x((2xSqrt[a - a*Csclc + d*x]])/(ax(1 + Sqrt[3] - Csclc + d*x]~(1/3)))
- (37(1/4)*Sqrt[2 - Sqrt[3]1]1*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 + Csclc + 4
*x]~(1/3) + Csclc + d*x]17(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*E1li
pticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1 + Sqrt[3] - Csclc + d*x
17(1/3))]1, -7 - 4%Sqrt[3]1)/(Sqrt[(1 - Csclc + d*x]~(1/3))/(1 + Sqrt[3] -
Csclc + d*x]~(1/3))"2]*Sqrt[a - a*Csclc + d*x]]) - (2*(1 - Sqrt[3])*Sqrt[2
+ Sqrt[3]1*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 + Csc[c + d*x]~(1/3) + Csclc
+ d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*EllipticF[ArcSin[(1 -
Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]1~(1/3))], -7 - 4%
Sqrt[3]11)/(37(1/4)*Sqrt[(1 - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csclc + dx
x]~(1/3))"2]*Sqrt[a - a*Cscl[c + d*x]1)))/7))/(d*Sqrt[a - a*Cscl[c + d*x]]*S
grtfa + axCsclc + d*x]])

3.24.3.1 Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Qnl Il (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qfa, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

324. | csci (¢ + dx) va+ acsc(c+ dr)dz
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rule 759 | Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 311,
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s~2 - r*s
*x + r72xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]1] /; FreeQ[{a, b}, x] &
& PosQ[al

rule 832 | Int [(x_)/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
], s = Denom[Rt[b/a, 311}, Simp[(-(1 - Sqrt[3]1))*(s/r) Int[1/Sqrt[a + b*x
=31, x], x] + Simp[1/r Int[((1 - Sqrt[3])#*s + r*x)/Sqrt[a + b*x"3], x], x
11 /; FreeQ[{a, b}, x] && PosQ[al

rule 2416 Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt[3]1)*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])=*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(a*r~2*((1 + Sqrt[3])*s + rx*x))), x] - S
imp[3~(1/4)*Sqrt[2 - Sqrt[3]]1*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2*x72)/(
(1 + Sqrt[3])*s + r*x)~2]/(r"2*Sqrt[a + b*x~3]*Sqrt[s*((s + r*x)/((1 + Sqrt
[3])*s + r*x)~2)]1))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt[3])
*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b, c, d}, x] && PosQ[a] && Eq
Q[b*c~3 - 2%(5 - 3*Sqrt[3])*a*d~3, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4293 | Int[(csc[(e_.) + (£_.)*(x_)]1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£f_.)*(x_)I*(b_.)

+ (a_)], x_Symbol] :> Simp[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + b*Cscle + f*x]]
*Sqrt[a - b*Cscle + f*x]]1))  Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + fxx]]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b~2, 0]

3.24.4 Maple [F]

/csc (dz + c)g Va + acsc(dz + c¢)dz

-

input | int (csc(d*x+c) ~(5/3)* (at+a*csc(d*x+c))~(1/2) ,x)

N

outputLint(csc(d*x+c)”(5/3)*(a+a*csc(d*x+c))“(1/2),X)

324. | csci (¢ + dx) va+ acsc(c+ dr)dz
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3.24.5 Fricas [F]

/cscg(c—l-dx)\/a—i-(:Lcsc(c-l—dac)dgv=/\/acsc(dac—l—c)—|—acsc(dac—|—c)g dz

input Lintegrate (csc(d*x+c)~(5/3)*(a+axcsc(d*x+c))~(1/2) ,x, algorithm="fricas")

output Lintegral(sqrt(a*csc(d*x + ¢c) + a)xcsc(d*x + c)~(5/3), x)

3.24.6 Sympy [F(-1)]

Timed out.

/ cscs (c+ dz)\/a + acsc(c + dz) dz = Timed out

input Lintegrate (csc(d*x+c)*x(5/3) * (a+a*csc (dxx+c) ) **(1/2) ,x)

output tTimed out

3.24.7 Maxima [F]

/cscg(cwtclac)\/a—kacsc(c—l—daz)dav=/\/acsc(d:c—l—c)—|—acsc(d:13—|—c)g dx

input Lintegrate (csc(d*x+c)~(5/3) *(a+axcsc(d*x+c))~(1/2) ,x, algorithm="maxima")

output Lintegrate(sqrt(a*csc(d*x + ¢) + a)*csc(d*x + ¢)~(5/3), x)

324. | csci (¢ + dx) va+ acsc(c+ dr)dz
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3.24.8 Giac [F|

/cscg(c—l-dx)\/a—i-(:Lcsc(c-l—dac)dgv=/\/acsc(dac—l—c)—|—acsc(dac—|—c)g dz

inputLintegrate(csc(d*x+c)‘(5/3)*(a+a*csc(d*x+c))‘(1/2),x, algorithm="giac")

output Lintegrate(sqrt(a*csc(d*x + ¢) + a)xcsc(d*x + c)~(5/3), x)

3.24.9 Mupad [F(-1)]

Timed out.

é - 1 5/3
[ederavariater@e = [ \for ot (Gera) @

input Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(5/3),x)

output Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(5/3), x)

324. | csci (¢ + dx) va+ acsc(c+ dr)dz
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3.25 [ esc3(c+ dz)r/a + acsc(c + dz) dx

3.25.1 Optimalresult . . .. .. .. .. . .. ... . e 189
3.25.2 Mathematica [C] (verified) . . . . . . . . . .. ... Lo 1901
3.25.3 Rubi [A] (warning: unable to verify) . . . .. ... ... ... ... ... .. 1901
3.25.4 Maple [F] . . . . . . . 193]
3.25.5 Fricas [F] . . . . . . . 193]
3.25.6 Sympy [F] . . . . . 194
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3.25.9 Mupad [F(-1)] . . . . o 1951

3.25.1 Optimal result

Integrand size = 25, antiderivative size = 470

6a cot(c + dz)
d (1 + /3 — {/esc(c+ dac)) Va+ acsc(c+ dz)

3 2 3
3v/3v/2 — v/3a? cot(c + dx) (1 — f/m> J 1+ ese(c + dx)+cscg(c+§z)E(arcsin (—1—‘/5_ o5C

(1+\/§— {Yese(c+ dw)) 14+v3- }/ csc

1_3\/m a —acsc(e X a + acsclc T
dJ (1+f_vm)2( (c + dz))\/a + acse(c + dz)

3 2 3
2/23%4a? cot(c + dx) (1 — {/ese(c+ dw)) \l L+ /ese(c + dr) oo (e+do) EllipticF (arcsin (—1_\/5_ y_é

(1+\/§— Vese(c+ dz))2 14+v3-3/c

/csc§ (c+ dz)\/a+ acsc(c+dz) dz =

_|_

dJ ( 1- Y/ ese(c + da) >(a — acsc(c+ dz))+/a + acsc(c + dz)

1+v3-3/csc(c + dm))

325. [ csci (¢ + dx) va+ acsc(c+ dr)dz



CHAPTER 3. LISTING OF INTEGRALS 190

output | 6xa*xcot (d*x+c)/d/ (1-csc(d*x+c) ~(1/3)+3~(1/2)) / (a+a*csc(d*x+c)) ~(1/2)+2%3~(
3/4)*a”~2xcot (d*x+c)*(1-csc(d*x+c) ~(1/3))*EllipticF ((1-csc(d*x+c)~(1/3)-3"(
1/2))/(1-csc(d*x+c)~(1/3)+37(1/2)) ,I*3"(1/2)+2*%I)*2~(1/2) * ((1+csc (d*x+c) ~(
1/3)+csc(d*x+c) ~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))~2)~(1/2) /d/ (a—a*csc(d*
x+c))/ (at+axcsc(d*x+c) )~ (1/2)/ ((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c) ~(1/3)+37(
1/2))°2)~(1/2)-3*%3"(1/4) *a~2*cot (d*x+c)* (1-csc(d*x+c) ~(1/3) ) *E1lipticE((1-
csc(d*x+c)~(1/3)-37(1/2))/(1-csc(d*x+c)~(1/3)+37(1/2)) ,I*37(1/2)+2*I)*(1/2
*6~(1/2)-1/2%2"(1/2) ) * ((1+csc(d*x+c) ~(1/3) +csc(d*x+c) ~(2/3) )/ (1-csc(d*x+c)
~(1/3)+37(1/2))"2)~(1/2)/d/ (a-axcsc(d*x+c) )/ (ata*csc(d*x+c)) ~(1/2)/((1-csc
(d*x+c)~(1/3))/(1-csc(d*x+c) ~(1/3)+37(1/2))"2)~(1/2)

3.25.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 15.58 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.23

/ csct (c+ dx)\/a+ acsc(c + dz) dx

2v/a(1 + csc(c + dx)) (—3 + 23/csc(c + dz) Hypergeometric2F1 (1,4, 3,1 — csc(c + dw))) (cos (2(c+«
a d</csc(c + dz) (cos (3(c + dz)) + sin (3(c + dz)))

-

inputtlntegrate[Csc[c + d*xx]~(2/3)*Sqrt[a + a*Csclc + d*x]],x]

| —

output‘(2*Sqrt[a*(1 + Csclc + d*x])]*(-3 + 2xCsc[c + d*x]~(1/3)*Hypergeometric2F1
[1/2, 4/3, 3/2, 1 - Csclc + d*x]1)*(Cos[(c + d*x)/2] - Sin[(c + d*x)/21))/ |
L(d*Csc[c + d*x]~(1/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])) J

3.25.3 Rubi [A] (warning: unable to verify)

Time = 0.48 (sec) , antiderivative size = 474, normalized size of antiderivative = 1.01,
number of steps used = 7, number of rules used = 6, Bumber of rules _ 4 944 Ryles used

' integrand size
= {3042, 4293, 73, 832, 759, 2416}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cscg (c+ dz)\/acsc(c+ dx) + adz

3.25.  [csci(c+ dz)\/a+ acsc(c+ dr)dz
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3a? cot(c + dx) <(1

l 3042

/csc(c + dz)*3\/a csc(c + dz) + adx

l 4293

a? cot d csc(c + dz)

d 1
(c+do) ] {/csc(c + dx)/a—acsc(ctdz)

dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 73

3a% cot(c +dz) [ Jimd\/csc c+dx)

dv/a — acsc(c+dz)\/acsc(c+dz) +a

l 832

csc(c+ dx)—v3+1
VB) J sk dVesclet ) — | LA 4o )

d\/a — acsc(c + dz)\/acsc(c+dz) +a
| 759

(1—«/3) \/2-1-\/5(1—

3 CSC(C"‘d.’L')) csc%(c+dz)+ 3\/ CSscCl

(- /csc(c + d:

3a? cot(c + dx) v (\:js i;:ciidz;[ﬂd\/ csc(c+ dx) —
i3 1- 3/ csc(
<7 {/csc(c+

dv/a —acsc(c+dz)\/acsc(c+dz) +a
| 2416
2 8 frl A
2(1-v3) \/2+\/§<1— {/csc(c+ dx)) esc8 (cran)+ 3/ csc(c + dz) 1 ! EllipticF (arcSm< . csc(c + dx)-
<_ Yese(e+ dw)+f+1> 3/csc(c + dx)+
3a% cot(c+dz) | —

-{/esc(c+ d:v)+\/§+1)

5 v/ a—a csc(c+dx)

input LInt [Csclc + d*x]~(2/3)*Sqrt[a + a*Csclc + d*x]],x]

~—

3.25.  [csci(c+ dz)\/a+ acsc(c+ dr)dz



output

rule 73

rule 759

rule 832
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(3*a~2*Cot [c + d*x]*((2*Sqrt[a - a*Csclc + d*x]])/(a*x(1 + Sqrt[3] - Csclc
+ d*x]~(1/3))) - (37(1/4)*Sqrt[2 - Sqrt[3]1*(1 - Csclc + d*x]~(1/3))*Sqrt[
(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~
(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3]
- Csclc + d*x]1~(1/3))], -7 - 4*Sqrt[3]1])/(Sqrt[(1 - Csclc + d*x]~(1/3))/(
1 + Sqrt[3] - Csclc + d*x]~(1/3))~"2]*Sqrt[a - a*Csc[c + d*x]]) - (2x(1 - S
qrt [3])*Sqrt[2 + Sqrt[3]]1*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 + Csclc + d*x]~
(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))~2]*Elliptic
F[ArcSin[(1 - Sqrt[3] - Csclc + d*x]17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1
/3))1, -7 - 4xSqrt[311)/(37(1/4)*Sqrt[(1 - Csclc + d*x]~(1/3))/(1 + Sqrt[3
1 - Csclc + d*x]1~(1/3))"2]*Sqrt[a - a*Csc[c + d*x]])))/(d*Sqrt[a - a*Csclc
+ d*x]]1*Sqrt[a + a*Csc[c + d*x]])

3.25.3.1 Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r™2%xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + bxx~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]]1 /; FreeQl[{a, b}, x] &
& PosQ[al

/Int[(x_)/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, Simp[(-(1 - Sqrt[3]1))*(s/r) Int[1/Sqrtla + Db*x
~3], x1, x] + Simp[1/r Int[((1 - Sqrt[3])#*s + r*x)/Sqrtla + b*x~3], x], x

11 /; FreeQ[{a, b}, x] && PosQ[al

3.25.  [csci(c+ dz)\/a+ acsc(c+ dr)dz




rule 2416

rule 3042

rule 4293

input

output

input

output
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Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt[3]1)*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])=*(d/c)
11}, Simp[2+d*s~3*(Sqrt[a + b*x"3]/(a*xr"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[3~(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s”2 - r*s*x + r~2*x~2)/(
(1 + Sqrt[3])*s + r*x)~2]/(r~2*Sqrt[a + b*x~3]*Sqrt[s*((s + r*x)/((1 + Sqart
[31)*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt[3])
*s + r*x)], -7 - 4xSqrt[3]], x]1] /; FreeQl[{a, b, c, d}, x] && PosQ[al && Eq
Q[bxc™3 - 2x(5 - 3%Sqrt([3])*axd~3, 0]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; Function0fTrigOfLinear
Qlu, x]

Int[(cscl[(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£_.)*(x_)I*(b_.)

+ (a_)], x_Symbol] :> Simp[a~2*d*(Cot[e + fx*x]/(f*Sqrtl[a + b*Cscl[e + f*x]]
x*Sqrt[a - b*Cscle + £*x]])) Subst [Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + fxx]], x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b~2, 0]

3.25.4 Maple [F]

/csc (dx + c)% Va+ acsc(de + c)dx

-

Lint(csc(d*x+c)‘(2/3)*(a+a*csc(d*x+c))‘(1/2),X)

~—

Lint(csc(d*x+c)‘(2/3)*(a+a*csc(d*x+c))‘(1/2),X)

~—

3.25.5 Fricas [F]

/cscg(c+dx)\/a+acsc(c+dx)dx:/\/acsc(dx+c)+acsc(dx+c)§ dz

Lintegrate(csc(d*x+c)“(2/3)*(a+a*csc(d*x+c))“(1/2),x, algorithm="fricas")

e

tintegral(sqrt(a*csc(d*x + ¢c) + a)*csc(d*x + ¢c)~(2/3), x)

~—

325. [ csci (¢ + dx) va+ acsc(c+ dr)dz
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3.25.6 Sympy [F]

/cscg(c—i-dm)\/a—l— acsc(c+ dx)dz = / Va(csc(c+dz) +1) cscl (c+dz)dx

input Lintegrate (csc(d*x+c)**(2/3) * (ata*xcsc(dxx+c) ) *x(1/2) ,x)

output LIntegral(sqrt(a*(csc(c + dxx) + 1))*csc(c + d*x)**x(2/3), x)

3.25.7 Maxima [F]

/cscg(c+d:c)\/a+acsc(c—i—dac)dac:/\/acsc(dac—i-c)—|—acsc(dalc-|—c)§ dz

p
input tintegrate (csc(d*x+c)~(2/3) *(ata*csc(d*x+c))~(1/2),x, algorithm="maxima")

e—

-

output Lintegrate(sqrt(a*csc(d*x + ¢) + a)xcsc(d*x + ¢)~(2/3), x)

-/

3.25.8 Giac [F]

/cscg(c+daﬁ)\/a+acsc(c+dac)dac=/\/acsc(dav+c)+acsc(dac+c)§ dz

input Lintegrate (csc(d*x+c)~(2/3)*(ataxcsc(d*x+c))~(1/2) ,x, algorithm="giac")

output Lintegrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(2/3), x)

325. [ csci (¢ + dx) va+ acsc(c+ dr)dz
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3.25.9 Mupad [F(-1)]

Timed out.

2 _ 1 2/3

input Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(2/3),x)

output Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(2/3), x)

325. [ csci (¢ + dx) va+ acsc(c+ dr)dz
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3.96 f v/ a+acsc(c+dz) du

3/csc(c + d)

3.26.1 Optimalresult . . .. .. .. .. ... ... .. . e 196
3.26.2 Mathematica [C] (verified) . . . . . . . . ... L Lo 197
3.26.3 Rubi [A] (warning: unable to verify) . .. . ... ... ... ... .. ... 197
3264 Maple [F] . . o o oo 200
3.26.5 Fricas [F] . . . . . . . o o 20Tl
3.26.6 Sympy [F] . . . . . . 2011
3.26.7 Maxima [F] . . . . . . . .
3.26.8 Giac [F] . . . . . . 202
3.26.9 Mupad [F(-1)] . . . . oo 202

3.26.1 Optimal result

Integrand size = 25, antiderivative size = 508

va+ acsc(c+ dz) y

vese(e + dx)

3a cot(c + dx)

3a cos(c + dz) csci (¢ + dz)

_d (1 +43— {’/csc(c—l—dx)) va+ acse(c

+

3v/3v/2 — v/3a? cot(c + dx) (1 — /ese(c+ dx)) \l

+ dz) ~ dy/a+acsc(c+ dx)
1+3/csc(c + dx)+esch (c+d) > (arcsin (1—\/??— {/esc
2
(1+\/§— {esc(e + dx)) 1+v3- 3/ csc

-{/csc(c + dx)

2d | —
J <1+f— {/ese(c+ da:))

v/23%/*a? cot(c + dz) (1 — /ese(c+ d:v))

2(a_

acsc(c+ dz))\/a + acsc(c + dz)

3

3 2
1+3/csc(c + dx)+ose (cHde) ElisticF (arcsin <1—x/§— cs
csc(c+ dx))

143~ ?{/c_s

(1+\/§— R
d 1-3/csc(c + dx)
(1+\/§— {/esc(c+ dx))

2(0,—

acsc(c+dz))y/a+ acsc(c+ dz)

3.96. f _+/atacsc(ctdz) dx

{/cesc(c+ dx)



output

input LIntegrate[Sqrt [a + a*Csc[c + d*x]]/Csclc + d*x]~(1/3),x]

CHAPTER 3. LISTING OF INTEGRALS 197

-3*a*cos (d*x+c) *csc(d*x+c) ~(2/3) /d/ (ata*csc(d*x+c) )~ (1/2) -3*axcot (d*x+c)/d
/(1-csc(d*x+c)~(1/3)+37(1/2) )/ (ata*xcsc(d*x+c)) ~(1/2)-37(3/4) *a"2*cot (d*x+c
)*(1-csc(d*x+c)~(1/3))*EllipticF((1-csc(d*x+c) ~(1/3)-37(1/2))/(1-csc(d*x+c
)"(1/3)+37(1/2)) ,I*37(1/2)+2xI)*2~(1/2) *((1+csc(d*x+c) ~(1/3) +csc(d*x+c) ~ (2
/3))/(1-csc(d*x+c) ~(1/3)+37(1/2))"2)~(1/2)/d/ (a-a*xcsc(d*x+c) )/ (ata*csc (d*x
+¢))~(1/2)/((1-csc(d*x+c)~(1/3)) /(1-csc(d*x+c)~(1/3)+37(1/2))~2)~(1/2)+3/2
*37(1/4)*a~2*cot (d*x+c)* (1-csc(d*x+c) ~(1/3) ) *EllipticE((1-csc(d*x+c) ~(1/3)
-37(1/2))/(1-csc(d*x+c) ~(1/3)+37(1/2)) ,I*37(1/2)+2*I) *(1/2%6~(1/2)-1/2%2"(
1/2))*((1+csc(d*x+c) ~(1/3)+csc(d*x+c) ~(2/3) )/ (1-csc(d*x+c) ~(1/3)+37(1/2))"
2)~(1/2)/d/ (a~a*csc(d*x+c))/(ata*xcsc(d*x+c)) ~(1/2) / ((1-csc(d*x+c) ~(1/3))/(
1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)

3.26.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 15.30 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.09

va+ acsc(c+ dx) do— _ 2a cot(c + dz) Hypergeometric2F1 (3, 3, 3,1 — csc(c + dz))
v/ csce(c + dzx) dv/a(1 + csc(c + dz))

-

output‘(—2*a*Cot[c + d*x]*Hypergeometric2F1[1/2, 4/3, 3/2, 1 - Csclc + d*x]11)/(dx*

'Sqrtla*(1 + Csclc + d*x1)1)

3.26.3 Rubi [A] (warning: unable to verify)

Time = 0.48 (sec) , antiderivative size = 508, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7 number of rules _ 0.280, Rules used

' integrand size
= {3042, 4293, 61, 73, 832, 759, 2416}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vacsc(c+dz) +a i
y/csc(c + dx)

l 3042

3.96. J‘;Mﬂiﬂfﬁifiﬂfl.dx

{/cesc(c+ dx)
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Vacsc(c+dz) +a
v/ cse(c+ dx)

l 4293

dx

2 cot d 1 d d
a0 (C+ x)fcsc%(c+dz)\/a—acsc(c+dw) CSC(C+ .’E)

dv/a — acsc(c + dz)\/acsc(c+ dz) +a

| 61
2 cot(c+d (—1 L d +d aacsc(C+d$>>
a’cot(e+da) | =3 Y/ esc(e + dz)/a—acsc(c+dx) escl(e+da) - Vese(e + dz)

dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 73

dl‘ a—a csc(c+dz)
a2 cot(c + d < cs(c +dz) , csc(c + dzx) )
(c+dz) ¢Z€&@EE’VF4444;7 3/csc(c + da)

dv/a —acsc(c+dz)\/acsc(c+dz) +a
| 832

a? cot(c + dzx) <—g ((1 —V3) [ \/ﬁmd?/csc(c-i- dr) — [ = v (\:;:(i:s_ccﬁdzgfﬂd v/csc(c + dzx) > \/

dv/a — acsc(c+dz)\/acsc(c+dz) +a
| 759

2(1-v3) \/2+\/§(1— {/csc(c + d:c))

a?cot(c+dz) | -3 | — Vese(c + d) 3+l ) csc(c+dz) —

2 3
csc3 (c+dx)+ Y,

<— {/cesc(c

Va—a csc(c+d:c)

. Y,

dv/a — acsc(c+ dz)\/acsc(c + da

l 2416

w

2
2(1_\/5> \/mo_ m) cscB (c+any+ 3/ €sc(c + dz)+1 ! BllipticF (amsm< {/csc(c+

<- Y/ ese(c+ d:c)+f+1)

csc(e+ ¢

a?cot(c+dz) | -3 | -

-3/esc(c+ da:)+¢§+1>

3

3.96. f _+/atacsc(ctdz) dx

{/cesc(c+ dx)
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input‘Int[Sqrt[a + axCsclc + d*x]]/Csclc + d*x]~(1/3),x]

output | (a~2xCot [c + d*x]*((-3*Sqrt[a - axCsc[c + d*x]])/(axCsclc + d*x]~(1/3)) -

(3% ((2*%Sqrt[a - a*Csclc + d*x]])/(a*x(1 + Sqrt[3] - Csclc + d*x]~(1/3))) -

(37 (1/4)*Sqrt[2 - Sqrt[3]1*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 + Csclc + d*x]
~(1/3) + Csclc + d*x]17(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))~2]*Ellipti
cE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(
1/3))1, -7 - 4*Sqrt[3]1]1)/(Sqrt[(1 - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csc
[c + d*x]~(1/3))"2]*Sqrt[a - a*Csclc + d*x]]) - (2*(1 - Sqrt([3])*Sqrt[2 +

Sqrt[3]11*(1 - Csclc + d*x]1~(1/3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d
*x]17(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqr
t[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]1~(1/3))], -7 - 4%Sqr
t[311)/(37(1/4)*Sqrt[(1 - Csclc + d*x]1~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~
(1/3))"2]*Sqrt[a - a*Csclc + d*x]]1)))/2))/(d*Sqrt[a - a*Csc[c + d*x]]*Sqrt
[a + a*Cscl[c + d*x]])

3.26.3.1 Defintions of rubi rules used

rule 61 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[d*((
m+ n+ 2)/((b*xc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],

x] /; FreeQ[{a, b, ¢, d, n}, x] && LtQ[m, -1] && !(LtQ[n, -1] && (EqQ[a, O
1 Il (NeQLc, 0] && LtQ[m - n, O] && IntegerQ[n]))) && IntLinearQ[a, b, c, d

, m, n, xJ

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 759 | Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 311,
s = Denom[Rt[b/a, 3]1}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - rxs
*x + r72%x72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[a]

3.96. J‘;Mﬂiﬂfﬁifiﬂfl.dx

{/cesc(c+ dx)



rule 832

rule 2416

rule 3042

rule 4293
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Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol]l :> With[{r = Numer[Rt[b/a, 3]
], s = Denom[Rt[b/a, 311}, Simp[(-(1 - Sqrt[3]1))*(s/r) Int[1/Sqrtl[a + b#*x
=31, x], x] + Simp[1/r Int[((1 - Sqrt[3])#*s + r*x)/Sqrtla + b*x~3], x], x
11 /; FreeQ[{a, b}, x] && PosQ[al

Int[((c_) + (@_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt[3])*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])=*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(a*r~2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[3~(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s~2 - r*s*x + r~2*x~2)/(
(1 + Sqrt[3])*s + r*x)~2]/(xr"2xSqrt[a + b*x~3]*Sqrt[s*x((s + r*x)/((1 + Sqrt
[31)*s + r+*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt[3])
*s + r*x)], -7 - 4xSqrt[3]1]1, x]1]1 /; FreeQl[{a, b, c, d}, x] && PosQ[al &% Eq
Q[bxc™3 - 2x(5 - 3*Sqrt([3])*axd~3, 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_)=*Sqrtlcscl(e_.) + (£_.)*(x_)]*(b_.)

+ (a_)], x_Symbol] :> Simp[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + b*Cscle + f*x]]
*Sqrt[a - b*Cscle + f*x]])) Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + f*x1]1, x] /; FreeQl[{a, b, 4, e, f, n}, x] && EqQ[a"2 - b~2, 0]

3.26.4 Maple [F]

Va+acsc(dz + c)
csc(da:—l—c)%

dz

input Lint ((at+ax*csc(d*x+c))~(1/2) /csc(d*x+c)~(1/3) ,x)

output Lint ((ataxcsc(d*x+c))~(1/2) /csc(d*x+c)~(1/3),x)

3.96. f _Vatacsc(etdr) ..

{/cesc(c+ dx)
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3.26.5 Fricas [F]

Va+ acsc(c+ dz) o — Vacsc(dz +c)+a

- - dx
csc(c + dx) csc (dz + )3

inputLintegrate((a+a*csc(d*x+c))“(1/2)/csc(d*x+c)”(1/3),X, algorithm="fricas")

outputLintegral(sqrt(a*csc(d*x + ¢) + a)/csc(d*x + ¢)~(1/3), x)

3.26.6 Sympy [F]

/\/a-l—acsc(c—i—d:c /\/a (csc(c+dz) +1) e

V/esc(c + dzx) Y/csc (¢ + dx)

input Lintegrate ((a+a*xcsc(d*x+c))**(1/2) /csc(d*x+c) **(1/3) ,x)

output LIntegral(sqrt(a*(csc(c + d*x) + 1))/csc(c + d*x)*x(1/3), x)

-/

3.26.7 Maxima [F]

va+ acsc(c+ dz) do — Vacsc(dz +c)+a

{/csc(c + dz) N csc (dz + c)%

p
inputLintegrate((a+a*csc(d*x+c))“(1/2)/csc(d*x+c)*(1/3),x, algorithm="maxima")

-/

output Lintegrate(sqrt(a*csc(d*x + ¢c) + a)/csc(d*x + ¢)~(1/3), x)

3.96. f _+/atacsc(ctdz) dx

{/cesc(c+ dx)
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3.26.8 Giac [F|

Va+ acsc(c+ dz) o — Vacsc(dz +c)+a

- dx
v/ csc(c + dz) csc (dz + )3

input Lintegrate ((ata*csc(d*x+c))~(1/2) /csc(d*x+c)~(1/3) ,x, algorithm="giac")

output Lintegrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(1/3), x)

3.26.9 Mupad [F(-1)]

\/a + acsc(c+ dx / V@ sm(c+dz

Y/esc(c + dx) 1/ 8

Timed out.

s1n(c+d x)

input Lint((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(1/3),x)

output Lint((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(1/3), x)

3.96. f _+/atacsc(ctdz) dz

{/cesc(c+ dx)
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3 97 f \/a+a csc(ct+dz) du

CSC%(C-I-CZLE)
3.27.1 Optimal result . . . . . . . . . . .. .. 203}
3.27.2 Mathematica [C] (verified) . . . . . . . . ... . L 204
3.27.3 Rubi [A] (warning: unable to verify) . .. ... ... ... ... ... 204
3.274 Maple [F] . . . . . .
3.27.5 Fricas [F] . . . . . . o o 208
3.27.6 Sympy [F] . . . . . 208
3.27.7 Maxima [F] . . . . . . . 209
3.27.8 Giac [F] . . . . . 200
3.27.9 Mupad [F(-1)] . . . . o

3.27.1 Optimal result

Integrand size = 25, antiderivative size = 552

va+ acsc(c+ dx) e = — 15a cot(c + dx)
cscs (c + da) 8d <1 + /3 — {/esc(c + d:v)) va+ acsc(c+ dz)
3a cos(c + dz) 15a cos(c + dx) cscs (¢ + dz)
- 4d3/csc(c + dz)+/a + acsc(c + dr) - 8d+/a + acsc(c + dx)

3/ 2 3 C
15v/3v/2 — /3a® cot(c + dx) <1 — v/ese(e + dz)) J 1+ Vese(e + dr) voscs O E <arcsin <M

(1+\/?7— Y ese(c+ dx)>2

_|_

1-3/csc(c + dx)
16d s(a —acsc(ec+ dz a+acsc(c+ dz
J (1+\/§— {/ese(c+ dm)) ( ( 2 ( )

3/ 2 3
5 3%/%a? cot(c + dx) (1 — vese(e+ da:)) J 1+ Y/ esc(c + do)vesed (etdo) EllipticF (arcsin (—1_\/5_ VAS

<1+\/§— {ese(e + dx))2 1+v3- 3/ csc

4+/2d 1-y/ esc(c + dz) s(a —acsc(c+ dz))v/a+ acsc(c+ dzx
J <1+\/5— {/ese(c+ da:)) ( ( 2% ( )

3.27. [ Metacsclerds) g,

csc% (c+dz)



output

input

output
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-3/4*axcos (d*x+c)/d/csc(d*x+c) ~(1/3)/(a+a*csc(d*x+c)) ~(1/2)-15/8*a*cos (d*x
+c)*csc(d*x+c) " (2/3) /d/ (a+a*csc(d*x+c)) ~(1/2)-15/8*a*cot (d*x+c) /d/(1-csc(d
*x+c)~(1/3)+37(1/2) )/ (ata*csc(d*x+c)) ~(1/2)-5/8*3" (3/4) *a~2*cot (d*x+c) *(1-
csc(d*x+c) ~(1/3))*EllipticF((1-csc(d*x+c)~(1/3)-3"(1/2))/(1-csc(d*x+c)~(1/
3)+37(1/2)) ,I*3~(1/2)+2xI)*2~ (1/2) * ((1+csc(d*x+c) ~(1/3) +csc(d*x+c) ~(2/3))/
(1-csc(d*x+c)~(1/3)+37(1/2))~2)~(1/2) /d/ (a-a*csc(d*x+c) )/ (ata*csc(d*x+c) )~
(1/2)/((1-csc(d*x+c)~(1/3))/ (1-csc(d*x+c) ~(1/3)+3~(1/2))"2) ~(1/2)+15/16*3~
(1/4)*a”2*cot (d*x+c) * (1-csc(d*x+c) ~(1/3) ) *E11lipticE((1-csc(d*x+c)~(1/3)-3"
(1/2))/(1-csc(d*x+c)~(1/3)+37(1/2)) , I3~ (1/2)+2*xI) *(1/2*6~(1/2)-1/2*2"(1/2
))*((1+csc(d*xx+c) ~(1/3)+csc(d*x+c) ~(2/3) )/ (1-csc(d*x+c) ~(1/3)+37(1/2))"2)"
(1/2)/d/ (a—axcsc(d*x+c) )/ (a+a*csc(d*x+c))~(1/2) / ((1-csc(d*x+c)~(1/3))/(1-c
sc(d*x+c)~(1/3)+37(1/2))"2)"(1/2)

3.27.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 15.88 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.13

va+ acsc(c + dz) s
csci (¢ + dx)
acos(c + dz) (3 + 5¢sc3 (¢ + dz) Hypergeometric2F1 (3,%,3,1—csc(c+ dm)))
) )

4d3/csc(c + dz)+/a(1 + csc(c + dz)

-

LIntegrate[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(4/3),x]

~—

‘—1/4*(a*Cos[c + d*x]*(3 + 5*Csc[c + d*x]~(4/3)*Hypergeometric2F1[1/2, 4/3,
‘ 3/2, 1 - Csclc + d*x]]))/(d*Csclc + d*x]~(1/3)*Sqrt[a*x(1 + Csclc + d*x])]
)

—

3.27.3 Rubi [A] (warning: unable to verify)

Time = 0.50 (sec) , antiderivative size = 545, normalized size of antiderivative = 0.99,
number of steps used = 9, number of rules used = §, Lumber of rules _ 0.320, Rules used

' integrand size
= {3042, 4293, 61, 61, 73, 832, 759, 2416}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3.97. f a+acsc(ct+dz) dx

Z
csc3 (e+dz)



CHAPTER 3. LISTING OF INTEGRALS 205

Vacsc(c+dz) +a
cscs (c+ dx)

| 3042
/ Vacsc(c+dz) +a

csc(c + dz)4/3

dx

dz

l 4293

2 1
a4 COt(C + d.’I?) f csc% (c+dzx)+/a—a csc(c+dx)
dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 61

2 oot d 5 1 d d _ 3yv/a—acsc(ctdr)
@ cotfe + do) <8f sl (crio)Voametera o )~ e (e

dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 61

2 cot + d <5< descle +d \/a a csc(ctdz) ) . 3\/a—acsc(c+dw)>
@ eotle +d2) (3 =2 | {Vesoto v dn) vamamamian )~ Vescle + dr))  tacaederar
dv/a —acsc(c+dz \/acsc(c-l-d:v)-l-a

| 73
2 5 \/ CSC c+ d.’l: 3/ \/a acsc(ctdzr) \  3+/a—acsc(ct+dz)
a COt(c + d.'L‘) <8 ( v/a—a csc(c+dz) d CSC(C + dw CSC(C + d:];)) 4acsc% (c+dz) )

dv/a — acsc( c—i—d:v)\/acsc(c—i-dw) +a
| 832

dcsc(c+ dx)

a? cot(c + dz) <g <—g <( V3) [ Wd\/csc(c +dz) — [ — ¥ C;:Eijs‘ciﬂi)d;;/gﬂd v/cse(e + dx)) )

dv/a — acsc(c +dz)\/acsc(c+dz) +a
| 759

2 ‘
2(1-v3) \/2+x/§(1— {/csc(c+ da:)) coc? i{;ﬁ
esc(c + d) -{/cs
a?cot(c+dz) | 2| -3 -/ = fj’: Z:;Ciidw)fﬂd\/csc (c+dz) — (

V3 |+
I
d\/a — acsc(c + dz)+/

3.97 f a+acsc(ct+dz) dx
o csc% (c+dz)
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l 2416

2
2(1-v3)V2+V3 (1— {/cse(c+ d:v)) csc (erdn)+ A/ ese(C + dB) 1 (arcsin(

<— {/csc(e + d:r:)+\/§+1>2

a’cot(c+dz) | 3| -3 -

3/
% 1= CSC(C + d.%') 5 v/ a—a csc(c+dr)

(- {/csc(c+ d:r)+\/§+1>

input LInt [Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(4/3),x]

output

rule 61

(a~2*Cot[c + d*x]*((-3*Sqrt[a - ax*Csclc + d*x]])/(4*axCsclc + d*x]~(4/3))
+ (5%((-3x3qrt[a - a*Csclc + d*x]])/(a*Csc[c + d*x]~(1/3)) - (3*((2*Sqgrt[a
- axCsclc + d*x]]1)/(a*(1 + Sqrt[3] - Csclc + d*x]~(1/3))) - (37(1/4)*Sqrt
[2 - Sqrt[3]1*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 + Cscl[c + d*x]~(1/3) + Cscl
c + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*EllipticE[ArcSin[(1
- 8qrt[3] - Csclc + d*x]1~(1/3))/(1 + Sqrt[3] - Csclc + d*x]1~(1/3))]1, -7 -
4xSqrt[3]1]1)/(Sqrt[(1 - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/
3))"2]*Sqrt[a - a*Csclc + d*x]]) - (2%x(1 - Sqrt[3])*Sqrt[2 + Sqrt[3]1]*(1 -
Csclc + d*x]1~(1/3))*Sqrt[(1 + Csclc + d*x]1~(1/3) + Csclc + d*x]~(2/3))/(1
+ Sqrt[3] - Csclc + d*x]~(1/3))"2]1*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc
+ d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4*Sqrt[3]1)/(3"(1/
4)*3qrt[(1 - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))~2]*Sqr
tla - a*Csclc + d*x]]1)))/2))/8))/(d*Sqrt[a - a*Csc[c + d*x]]*Sqrt[a + axCs
clc + dxx11)

3.27.3.1 Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && LtQ[m, -1] && !(LtQ[n, -1] && (EqQ[a, O
1 Il (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && IntLinearQ[a, b, c, d
, m, n, xJ

3.97. f a+acsc(ct+dz) dx

Z
csc3 (e+dz)
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rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x]] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 759 | Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 311,
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrtl[(s~2 - r*s
*x + r72%x72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*xx)/((1 + Sqrt[3])*s + r+*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*xx)/((1 + Sqrt[3]1)*s + r*x)], -7 - 4xSqrt[3]1]1, x]] /; FreeQ[{a, b}, x] &
& PosQ[a]

rule 832 | Int [(x_)/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
], s = Denom[Rt[b/a, 311}, Simp[(-(1 - Sqrt[3]1))*(s/r) Int[1/Sqrtl[a + b#*x
=31, x], x] + Simp[1/r Int[((1 - Sqrt[3])#*s + r*x)/Sqrtla + b*x~3], x], x
1] /; FreeQ[{a, b}, x] && PosQ[al

rule 2416 | Int[((c_) + (d_.)*(x_))/Sqrtl[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt[3])*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])=*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(a*r~2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[3~(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2*x~2)/(
(1 + Sqrt[3])*s + r*x)~2]/(r~2xSqrt[a + b*x~3]*Sqrt[s*((s + r*x)/((1 + Sqrt
[31)*s + r+*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt[3])
*s + r*x)], -7 - 4xSqrt[3]1]1, x]] /; FreeQl[{a, b, c, d}, x] && PosQ[al &% Eq
Q[bxc™3 - 2x(5 - 3%Sqrt([3])*axd~3, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4293 | Int[(cscl[(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x_)1*(b_.)

+ (a_)], x_Symbol] :> Simp[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + b*Cscl[e + f*x]]
*Sqrt[a - b*Cscle + f*x]])) Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + f*x1]1, x] /; FreeQl[{a, b, 4, e, f, n}, x] && EqQ[a"2 - b~2, 0]

3.97. f a-+a csc(c+dzx) dx

Z
csc3 (e+dz)
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3.27.4 Maple [F]

va+acsc (dm+c)dz
csc(dx+c)§

inputLint((a+a*csc(d*x+c))‘(1/2)/csc(d*x+c)‘(4/3),X)

output Lint ((atax*csc(d*x+c))~(1/2) /csc(d*x+c) ~(4/3) ,x)

3.27.5 Fricas [F]

Va+ acsc(c+ dz) dp — Vacsc(dz+c)+a

< : dx
csc3(c +dz) csc (dz +¢)3

inputLintegrate((a+a*csc(d*x+c))‘(1/2)/csc(d*x+c)‘(4/3),X, algorithm="fricas")

outputLintegral(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(4/3), x)

3.27.6 Sympy [F]

\/a—i-acsc(c—i-dx Vva( csc(c+dx +1)

S dx
cscs (¢ + dx) esc? (¢ + di)

inputLintegrate((a+a*csc(d*x+c))**(1/2)/csc(d*x+c)**(4/3),X)

outputLIntegral(sqrt(a*(csc(c + d*x) + 1))/csc(c + d*x)**(4/3), x)

3.97 f a+a csc(c+dz) dz
o csc% (c+dz)
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3.27.7 Maxima [F]

Va+ acsc(c+ dz) o — Vacsc(dz +c)+a

4 1 dx
csc3(c +dz) csc (dz + ¢)3

input Lintegrate ((ata*csc(d*x+c))~(1/2) /csc(d*x+c) ~(4/3) ,x, algorithm="maxima")

output Lintegrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(4/3), x)

3.27.8 Giac [F|

/\/a+acsc(c+dx) dxz/\/acsc(dac-l—c)—l—adx

csc’ (c + da) csc (dx + c)%

input Lintegrate ((ata*csc(d*x+c))~(1/2) /csc(d*x+c) ~(4/3) ,x, algorithm="giac")

output Lintegrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(4/3), x)

3.27.9 Mupad [F(-1)]

Timed out.

d a+ sin(c?l-dz)
va+ acsc(c+ dz) dz:/ .

csci (¢ + dz) 1 >4/3
sin(c+d z)

input Lint((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(4/3),x)

output Lint((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(4/3), x)

3.97. f a+a csc(c+dz) dz

csc% (c+dz)
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3.28 [ esc™(c + dx)+/a + acsc(c+ dz) dz

3.28.1 Optimal result . . . . . . . . . . . . . . e 210
3.28.2 Mathematica [A] (verified) . . . . . . . ... .. .. Lo 210
3.28.3 Rubi [A] (verified) . . . . . ... . ... 2171
3.28.4 Maple [F] . . . . . . .
3.28.5 Fricas [F] . . . . . . o 212
3.28.6 Sympy [F] . . . . . . 212
3.28.7 Maxima [F] . . . . . . . 213
3.28.8 Giac [F] . . . . . . 2131
3.28.9 Mupad [F(-1)] . . . . . oo 213

3.28.1

Optimal result

Integrand size = 23, antiderivative size = 48

/csc”(c + dx)\/a + acsc(c + dz) dx

2a cot(c + dz) Hypergeometric2F1 (3,1 —n, 3,1 — csc(c + dz))

)9

dv/a + acsc(c+ dz)

output ‘ -2%axcot (d*x+c)*hypergeom([1/2, 1-n], [3/2],1-csc(d*x+c))/d/ (ataxcsc(d*x+c)

)7(1/2)

3.28.2

Time = 1.18 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00

Mathematica [A] (verified)

/csc"(c + dz)\/a + acsc(c + dx) dr

2a cot(c + dz) Hypergeometric2F1 (3,1 — n, 2,1 — csc(c + dz))

dv/a(1 + csc(c + dx))

input LIntegrate [Csclc + d*x] n*Sqrt[a + a*Csclc + d*x]],x]

output‘ (-2xaxCot [c + d*x]*Hypergeometric2F1[1/2, 1
‘axSqrt[a*(1 + Cscle + d*x1)1)

- n, 3/2, 1 - Csclc + d*x]])/(

3.28.

[ esc™(c + dz)\/a + acsc(c + dz) dz



input

output

rule 75

rule 3042
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3.28.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 134 Ryjes used = {3042,
integrand size
4293, 75}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vacsc(c+ dz) + acsc™(c + dz) dx

J,3042

acsc(c+ dx) + acse(c+ dx)"dx
v/ acsc( ) (

l 4293

csc” ! (c+dx)
v/a—acsc(c+dz)
dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 75

2a cot(c + dz) Hypergeometric2F1 (3,1 — n, 2,1 — csc(c + dz))

a? cot(c + dz) [ dcsc(c + dx)

R
dv/acsc(c+dz) +a

LInt [Csc[c + d*x] n*Sqrt[a + a*Csc[c + d*x]],x]

s

(-2*axCot [c + d*x]*Hypergeometric2F1[1/2, 1 - n, 3/2, 1 - Csclc + d*x]])/(
‘d*Sqrt [a + a*Csclc + d*x]]) J

3.28.3.1 Defintions of rubi rules used

Int [((b_.)*(x_))"(@m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((c + d*x
)"(n + 1)/(@*(n + 1)*(-d/(b*c)) "m))*Hypergeometric2Fi[-m, n + 1, n + 2, 1 +
d*(x/c)], x] /; FreeQ[{b, c, d, m, n}, x] && !'IntegerQ[n] && (IntegerQ[m]
Il GtQ[-d/ (b*xc), 01)

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.28.  [cesc®(c+dz)\/a+ acsc(c+ dz)dx
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rule 4293‘Int[(csc[(e_.) + (f_)*(x_)1*(d_.))"(n_)*Sqrtlcsc[(e_.) + (£_.)*(x_)I1*(b_.)
‘ + (a_)], x_Symbol] :> Simp[a~2*d*(Cot[e + f*x]/(f*Sqrtl[a + b*Cscl[e + f*x]]
‘*Sqrt[a - b*Cscl[e + f£*x]])) Subst [Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
- Cscle + £*x]1, x] /; FreeQl{a, b, d, e, £, n}, x] & EqQ[a"2 - b"2, 0]

3.28.4 Maple [F]

/csc (dz + ¢)" \/a + acsc (dz + c)dzx

inputLint(csc(d*x+c)‘n*(a+a*csc(d*x+c))“(1/2),X)

outputLint(csc(d*x+c)‘n*(a+a*csc(d*x+c))‘(1/2),X)

3.28.5 Fricas [F]

/csc"(c+d:c)\/a+acsc(c+dw)dx:/\/acsc(dac—i-c)—i-acsc(dac—i-c)" dx

inputtintegrate(csc(d*x+c)‘n*(a+a*csc(d*x+c))‘(1/2),x, algorithm="fricas")

output Lintegral(sqrt(a*csc(d*x + c) + a)xcsc(d*x + c)”n, x)

3.28.6 Sympy [F]

/csc"(c + dzx)\/a + acsc(c + dz) de = / va(csc (c+ dz) + 1) esc™ (¢ + dz) dx

input Lintegrate (csc(d*x+c) *x*n* (at+a*csc(dxx+c) ) **(1/2) ,x)

outputLIntegral(sqrt(a*(csc(c + d*x) + 1))*csc(c + d*x)**n, x)

3.28.  [cesc®(c+dz)\/a+ acsc(c+ dz)dx
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3.28.7 Maxima [F]

/csc"(c—l—dx)\/a—i-acsc(c-l—dx) dx = / Vacse(dz + ¢) + acsc(dz +c)" dx

inputLintegrate(csc(d*x+c)‘n*(a+a*csc(d*x+c))“(1/2),x, algorithm="maxima")

output Lintegrate(sqrt(a*csc(d*x + ¢) + a)xcsc(d*x + c)”n, x)

3.28.8 Giac [F]

/csc"(c+d:c)\/a+acsc(c+dac)dx:/\/acsc(dac—i-c)—i-acsc(dx—i-c)" dx

inputtintegrate(csc(d*x+c)‘n*(a+a*csc(d*x+c))‘(1/2),x, algorithm="giac")

p
output Lintegrate(Sqrt(a*csc(d*x + c) + a)*csc(d*x + ¢)’n, x)

-/

3.28.9 Mupad [F(-1)]

Timed out.

/csc"(c—i—dx)\/a-l—acsc(c—i-dx)dx:/\/a-l— - ( ! ))ndx

sin(c+dzx) \sin(c+dz

input Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n,x)

output Lint((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n, x)

3.28.  [cesc®(c+dz)\/a+ acsc(c+ dz)dx
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3.29 [ esc™(c + dx)+/a — acsc(c + dz) dx

3.29.1 Optimalresult . . . . . . . . . . . . 214]
3.29.2 Mathematica [A] (verified) . . . . . . . . ... Lo L 214
3.29.3 Rubi [A] (verified) . . . . . ... .. 215
3.29.4 Maple [F] . . . . . . . 216
3.29.5 Fricas [F] . . . . . . o o o e 217
3.20.6 Sympy [F] . . . . . o 217
3.29.7 Maxima [F] . . . . . . 217
3.20.8 Giac [F] . . . . . . 218
3.29.9 Mupad [F(-1)] . . . . oo 218

3.29.1 Optimal result

Integrand size = 24, antiderivative size = 69

/Csc"(c + dz)\/a — acsc(c + dz) dr =

2a cos(c + dz)(— csc(c + dz)) ™™ csc!*™(c + dz) Hypergeometric2F1 (1,1 —n, 2,1 + csc(c + dz))
dv/a — acsc(c + dz)

output‘-2*a*cos(d*x+c)*csc(d*x+c)“(1+n)*hypergeom([1/2, 1-n], [3/2],1+csc(d*x+c))/
‘d/((-csc(d*x+c))“n)/(a-a*csc(d*x+c))“(1/2) ‘

3.29.2 Mathematica [A] (verified)

Time = 2.90 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.06

/csc"(c + dz)\/a — acsc(c + dz) dx =

2a cos(c + dz) csc' ™" (c + dzx) (— csc?(c + dz)) " Hypergeometric2F1 (1,1 — n, 2,1 + csc(c + dz))

dv/a — acsc(c+ dz)

input LIntegrate [Csclc + d*x] n*Sqrt[a - a*Csclc + d*x]],x] J

0utput‘(—2*a*Cos[c + d*x]*Csc[c + d*x]~(1 + 2*n)*Hypergeometric2F1[1/2, 1 - n, 3/
‘2, 1 + Csclc + d*x]]1)/(d*(-Csclc + d*x]~2) n*Sqrt[a - a*Csc[c + d*x]])

3.29.  [esc®(c+dz)\/a—acsc(c+dz)dzx



CHAPTER 3. LISTING OF INTEGRALS 215

3.29.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 167 Ryjleg used = {3042,

integrand size
4293, 77, 75}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ Va — acsc(c + dzx) csc™(c + dx) dz

J,3042

/ va — acsc(c + dzx) csc(c + dx)"dx

l 4293

csc” ! (c+dx)
v/esc(ctdr)ata
dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 77

—n n — csc(ctdz))n 1
a? cos(c + dz)(— csc(c + dz)) " esc" (e + dz) [ %d csc(c + dzx)

dv/a — acsc(c+dz)\/acsc(c+dz) +a

| 75

a? cot(c + dz) [ dcsc(c+ dx)

2a cos(c + dz)(— csc(c + dz)) " esc™ ! (c + dz) Hypergeometric2F1 (1,1 — n, 3, csc(c + dz) + 1)

d\/a — acsc(c + dz)

-

input LInt [Csclc + d*x] n*Sqrtl[a - a*Cscl[c + d*x]],x]

N

p
output‘ (-2xaxCos[c + d*x]*Csc[c + d*x]~(1 + n)*Hypergeometric2F1[1/2, 1 - n, 3/2,

1 + Csclc + d*x]]1)/(d*(-Csclc + d*x]) n*Sqrt[a - a*Csc[c + d*x]])

\

-

3.29.  [esc®(c+dz)\/a—acsc(c+dz)dzx



rule 75

rule 77

rule 3042

rule 4293

input

output
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3.29.3.1 Defintions of rubi rules used

Int[((b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[((c + d*x
)"(n + 1)/(@*(n + 1)*(-d/(b*c)) "m))*Hypergeometric2Fi[-m, n + 1, n + 2, 1 +
d*(x/c)], x] /; FreeQ[{b, c, 4, m, n}, x] && !'IntegerQ[n] && (IntegerQ[m]
Il GtQ[-d/(b*c), 0])

Int [((b_)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((-b)*(c/
d) ) "IntPart [m] * ((b*x) “FracPart[m]/((-d)*(x/c)) “FracPart[m]) Int[((-d)*(x/
c))"mx(c + d*x)"n, x], x] /; FreeQ[{b, c, d, m, n}, x] && !IntegerQ[m] &&
IIntegerQ[n] && !GtQlc, 0] && !GtQ[-d/(b*c), 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

‘Int[(csc[(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£_.)*(x_)1*(b_.)
‘ + (a_)], x_Symbol] :> Simp[a~2%d*(Cot[e + fxx]/(f*Sqrt[a + b*Cscle + f*x]]
‘*Sqrt [a - bxCscle + f*x]]))  Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
- Cscle + £4x11, x] /; FreeQl{a, b, d, e, £, n}, x] & EqQ[a™2 - b2, 0]

3.29.4 Maple [F]

/csc (dz + )" \/a — acsc (dz + c)dz

[int (csc(d*x+c) “n*(a—a*csc(d*x+c))~(1/2) ,%)

-/

Lint (csc(d*x+c) “n*(a—a*csc(d*x+c))~(1/2) ,%)

-/

3.29.  [esc®(c+dz)\/a—acsc(c+dz)dzx
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3.29.5 Fricas [F]

/csc”(c + dz)\/a — acsc(c+ dz) dx = / v/ —acsc(dz + c) + acsc (dz + ¢)" dz

inputLintegrate(csc(d*x+c)‘n*(a—a*csc(d*x+c))“(1/2),x, algorithm="fricas")

output Lintegral(sqrt(—a*csc(d*x + ¢) + a)xcsc(d*x + c)”n, x)

3.29.6 Sympy [F]

/csc"(c + dz)v/a — acsc(c + dz) dx = / v/ —a (csc (c + dz) — 1) esc™ (¢ + dz) dx

inputtintegrate(csc(d*x+c)**n*(a—a*csc(d*x+c))**(1/2),x)

p
output LIntegral(sqrt(—a*(csc(c + d*x) - 1))*csc(c + d*x)**n, x)

-/

3.29.7 Maxima [F]

/csc”(c + dz)\/a — acsc(c + dz) dx = / v/—acsc(dz + c) +acsc(dz + ¢)" dx

inputLintegrate(csc(d*x+c)‘n*(a—a*csc(d*x+c))“(1/2),x, algorithm="maxima")

outputLintegrate(sqrt(-a*csc(d*x + c) + a)*csc(d*x + c)”n, x)

3.29.  [esc®(c+dz)\/a—acsc(c+dz)dzx
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3.29.8 Giac [F|

/csc”(c + dz)\/a — acsc(c+ dz) dx = / v/ —acsc(dz + c) + acsc (dz + ¢)" dz

inputLintegrate(csc(d*x+c)‘n*(a—a*csc(d*x+c))“(1/2),x, algorithm="giac")

output Lintegrate(sqrt(—a*csc(d*x + ¢) + a)xcsc(d*x + c)7n, x)

3.29.9 Mupad [F(-1)]

Timed out.

/csc"(c—l—da:)\/a—acsc(c-l—da:)dx:/\/a— sin(ccfl—da:) (sin(cl—l—dx))ndx

input Lint((a - a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n,x)

output Lint((a - a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n, x)

3.29.  [esc®(c+dz)\/a—acsc(c+dz)dzx
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3.30 [esc(e+ fz)(a+acse(e + fx))"dx

3.30.1 Optimalresult . . . . .. ... ... . 219
3.30.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 219
3.30.3 Rubi [A] (verified) . . . . . . ... .. 220)
3.30.4 Maple [F] . . . . . o o 223
3.30.5 Fricas [F] . . . . . o o oo 223
3.30.6 Sympy [F] . . . . . .
3.30.7 Maxima [F] . . . . . .. 227
3.30.8 Giac [F] . . . o . o 224
3.30.9 Mupad [F(-1)] . . . . o o 224

3.30.1 Optimal result

Integrand size = 21, antiderivative size = 156

csc®(e + fz)(a+ acsc(e + fz))™ dx
_ cot(e + fz)(a+acsc(e + fz))™  cot(e+ fr)(a+acsc(e+ fx))tm

f(2+43m+m?) af(2+m)
22t (1 +m + m2) cot(e + fz)(1 + csc(e + fz))~2™(a + acsc(e + fz))™ Hypergeometric2F1 (3,3 -
B f(l+m)(2+m)

s N

| cot (f*xx+e) *(ata*csc(f*x+e)) "m/f/ (m~2+3*m+2) —cot (f*x+e) * (ata*csc(f*x+e)) (1
‘ +m) /a/f/(2+m) -2~ (1/2+4m) * (m~2+m+1) *cot (f*x+e) * (1+csc (f*x+e) ) ~(-1/2-m) * (a+a*
‘ csc(f*x+e)) “mxhypergeom([1/2, 1/2-m],[3/2],1/2-1/2xcsc(f*x+e))/f/(m~2+3*m+

Lz)

3.30.2 Mathematica [A] (verified)

output

~

Time = 5.54 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.14

/csc3(e + fz)(a+ acsc(e + fz))™dz =

(a(1+ csc(e + fz)))™ ((—2 + m)mcot* (1(e + fz)) Hypergeometric2F1 (—2 — m, —2m, —1 — m, — t

3.30.  [esc*(e+ fzr)(a+acsc(e+ fz))™dz
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input ‘ Integrate[Csc[e + f*x]~3*(a + axCscl[e + f*x]) m,x]

output | -1/4x((a*(1 + Cscle + £*x])) m*x((-2 + m)*m*Cot[(e + f*x)/2] 4xHypergeometr
ic2F1[-2 - m, -2*%m, -1 - m, -Tan[(e + f*x)/2]] + (2 + m)*(m*xHypergeometric
2F1[2 - m, -2*m, 3 - m, -Tan[(e + f*x)/2]] + 2*x(-2 + m)*Cot[(e + f*x)/2]"2
xHypergeometric2F1[-2*m, -m, 1 - m, -Tan[(e + f*x)/2]]))*Tan[(e + fx*x)/2]"
2)/(£x(-2 + m)*m*(2 + m)*(1 + Tan[(e + f*x)/2])~(2*m))

3.30.3 Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.01,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.429, Rules used

= {3042, 4287, 3042, 4489, 3042, 4315, 3042, 4314, 79}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/csc3(e + fz)(acsc(e + fz) +a)" dx
| 3042

/csc(e + fz)*(acsc(e + fz) + a)™dx

| 4287
[ csc(e + fz)(a(m + 1) — acsc(e + fz))(csc(e + fz)a + a)"dx
a(m +2) -
cot(e + fx)(acsc(e + fz) + a)™*!
af(m+2)
| 3042
[ esc(e+ fz)(a(m + 1) — acsc(e + fz))(csc(e + fz)a + a)"dz
a(m+2) -
cot(e + fx)(acsc(e + fz) + a)™ !
af(m+2)
| 4489
a(m2+m+1) [ csc(e+fx)(csc(e+ fz)a+a)™dx n acot(e+fe)(acsc(etfz)+a)™
mtl Fm+1) B
a(m + 2)
cot(e + fz)(acsc(e + fx) +a)™ !
af(m+2)

3.30.  [esc*(e+ fzr)(a+acsc(e+ fz))™dz
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| 3042
a(m?+m+1) [ csc(e+fz)(csc(e+fx)ata)™dz + acot(e+fz)(acsc(e+fr)+a)™
m+1 f(m+1) _
a(m +2)
cot(e + fx)(acsc(e + fz) + a)™*?
af(m+2)
| 4315
a(m2+m+1) (csc(e+fz)+1) "™ (acsc(e+fz)+a)™ [ csc(e+fz)(csc(e+fz)+1)™dz + acot(e+fz)(acsc(et+fx)+a)™
m—+1 f(m—+1)
a(m + 2)
cot(e + fz)(acsc(e + fx) +a)™*!
af(m+2)
| 3042
a(m2+m+1) (csc(e+fz)+1) "™ (acsc(e+fz)+a)™ [ csc(e+fz)(csc(e+fz)+1)™dz + acot(e+fx)(acsc(et+fx)+a)™
m+1 7(m+1) _
a(m + 2)
cot(e + fx)(acsc(e + fx) + a)™*!
af(m+2)
| 4314

1
a(m?+m+1) cot(e—i—fx)(csc(e-i—fx)—i—l)_m_% (acsc(et+fz)+a)™ [ %d csc(e+fx) a cot(e+f)(a csc(etfa)+a)™
F(m+1)\/1—csc(e+fz) T f(m+1)
a(m +2)
cot(e + fz)(acsc(e + fx) +a)™H!
af(m+2)

| 79

acot(e+fz)(acscle+fz)+a)™ a2™+3 (m2+m+1) cot(e+fxz)(csc(e+fx)+1) "™~

1
2 (a csc(e+fz)+a)™ Hypergeometric2F1 (%,%—m, % , % (1—

f(m+1) f(m+1)
a(m + 2)
cot(e + fz)(acsc(e + fx) +a)™ !
af(m+2)
input LInt [Csc[e + f*x]~3*(a + a*Csc[e + f*x]) m,x] J

3.30.  [esc*(e+ fzr)(a+acsc(e+ fz))™dz



output

rule 79

rule 3042

rule 4287

rule 4314

rule 4315
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-((Cot[e + fxx]*(a + axCscle + f*x])~(1 + m))/(a*xf*(2 + m))) + ((a*Cot[e +
fxx]*(a + axCscle + £*x])"m)/(£*(1 + m)) - (27(1/2 + m)*a*(1 + m + m~2)*C
ot[e + fxx]*(1 + Cscle + £*x])~(-1/2 - m)*(a + a*Csc[e + f*x]) m*Hypergeom
etric2F1[1/2, 1/2 - m, 3/2, (1 - Cscl[e + f*x])/2])/(£f*x(1 + m)))/(a*x(2 + m)
)

3.30.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((

a + bxx)"(m + 1)/(bx(m + 1)*(b/(b*xc - axd)) "n))*Hypergeometric2Fi[-n, m + 1
, m+ 2, (-d)*((a + b*x)/(b*c - a*d))], x] /; FreeQ[{a, b, c, d, m, n}, x]

&& !'IntegerQ[m] &% !IntegerQ[n] && GtQ[b/(bxc - a*d), 0] && (RationalQ[m]
|l !'(RationalQ[n] && GtQ[-d/(b*c - axd), 0]))

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (£_.)*(x_)]1"3*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (m_),
x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Cscle + f*x])~(m + 1)/(b*fx(m + 2
))), x] + Simp[1/(b*(m + 2)) Int[Cscle + f*x]*(a + bxCsc[e + f*x]) “m* (b*(
m + 1) - a*Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f, m}, x] && EqQ[a~2 -

b~2, 0] && !'LtQ[m, -27(-1)]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_))"(m_), x_Symbol]l :> Simp[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + b*Csc[e + f*x
J1*Sqrt[a - b*Cscle + f*x]1]))  Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2
)/Sqrtla - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n},
x] && EqQ[a"2 - b~2, 0] && !IntegerQ[m] && GtQ[a, O]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Simp[a~IntPart[m]*((a + b*Csc[e + f*x]) FracPart[m
1/(1 + (b/a)*Cscle + f*x]) FracPart[m]) Int[(1 + (b/a)*Cscle + f*x]) mx(d
*Csc[e + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a~2 - b~
2, 0] & !IntegerQ[m] && !'GtQ[a, O]

3.30.  [esc*(e+ fzr)(a+acsc(e+ fz))™dz
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rule 4489 Int[cscl[(e_.) + (f_.)*(x_)1*(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_))~(m_)*(cs
cl(e_.) + (£_)*(x_)I*(B_.) + (A.)), x_Symbol] :> Simp[(-B)*Cot[e + f*x]*((
a + b*Cscle + f*x])"m/(fx(m + 1))), x] + Simp[(a*B*m + A*bx(m + 1))/(bx(m +
1)) Int[Cscl[e + fxx]*(a + b*Cscl[e + f*x])"m, x], x] /; FreeQ[{a, b, A, B
, e, £, m}, x] && NeQ[A*b - a*B, 0] && EqQ[a"2 - b~2, 0] && NeQ[a*B*m + Axb
*(m + 1), 0] & 'LtQ[m, -2°(-1)]

3.30.4 Maple [F]

/csc(fx+e)3 (a+acsc(fz+e))"dz

inputLint(csc(f*x+e)‘3*(a+a*csc(f*x+e))*m,X)

output‘int(csc(f*x+e)”3*(a+a*csc(f*x+e))”m,X)

3.30.5 Fricas [F]

/csc3(e + fz)(a+acscle + fz))™dx = /(a csc (fz +e)+a)"csc(fr+e)’ dz

inputLintegrate(csc(f*x+e)‘3*(a+a*csc(f*x+e))‘m,x, algorithm="fricas")

outputLintegral((a*csc(f*x + e) + a) mkcsc(f*x + e)73, x)

3.30.6 Sympy [F]

/csc3(e + fz)(a+acsc(e + fr))™dz = / (a(csc (e + fx) + 1)) csc® (e + fx) dx

inputtintegrate(csc(f*x+e)**3*(a+a*csc(f*x+e))**m,x)

p
outputLIntegral((a*(csc(e + f*x) + 1))**mxcsc(e + f*x)**3, x)

e—

3.30.  [esc*(e+ fzr)(a+acsc(e+ fz))™dz
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3.30.7 Maxima [F]

/csc3(e + fz)(a+acscle + fz))™dx = / (acsc(fz+e)+a)™csc(fr+e)’ do

inputLintegrate(csc(f*x+e)“3*(a+a*csc(f*x+e))“m,x, algorithm="maxima")

output Lintegrate((a*csc(f*x + e) + a)"mxcsc(f*x + e)”3, x)

3.30.8 Giac [F]

/cscg(e + fz)(a+acscle+ fz))™dx = / (acsc(fz + €) +a)™csc (fz +e)® dx

p
input tintegrate (csc(f*x+e) ~3*(ataxcsc(f*x+e)) "m,x, algorithm="giac")

e—

p
output Lintegrate((a*csc(f*x + e) + a) mxcsc(f*x + e)~3, x)

-/

3.30.9 Mupad [F(-1)]

Timed out.

(CL + sin(etfl—f x))
- T dx
sin (e + fx)

/csc3(e + fz)(a+acsc(e + fzr))™ dx = /

input Lint((a + a/sin(e + f*x)) m/sin(e + f*x)~3,x)

output Lint((a + a/sin(e + f*x))"m/sin(e + £*x)~3, x)

3.30.  [esc*(e+ fzr)(a+acsc(e+ fz))™dz
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3.31 [esc?*(e+ fz)(a+acsc(e + fx))" dx

3.31.1 Optimalresult . . . . .. ... ... .. 225
3.31.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.31.3 Rubi [A] (verified) . . . .. . ... ... 226
3.31.4 Maple [F] . . . . o o o 228
3.31.5 Fricas [F] . . . . . o o 228
3.31.6 Sympy [F] . . . . . 229
3.31.7 Maxima [F] . . . . . . .. 229
3.31.8 Giac [F] . . . o o 229
3.31.9 Mupad [F(-1)] . . . . o 230

3.31.1 Optimal result

Integrand size = 21, antiderivative size = 109

cot(e + fz)(a+ acsc(e + fx))™
f(l+m)
257 m cot(e + fz)(1+ csc(e + fz))"7™(a + acsce + fz))™ Hypergeometric2F1 (1,1 —m, 3, 1(1-
B f(l+m)

/cch(e + fz)(a+ acscle + fz))"dzr = —

output‘-cot(f*x+e)*(a+a*csc(f*x+e))”m/f/(1+m)-2“(1/2+m)*m*cot(f*x+e)*(1+csc(f*x+e
‘))“(-1/2—m)*(a+a*csc(f*x+e))‘m*hypergeom([1/2, 1/2-m], [3/2],1/2-1/2*csc(£*
‘x+e))/£/(1+m) |

3.31.2 Mathematica [A] (verified)

Time = 0.97 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.16

/CSC2(€ + fz)(a+acscle + fz))" dx =

(a(1+ csc(e + fz)))™ ((—1 +m) cot? (2 (e + fz)) Hypergeometric2F1 (—1 — m, —2m, —m, — tan (4 (

e

inputLIntegrate[Csc[e + fxx]"2%(a + a*Cscl[e + f*x]) m,x]

~—  /

3.31.  [esc*(e+ fzr)(a+acsc(e + fr))™dz
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output‘ -1/2%((ax(1 + Cscle + f*x])) m*((-1 + m)*Cot[(e + f*x)/2] 2*Hypergeometric

‘2F1 [-1 - m, -2*%m, -m, -Tan[(e + f*x)/2]] + (1 + m)*Hypergeometric2F1[1 - m
, —2xm, 2 - m, -Tan[(e + f*x)/2]1)*Tan[(e + £*x)/2])/(f*(-1 + m)*(1 + m)*(
‘1 + Tan[(e + £*x)/2])7(2*m))

3.31.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7, Lumber of rules _ () 333 Ry jes ysed

' integrand size
= {3042, 4285, 3042, 4315, 3042, 4314, 79}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/csc2(e + fx)(acsc(e + fr) +a)" dzx
| 3042
/csc(e + fz)*(acsc(e + fz) + a)™dz

l 4285

m [ csc(e + fz)(csc(e + fz)a +a)mdz  cot(e + fx)(acsc(e + fz) +a)™
m+1 f(m+1)

l 3042

m [ csc(e + fz)(csc(e + fr)a +a)™dz  cot(e+ fx)(acsc(e + fz) +a)™
m+1 f(m+1)

l 4315

m(csc(e + fz) + 1) ™ (acsc(e + fz) + a)™ [ csc(e + fxz)(csc(e + fx) +1)™dx 3
m+1
cot(e + fz)(a ;s_c(e + fx) +a)™
f(m+1)

J,3042

m(csc(e + fz) + 1) "™(acsc(e + fz) + a)™ [ csc(e + fz)(csc(e + fz) + 1)™dz 3
m+1
cot(e + fz)(a (js:c(e + fz) +a)™

f(m+1)
l 4314

3.31.  [esc*(e+ fzr)(a+acsc(e + fr))™dz



CHAPTER 3. LISTING OF INTEGRALS 227

mcot(e + fz)(csc(e + fz) +1)"™ 2 (acsc(e + fz) + a)™ [ (CS\(}(;tZ:;)(:i?fz)_% dcsc(e+ fz)
f(m+1)/1 —csc(e + fx)
cot(e + fz)(acsc(e + fz) +a)™
f(m+1)

| 7

2™+ 3m cot(e + fz)(csc(e + fz) + 1) ™™ 2 (acsc(e + fz) + a)™ Hypergeometric2F1 (3,1 —m,3,2(1 — csc(eH
f(m+1)
cot(e + fx)(acsc(e + fz) + a)™
f(m+1)

input‘ Int[Cscl[e + f*x]~"2x(a + a*Csc[e + f*x]) m,x]

output‘—((Cot [e + f*xx]*(a + a*xCscl[e + f*x])™m)/(f*(1 + m))) - (27(1/2 + m)*m*Cot[ ‘
‘e + fxx]*(1 + Cscle + £*x])~(-1/2 - m)*(a + a*Csc[e + f*x]) m*Hypergeometr ‘
(ic2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + £+x1)/21)/(£*(1 + m)) |

3.31.3.1 Defintions of rubi rules used

rule 79 Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[((

a + bxx)"(m + 1)/(bx(m + 1)*(b/(b*xc - a*d)) n))*Hypergeometric2Fi[-n, m + 1
, m+ 2, (-d)*((a + b*x)/(b*c - a*d))], x] /; FreeQ[{a, b, c, d, m, n}, x]

&& !'IntegerQ[m] &% !IntegerQ[n] && GtQ[b/(bxc - a*d), 0] && (RationalQ[m]
|l !'(RationalQ[n] && GtQ[-d/(b*c - axd), 0]))

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

e B

Int[cscl(e_.) + (£_.)*(x_)]1"2*(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(m ),
\x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Cscle + f*x])™m/(f*x(m + 1))), x] \
‘+ Simp[a*(m/(b*(m + 1))) Int[Cscle + f*x]*(a + b*Cscle + f*x])~m, x], x] ‘
/; FreeQl{a, b, e, £, m}, x] & EqQ[a”2 - b"2, 0] & !LtQ[m, -27(-1)]

rule 4285

3.31.  [esc*(e+ fzr)(a+acsc(e + fr))™dz
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rule 4314 Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_))"(m_), x_Symbol] :> Simp[a~2*d*(Cot[e + f*x]/(fxSqrt[a + bxCscl[e + f*x
J1*Sqrt[a - b*Cscle + f*x]1]))  Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2
)/Sqrtla - b*x]), x], x, Cscle + £f*x]], x] /; FreeQ[{a, b, d, e, £, m, n},

x] && EqQ[a"2 - b~2, 0] && !IntegerQ[m] && GtQ[a, O]

rule 4315 | Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(csc[(e_.) + (£f_.)*(x_)]1*(b_.) +

(a_))"(m_), x_Symbol] :> Simp[a~IntPart[m]*((a + b*Csc[e + f*x]) FracPart[m
1/(1 + (b/a)*Cscle + f*x]) FracPart[m]) Int[(1 + (b/a)*Cscle + f*x]) mx(d
*Csc[e + f*x])"n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] & EqQ[a~2 - b~
2, 0] & !IntegerQ[m] && !'GtQ[a, O]

3.31.4 Maple [F]

/csc(fac+e)2 (a+acsc(fz+e)"dz

inputLint(csc(f*x+e)”2*(a+a*csc(f*x+e))‘m,x)

outputtint(csc(f*x+e)‘2*(a+a*csc(f*x+e))‘m,x)

3.31.5 Fricas [F]

/cscz(e + fx)(a+acsc(e+ fx))™dx = / (acsc(fz+e) +a)™csc(fr+e)® do

inputLintegrate(csc(f*x+e)‘2*(a+a*csc(f*x+e))“m,x, algorithm="fricas")

output‘integral((a*csc(f*x + e) + a)"mxcsc(f*xx + e)”2, x)

3.31.  [esc*(e+ fzr)(a+acsc(e + fr))™dz
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3.31.6 Sympy [F]

/CSC2(6 + fr)(a+ acscle + fx))™dx = / (a(csc (e + fx) +1))™ csc? (e + fz) dx

inputLintegrate(csc(f*x+e)**2*(a+a*csc(f*x+e))**m,x)

output LIntegral((a*(csc(e + f*x) + 1))**m*csc(e + f*x)**2, x)

3.31.7 Maxima [F]

/cscz(e + fz)(a+acscle+ fz))™dx = / (acsc(fz + €) +a)™csc (fz +e)’ dr

p
inputtintegrate(csc(f*x+e)‘2*(a+a*csc(f*x+e))“m,x, algorithm="maxima")

e—

p
output Lintegrate((a*csc(f*x + e) + a) mkcsc(f*x + e)72, x)

-/

3.31.8 Giac [F]

/cscz(e + fz)(a+acscle + fz))"dx = /(a csc (fz +e)+a)"csc(fr+e)’ dx

inputLintegrate(csc(f*x+e)‘2*(a+a*csc(f*x+e))“m,x, algorithm="giac")

outputLintegrate((a*csc(f*x + e) + a)“mxcsc(f*x + e)”2, x)

3.31.  [esc*(e+ fzr)(a+acsc(e + fr))™dz
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3.31.9 Mupad [F(-1)]

Timed out.

a+ sin(e(jli—f z))
. o dx
sin (e + f x)

/cscz(e+fz)(a+acsc(e+f:c))md:c =/ (

input Lint((a + a/sin(e + f*x))"m/sin(e + f*x)~2,x)

output Lint((a + a/sin(e + f*x))"m/sin(e + f*x)~2, x)

3.31.  [esc*(e+ fzr)(a+acsc(e + fr))™dz
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3.32 [ csc(e+ fz)(a+ acscle + fz))™ dx

3.32.1 Optimal result . . . . . . . . . ... 231]
3.32.2 Mathematica [A] (verified) . . . . . . . ... L 2311
3.32.3 Rubi [A] (verified) . . . . . ... .. 232
3.324 Maple [F] . . . . . . e
3.325 Fricas [F] . . . . . . o o 234
3.32.6 Sympy [F] . . . . . 234
3.32.7 Maxima [F] .« o v v oo oo 23
3.32.8 Giac [F] . . . o o 235
3.32.9 Mupad [F(-1)] . . . . o o 2351

3.32.1 Optimal result

Integrand size = 19, antiderivative size = 74

/csc(e + fz)(a+acscle + fz))"dx =

22+™ cot(e + fz)(1 + csc(e + fz)) "2 ™(a + acsc(e + fz))™ Hypergeometric2F1 (3,2-m, 3, 11—
f

output‘—2“(1/2+m)*cot(f*x+e)*(1+csc(f*x+e))“(—1/2—m)*(a+a*csc(f*x+e))“m*hypergeom
‘([1/2, 1/2-m], [3/2],1/2-1/2*%csc(f*x+e))/f

3.32.2 Mathematica [A] (verified)

Time = 0.38 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.81

/Csc(e + fr)(a+ acscle + fx))™dx =

(a(1 4+ csc(e + fz)))™ Hypergeometric2F1 (—2m, —m, 1 — m, — tan (3 (e + fz))) (1 + tan (3(e + fz)
fm

input LIntegrate [Csc[e + f*xx]*(a + a*Cscl[e + f*x]) m,x] J

output‘ -(((ax(1 + Cscle + f*x])) mxHypergeometric2F1[-2*m, -m, 1 - m, -Tan[(e + f
*x)/2]11)/(£%m* (1 + Tan[(e + £4x)/2]1)"(2+m))) |

3.32.  [cscle+ fz)(a+ acscle + fz))™dz
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3.32.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 963 Ry jjeg ysed = {3042,

’ integrand size
4315, 3042, 4314, 79}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ esc(e + fo)(acsc(e + fo) + o)™ do
| 3042
/ csc(e + fa)(acsole + fz) + a)"do
l 4315
(csc(e + fz) + 1) ™(acsc(e + fz) +a)™ / esc(e + fo)(cscle + fz) + 1)™de
| 3042
(esc(e + fz) +1)"™(acsc(e + fz) + o)™ / esc(e + fo)(cscle + fz) + 1)™de

J'4314

cot(e + fx)(csc(e + fz) +1)"™ 2 (acsc(e + fr) +a)™ [ (Cs\'s/(fffs?(:'i);)_% dcsc(e + fz)
fy/1—csc(e+ fz)

| 79

omty cot(e + fz)(csc(e + fx) + 1)"”‘% (acsc(e + fz) + a)™ Hypergeometric2F1 (3, 3 —m, 3, 2(1 — csc(e + §
f

-

inputLInt [Csc[e + f*x]*(a + a*Cscl[e + f*x]) m,x]

~—

output ‘/—((2“(1/2 + m)*Cot[e + f*x]*x(1 + Cscle + f*x])~(-1/2 - m)*(a + a*Csc[e + f
‘*x])‘m*Hypergeometric2F1 [1/2, 1/2 - m, 3/2, (1 - Cscle + f*x])/2]1)/f) J

3.32.  [cscle+ fz)(a+ acscle + fz))™dz
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3.32.3.1 Defintions of rubi rules used

rule 79 Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[((

a+ b*xx)"(m + 1)/(bx(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1[-n, m + 1

,m+ 2, (-A)*((a + b*x)/(bxc - axd))], x] /; FreeQ[{a, b, ¢, d, m, n}, x]

&& !'IntegerQ[m] &% !IntegerQ[n] && GtQ[b/(bxc - a*d), 0] && (RationalQ[m]
|| !'(RationalQ[n] && GtQ[-d/(b*c - axd), 0]))

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4314 | Int[(cscl(e_.) + (f_.)*(x_)I*(d_.)) " (n_.)*(csc[(e_.) + (£f_.)*(x_)]1*(b_.) +
(a_))~(m_), x_Symbol] :> Simp[a~2+d*(Cot[e + f*x]/(f*Sqrt[a + b*Cscle + f*x
11*Sqrt[a - bxCscle + f*x]]1))  Subst[Int[(d*x)"(n - 1)*((a + b*x)"(m - 1/2
)/Sqrt[a - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, 4, e, £, m, n},
x] &% EqQ[a"2 - b~2, 0] && !IntegerQ[m] && GtQ[a, O]

rule 4315 | Int[(csc[(e_.) + (f_.)*(x_)I*(d_.))"(n_.)*(csc[(e_.) + (f_.)*(x )]1*(b_.) +

(a_))"(m_), x_Symbol] :> Simp[a~IntPart[m]*((a + b*Csc[e + f*x]) FracPart[m
1/(1 + (b/a)*Csc[e + f*x]) FracPart[m]) Int[(1 + (b/a)*Cscle + f*x]) m*(d
*Cscle + f*x])"n, x], x] /; FreeQ[{a, b, d, e, £, m, n}, x] && EqQ[2"2 - b~
2, 0] & !IntegerQ[m] && !'GtQ[a, O]

3.32.4 Maple [F]

/csc(fx—l—e) (a+acsc(fx+e))"dz

;
input | int (csc(f*x+e)* (ataxcsc(f*x+e)) "m,x)

N

outputLint(csc(f*x+e)*(a+a*csc(f*x+e))“m,X)

3.32.  [cscle+ fz)(a+ acscle + fz))™dz
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3.32.5 Fricas [F]

/csc(e + fz)(a+acscle + fz))™dx = / (acsc(fr+e)+a)"csc(fr+e)dx

inputLintegrate(csc(f*x+e)*(a+a*csc(f*x+e))‘m,x, algorithm="fricas")

output Lintegral((a*csc(f*x + e) + a)“m¥csc(f*x + e), x)

3.32.6 Sympy [F]

/csc(e + fz)(a+acscle + fz))"dx = / (a(csc (e + fz) +1))™csc(e+ fz)dx

p
inputtintegrate(csc(f*x+e)*(a+a*csc(f*x+e))**m,x)

e—

.
output LIntegral((a*(csc(e + f£*x) + 1))**mxcsc(e + f*x), x)

-/

3.32.7 Maxima [F]

/csc(e + fz)(a+acscle + fz))"dx = /(a csc(fr+e)+a)"csc(fz+e)de

inputLintegrate(csc(f*x+e)*(a+a*csc(f*x+e))“m,x, algorithm="maxima")

outputLintegrate((a*csc(f*x + e) + a)"m*csc(f*x + e), x)

3.32.  [cscle+ fz)(a+ acscle + fz))™dz



CHAPTER 3. LISTING OF INTEGRALS 235

3.32.8 Giac [F]

/csc(e + fz)(a+acscle + fz))™dx = / (acsc(fr+e)+a)"csc(fr+e)dx

input Lintegrate (csc(f*x+e)*(ataxcsc(f*x+e)) "m,x, algorithm="giac")

output Lintegrate((a*csc(f*x + e) + a)"mkcsc(f*x + e), x)

3.32.9 Mupad [F(-1)]

Timed out.

(& + sin(e(—li-f x))

sin (e + f z) dz

/csc(e + fz)(a+acscle + fz))"dx = /

input Lint((a + a/sin(e + f*x))"m/sin(e + f*x),x)

output Lint((a + a/sin(e + f*x))"m/sin(e + £*x), x)

3.32.  [cscle+ fz)(a+ acscle + fz))™dz
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3.33 [(a+ acscle+ fz))™dx

3.33.1 Optimalresult . . .. ... ... ... ... .. e 236
3.33.2 Mathematica [F] . . . . . . ... . ... 2361
3.33.3 Rubi [A] (verified) . . . . . .. . . .. 237
3.334 Maple [F] . . . . . . 238
3.33.5 Fricas [F] . . . . . o o o 2391
3.33.6 Sympy [F] . . . . . 2391
3.33.7 Maxima [F] . . . . . . .. 2391
3.33.8 Giac [F] . . . . . o
3.33.9 Mupad [F(-1)] . . . . o 2401

3.33.1 Optimal result

Integrand size = 12, antiderivative size = 84

/(a +acsc(e + fz))" dz =
B V2 AppellF1 (1 +m,1,1,2 + m, 1(1+ csc(e + fx)), 1+ csc(e + fz)) cot(e + fz)(a + acsc(e + fz))
f(1+2m)\/1 —cscle + fx)

output ‘ -AppellF1(1/2+m,1,1/2,3/2+m,1+csc(f*x+e),1/2+1/2*csc(f*x+e) ) *cot (fxx+e) *(a ‘
\ +axcsc (fxx+e)) "m*x2~ (1/2) /£/ (1+2%m) / (1-csc (f*x+e) )~ (1/2) \

3.33.2 Mathematica [F]

/(a +acsc(e + fz))" dx = /(a +acsc(e + fz))" dx

input LIntegrate[(a + a*Cscle + f*x])"m,x] J

output LIntegrate [(a + a*Csc[e + f*x])"m, x] J

333. [(a+acsc(e+ fz))™dx
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3.33.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 417 Ryjes used = {3042,

’ integrand size
4266, 3042, 4265, 153}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (acsc(e + fz) + a)™ da
| 3042
/ (acsc(e + fz) + a)dz
l 4266
(csc(e + fz) + 1) ™ (acsc(e + fo) + a)™ / (csc(e + fz) + 1)™da
| 3042
(csc(e + fz) +1)"™(acsc(e + fz) + a)™ / (csc(e + fz) + 1)™da

J'4265

=3 sin(etfx
cot(e + fx)(csc(e + fx) +1)"™ 2 (acsc(e + fr) +a)™ [ (CSC(e"'{/zl)i'cls)c(effm)( %) 4 esc(e + fx)
fy/1—csc(e+ fz)

l 153

V2cot(e + fz)(acsc(e + fz) + a)™ AppellF1 (m + £, 3,1,m + 3, 2(csc(e + fz) + 1), csc(e + fz) + 1)

f(2m +1)y/1 — csc(e + fz)

-

input LInt[(a + axCscle + f*x]) m,x]

|

output‘—((Sqrt[2]*Appe11F1[1/2 +m, 1/2, 1, 3/2 + m, (1 + Cscle + f*x])/2, 1 + Cs
‘c[e + fxx]]*Cot[e + f*x]*(a + a*Cscle + f*x])"m)/(f*(1 + 2*m)*Sqrt[1 - Csc
[e + £*x]1))

N\ J

-

333. [(a+acsc(e+ fz))™dx



rule 153

rule 3042

rule 4265

rule 4266
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3.33.3.1 Defintions of rubi rules used

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_] :> Simp[(bxe - a*f) px((a + b*x)"(m + 1)/(b”(p + 1)*(m + 1)*Simp
lify[b/(b*c - a*d)]"n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c
- axd)), (-f)x((a + b*x)/(b*e - a*f))], x] /; FreeQ[{a, b, ¢, d, e, f, m,

n}, x] & !IntegerQ[m] && !'IntegerQ[n] && IntegerQ[p]l && GtQ[Simplify[b/(
b*c - axd)], 0] && !'(GtQ[Simplify[d/(d*a - c*b)], 0] && SimplerQ[c + dx*x,

a + bxx])

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(c_.) + (d_)*(x_)]1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[a"n*(Cot
[c + d*x]/(d*Sqrt[1 + Csclc + d*x]]*Sqrt[1 - Csclc + d*x]])) Subst[Int[(1
+ b*x(x/2))"(n - 1/2)/(x*Sqrt[1 - b*(x/a)]), x], x, Csclc + d*x]], x] /; Fr
eeQ[{a, b, c, d, n}, x] & EqQ[a”2 - b"2, 0] && !IntegerQ[2*n] && GtQ[a, O
]

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[a~IntPar
t[n]*((a + b*Csc[c + d*x]) FracPart[n]/(1 + (b/a)*Csc[c + d*x]) FracPart[n]
) Int[(1 + (b/a)*Csc[c + d*x])~n, x], x] /; FreeQ[{a, b, c, d, n}, x] &&
EqQ[a™2 - b2, 0] && !'IntegerQ[2*n] && !GtQ[a, O]

3.33.4 Maple [F]

/(a+acsc(fx +e))"dx

input Lint ((ata*csc(f*x+e)) "m,x)

output ‘ int ((a+axcsc(f*x+e)) "m,x)

333. [(a+acsc(e+ fz))™dx
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3.33.5 Fricas [F]

/(a+acsc(e+fx))mdx =/(acsc (fr+e)+a)"dz

inputLintegrate((a+a*csc(f*x+e))“m,x, algorithm="fricas")

outputLintegral((a*csc(f*x +e) +a)m, x)

3.33.6 Sympy [F]

/(a—l— acsc(e + fz))™dz = / (acsc(e+ fzr)+a)™ dx

inputtintegrate((a+a*csc(f*x+e))**m,x)

p
output LIntegral((a*csc(e + fxx) + a)**m, x)

-/

3.33.7 Maxima [F]

/(a+acsc(e+fx))mdx =/(acsc (fx+e)+a)"dz

inputLintegrate((a+a*csc(f*x+e))‘m,x, algorithm="maxima")

outputLintegrate((a*csc(f*x +e) + a)’m, x)

333. [(a+acsc(e+ fz))™dx
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3.33.8 Giac [F|

/(a+acsc(e—|—fx))mdx =/(acsc (fr+e)+a)"dz

inputLintegrate((a+a*csc(f*x+e))‘m,x, algorithm="giac")

outputLintegrate((a*csc(f*x +e) +a)m, x)

3.33.9 Mupad [F(-1)]

Timed out.

/(a+acsc(e+ f2)™ do = / (a+ m)mm

inputtint((a + a/sin(e + f*x))“m,x)

outputtint((a + a/sin(e + £*x))"m, x)

333. [(a+acsc(e+ fz))™dx
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3.34 [(a+ acscle+ fz))"sin(e + fz)dz

3.34.1 Optimal result . . . . .. .. . .. 247]
3.34.2 Mathematica [F] . . . . . . ... . . 247]
3.34.3 Rubi [A] (verified) . . . . . ... .. 242
3.344 Maple [F] . . . . . . o 243
3.34.5 Fricas [F] . . . . . o o o 247
3.34.6 Sympy [F] . . . . . . 244
3.34.7 Maxima [F] . . . . . . . 247
3.34.8 Giac [F] . . . . o 245
3.34.9 Mupad [F(-1)] . . . . o 245

3.34.1 Optimal result

Integrand size = 19, antiderivative size = 83

/(a +acsc(e+ fx))"sin(e + fz)dx

_ V2 AppellF1 (1 +m,1,2,2 + m,1(1+ csc(e + fx)),1+ csc(e + fz)) cot(e + fz)(a + acsc(e + fz))™
f(1+2m)\/1 —cscle + fx)

output ‘ AppellF1(1/2+m,2,1/2,3/2+m,1+csc(f*x+e) ,1/2+1/2*csc(f*xx+e) ) *cot (£*x+e) * (a+ ‘
‘a*csc(f*x+e))“m*2“(1/2)/f/(1+2*m)/(1-csc(f*x+e))“(1/2)

3.34.2 Mathematica [F]

/(a +acsc(e+ fx))"sin(e + fx)dr = /(a + acsc(e + fx))"sin(e + fz)dx

input LIntegrate [(a + axCsc[e + f*x])"m*Sin[e + f*x],x] J

output Integrate[(a + a*Cscle + f*x])“m*Sin[e + f*x], x]

N

334.  [(a+acsc(e+ fz))™sin(e + fz)dz



CHAPTER 3. LISTING OF INTEGRALS 242

3.34.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 963 Ry jjeg ysed = {3042,

’ integrand size
4315, 3042, 4314, 153}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sin(e + fx)(acsc(e + fr) +a)" dx

J,3042

/ (acsc(e+ fr) +a)™ i
csc(e + fx)

J'4315

(csc(e+ fz) +1)"™(acsc(e+ fz) +a)™ /(csc(e + fz) +1)"sin(e + fz)dz

l 3042

(csc(e + fx) +1)™

csc(e + fx) dz

(csc(e+ fz) +1) "™ (acsc(e + fx) + a)m/

l 4314

m—21 .
cot(e + fx)(csc(e + fx) +1)"™ 2 (acsc(e + fr) +a)™ [ (Csc(eﬂj)ltlc)sc(ei;;n;(e+f$) desc(e + fx)
fy/1—csc(e+ fz)

l 153

V2cot(e + fz)(acsc(e + fz) + a)™ AppellFl (m + 3, 3,2,m + 3, 2(csc(e + fz) + 1),csc(e + fz) + 1)

f(2m +1)/1 — csc(e + fz)

input LInt[(a + a*Cscl[e + f*x]) m*Sin[e + f*x],x] J

e B

(Sqrt [2] *AppellF1[1/2 + m, 1/2, 2, 3/2 + m, (1 + Cscle + f*x])/2, 1 + Cscl[
‘e + f*x]]1*Cot[e + fxx]*(a + axCscle + f*x])"m)/(£*x(1 + 2*m)*Sqrt[1 - Cscle ‘
o+ £4x]1) |

output

334.  [(a+acsc(e+ fz))™sin(e + fz)dz



rule 153

rule 3042
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3.34.3.1 Defintions of rubi rules used

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_] :> Simp[(bxe - a*f) px((a + b*x)"(m + 1)/(b”(p + 1)*(m + 1)*Simp
lify[b/(b*c - a*d)]"n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c
- axd)), (-f)x((a + b*x)/(b*e - a*f))], x] /; FreeQ[{a, b, ¢, d, e, f, m,

n}, x] & !IntegerQ[m] && !'IntegerQ[n] && IntegerQ[p]l && GtQ[Simplify[b/(
b*c - axd)], 0] && !'(GtQ[Simplify[d/(d*a - c*b)], 0] && SimplerQ[c + dx*x,

a + bxx])

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4314

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_.)*(cscl(e_.) + (f_.)*x(x_)I*(b_.) +
(a_))~(m_), x_Symbol] :> Simp[a~2+d*(Cot[e + f*x]/(f*Sqrt[a + b*Cscle + f*x
11*Sqrt[a - bxCscle + £*x]]1))  Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2
)/Sqrtla - b*x]), x], x, Cscle + £f*x]], x] /; FreeQ[{a, b, d, e, £, m, n},
x] &% EqQ[a~2 - b~2, 0] && !'IntegerQ[m] && GtQ[a, O]

rule 4315

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Simp[a~IntPart[m]*((a + b*Cscl[e + f*x]) FracPart[m
1/(1 + (b/a)*Csc[e + f*x]) FracPart[m]) Int[(1 + (b/a)*Cscle + f*x]) m*(d
*Csc[e + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a~2 - b~
2, 0] & !'IntegerQ[m] && !'GtQ[a, O]

3.34.4 Maple [F]

/(a+acsc(fm+e))msin(fx+e)dx

input ‘

int ((ata*csc(f*x+e)) "m*sin(f*x+e),x)

-

output L

int ((a+a*xcsc(f*x+e)) “m*sin(f*x+e) ,x)

334.  [(a+acsc(e+ fz))™sin(e + fz)dz

| —
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3.34.5 Fricas [F]

/(a + acsc(e + fx))"sin(e + fx)dz = /(a csc(fr+e)+a)"sin(fz+e) dz

inputLintegrate((a+a*csc(f*x+e))“m*sin(f*x+e),x, algorithm="fricas")

output Lintegral((a*csc(f*x + e) + a)"m*sin(f*x + e), x)

3.34.6 Sympy [F]

/(a +acsc(e+ fz))"sin(e + fz)dz = / (a(csc(e+ fz) +1))"sin (e + fz)dz

p
inputtintegrate((a+a*csc(f*x+e))**m*sin(f*x+e),x)

e—

p
output LIntegral((a*(csc(e + fxx) + 1))**m*xsin(e + f*x), x)

-/

3.34.7 Maxima [F]

/(a + acsc(e+ fx))"sin(e + fz)dx = /(a csc(fx+e)+a)"sin(fz+e)dx

input Lintegrate ((ataxcsc(f*x+e)) “m*sin(f*x+e) ,x, algorithm="maxima")

output Lintegrate((a*csc(f*x + e) + a)"m*sin(f*x + e), x)

334.  [(a+acsc(e+ fz))™sin(e + fz)dz
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3.34.8 Giac [F|

/(a + acsc(e + fx))"sin(e + fx)dz = /(a csc(fr+e)+a)"sin(fz+e) dz

input Lintegrate ((ata*csc(f*x+e) ) “m*sin(f*x+e) ,x, algorithm="giac")

output Lintegrate((a*csc(f*x + e) + a)"m#sin(f*x + e), x)

3.34.9 Mupad [F(-1)]

Timed out.

/(a +acsc(e+ fx))"sin(e + fz)dx = /sin (e+ fx) (a + myndx

input Lint(sin(e + f*x)*(a + a/sin(e + f*x)) m,x)

output Lint(sin(e + f*x)*(a + a/sin(e + f*x))“m, x)

334.  [(a+acsc(e+ fz))™sin(e + fz)dz
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3.35 [(a+ acsc(e+ fz))™sin*(e + fz)dz

3.35.1 Optimalresult . . . ... ... ... .. .. 246
3.35.2 Mathematica [F] . . . . ... ... ... . ... L 246
3.35.3 Rubi [A] (verified) . . . . . . ... .. 247
3.35.4 Maple [F] . . . . . . o 243
3.35.5 Fricas [F] . . . . . o o o 249
3.35.6 Sympy [F] . . . . . 249
3.35.7 Maxima [F] . . . . . ... . 249
3.35.8 Giac [F] . . . . . o 250
3.35.9 Mupad [F(-1)] . . . . oo 250

3.35.1 Optimal result

Integrand size = 21, antiderivative size = 84

/(a + acsc(e + fzr))™sin®(e + fz)dr =

B V2 AppellF1 (1 +m,1,3,2 + m,1(1+ csc(e + fx)), 1+ csc(e + fx)) cot(e + fz)(a + acsc(e + fz))
f(1+2m)\/1 —cscle + fx)

output ‘ -AppellF1(1/2+m,3,1/2,3/2+m, 1+csc(f*x+e) ,1/2+1/2*csc (f*x+e) ) *cot (fxx+e) *(a ‘
‘+a*csc(f*x+e))”m*2“(1/2)/f/(1+2*m)/(1-csc(f*x+e))“(1/2) ‘

3.35.2 Mathematica [F]

/(a + acsc(e + fxr))™sin*(e + fz)dz = /(a + acsc(e + fz))™sin®(e + fz)dz

input LIntegrate[(a + a*Cscle + f*x]) m*Sin[e + f*x]~2,x] J

output

Integrate[(a + a*Cscle + f*x]) m*Sin[e + f*x]~2, x]

N J

3.35.  [(a+acsc(e+ fz))™sin*(e + fz)dz
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3.35.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 93¢ Ry jjeq ysed = {3042,

’ integrand size
4315, 3042, 4314, 153}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sinZ(e + fz)(acscle + fr) + a)™ dx

J,3042

(acsc(e+ fx) +a)™
/ csc(e + fx)? de

J'4315

(csc(e + fz) +1)"™(acsc(e+ fz) +a)™ /(csc(e + fx) 4+ 1)™sin’(e + fx)dx

l 3042

(csc(e + fx) +1)™

csc(e + fx)? dz

(csc(e+ fz) +1) "™ (acsc(e + fx) + a)m/

l 4314

m—21 .
cot(e + fx)(csc(e + fx) +1)"™ 2 (acsc(e + fr) +a)™ [ (Csc(eﬂj)ltlc)sc(ei;;n;(e+f$) desc(e + fx)
fy/1—csc(e+ fz)

l 153

V2cot(e + fz)(acsc(e + fz) + a)™ AppellF1 (m + 3, 3,3, m + 3, 2(csc(e + fz) + 1), csc(e + fz) + 1)

f(2m +1)/1 — csc(e + fz)

input LInt[(a + a*Cscl[e + f*x]) m*Sin[e + f*x]~2,x] J

e B

-((Sqrt[2] *AppellF1[1/2 + m, 1/2, 3, 3/2 + m, (1 + Cscl[e + £*x])/2, 1 + Cs
‘c[e + f*x]]1*Cot[e + f*x]*(a + axCscle + f*x])"m)/(f*(1 + 2*m)*Sqrt[1 - Csc ‘
[e + £+x11)) J

output

3.35.  [(a+acsc(e+ fz))™sin*(e + fz)dz



rule 153

rule 3042
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3.35.3.1 Defintions of rubi rules used

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_] :> Simp[(bxe - a*f) px((a + b*x)"(m + 1)/(b”(p + 1)*(m + 1)*Simp
lify[b/(b*c - a*d)]"n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c
- axd)), (-f)x((a + b*x)/(b*e - a*f))], x] /; FreeQ[{a, b, ¢, d, e, f, m,

n}, x] & !IntegerQ[m] && !'IntegerQ[n] && IntegerQ[p]l && GtQ[Simplify[b/(
b*c - axd)], 0] && !'(GtQ[Simplify[d/(d*a - c*b)], 0] && SimplerQ[c + dx*x,

a + bxx])

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4314

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_.)*(cscl(e_.) + (f_.)*x(x_)I*(b_.) +
(a_))~(m_), x_Symbol] :> Simp[a~2+d*(Cot[e + f*x]/(f*Sqrt[a + b*Cscle + f*x
11*Sqrt[a - bxCscle + £*x]]1))  Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2
)/Sqrtla - b*x]), x], x, Cscle + £f*x]], x] /; FreeQ[{a, b, d, e, £, m, n},
x] &% EqQ[a~2 - b~2, 0] && !'IntegerQ[m] && GtQ[a, O]

rule 4315

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Simp[a~IntPart[m]*((a + b*Cscl[e + f*x]) FracPart[m
1/(1 + (b/a)*Csc[e + f*x]) FracPart[m]) Int[(1 + (b/a)*Cscle + f*x]) m*(d
*Csc[e + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a~2 - b~
2, 0] & !'IntegerQ[m] && !'GtQ[a, O]

3.35.4 Maple [F]

/(a-l—acsc(fx—l—e))msin(fz-l— e)’dx

input ‘

int ((at+axcsc(f*x+e)) “m*sin(f*x+e)~2,x)

-

output L

int ((a+a*csc(f*x+e)) “m*sin(f*x+e) ~2,x)

3.35.  [(a+acsc(e+ fz))™sin*(e + fz)dz

| —
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3.35.5 Fricas [F]

/(a + acsc(e + fr))™sin®(e + fz)dr = / (acsc(fz+e)+a)™sin (fz +e)’ do

inputLintegrate((a+a*csc(f*x+e))“m*sin(f*x+e)“2,x, algorithm="fricas")

output Lintegral(—(cos(f*x + e)72 - 1)*(axcsc(f*x + e) + a)7m, x)

3.35.6 Sympy [F]

/(a + acsc(e + fz))™sin®(e + fz) dx = / (a(csc (e + fx) +1))"sin’ (e + fz)dz

p
inputtintegrate((a+a*csc(f*x+e))**m*sin(f*x+e)**2,x)

e—

p
output LIntegral((a*(csc(e + fxx) + 1))*xm*sin(e + f*xx)**2, x)

-/

3.35.7 Maxima [F]

/(a +acsc(e + fr))™sin®(e + fz)dr = / (acsc(fz+e)+a)™sin(fz+e)® do

input Lintegrate ((at+axcsc(f*x+e)) “m*sin(f*x+e)~"2,x, algorithm="maxima")

output Lintegrate((a*csc(f*x + e) + a)"m*sin(f*x + e)~2, x)

3.35.  [(a+acsc(e+ fz))™sin*(e + fz)dz
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3.35.8 Giac [F|

/(a + acsc(e + fr))™sin®(e + fz)dr = / (acsc(fz+e)+a)™sin (fz +e)’ do

inputLintegrate((a+a*csc(f*x+e))“m*sin(f*x+e)“2,x, algorithm="giac")

output Lintegrate((a*csc(f*x + e) + a)"mksin(f*x + )72, x)

3.35.9 Mupad [F(-1)]

Timed out.

/(a—|—aCSC(€+fx))mSin2(e+-fx) dz = /sin (e+ f=z)? <a+ m)mdﬂv

input Lint(sin(e + f*x)"2*(a + a/sin(e + £*x)) m,x)

output Lint(sin(e + f*x)"2%(a + a/sin(e + f*x))"m, x)

3.35.  [(a+acsc(e+ fz))™sin*(e + fz)dz
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3.36 [(a+ bese(c+ dx))* dx

3.36.1 Optimalresult . . . . .. .. . . .. ... 2511
3.36.2 Mathematica [B] (verified) . . . . . . .. ... .. L Lo oL 252
3.36.3 Rubi [A] (verified) . . . .. . ... ... 253
3.36.4 Maple [A] (verified) . . . . ... ... .. 254
3.36.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 255
3.36.6 Sympy [F] . . . . . . 250
3.36.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 250
3.36.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 257
3.36.9 Mupad [B] (verification not implemented) . . ... ... ... ... ...... 257

3.36.1 Optimal result

Integrand size = 12, antiderivative size = 107

2 12
/(a + bese(c + da)) dz = ate — 2ab(2a* 4+ b )arc:lanh(cos(c + dx))
b*(17a® + 2b%) cot(c + dzx)  4ab® cot(c + d) csc(c + dx)
3d 3d
b? cot(c + dz)(a + bese(c + dz))?
3d

‘*x+c)/d—4/3*a*b‘3*cot(d*x+c)*csc(d*x+c)/d-1/3*b“2*cot(d*x+c)*(a+b*csc(d*x+

e DY
output‘a“4*x-2*a*b*(2*a“2+b“2)*arctanh(cos(d*x+c))/d-1/3*b”2*(17*a“2+2*b“2)*cot(d
\c))*2/d ‘
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3.36.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 568 vs. 2(107) = 214.

Time = 12.92 (sec) , antiderivative size = 568, normalized size of antiderivative = 5.31

[(a sl + e = 0 bl d) sl d)
N (—9a2b? cos (3 (c + dz)) — b cos (3(c + dz))) csc (3(c + dz)) (a + bese(c + dx))* sin (¢ + dx)
3d(b+ asin(c+ dz))*
_ ab’esc? (3(c+dz)) (a + bese(c + dz))* sin?(c + dx)
2d(b + asin(c + dx))*
_ beot (5(c+dx)) esc? (5(c+dz)) (a+ besc(c + dz))* sin'(c + da)
24d(b+ asin(c + dz))*
_ 2(20°b + ab®) (a + besc(c + dz))* log (cos (5(c + dz))) sin'(c + dz)
d(b+ asin(c + dz))*
N 2(2a%b + ab®) (a + bese(c + dz))* log (sin (3(c + dz)) ) sin*(c + dz)
d(b+ asin(c + dx))*
N ab®(a + besc(c + dz))* sec? (1 (c + dz)) sin®(c + dz)
2d(b + asin(c + dx))*
N (a+ besc(c+ dx))*sec ((c + dz)) (9a?b?sin (1(c+ dz)) + b*sin (3 (c + dz)) ) sin*(c + dz)
3d(b+ asin(c+ dz))*
N b*(a + besc(c + dz))* sec? (3(c + dx)) sin*(c + dz) tan (1 (c + dz))
24d(b+ asin(c + dz))*

-

input LIntegrate [(a + bxCsclc + d*x])~4,x]

-/

output | (a~4*(c + d*x)*(a + b*Csc[c + d*x])~4*Sin[c + d*x]~4)/(d*(b + a*Sin[c + dx*
x])74) + ((-9*%a~2xb~2*Cos[(c + d*x)/2] - b~4xCos[(c + d*x)/2])*Csc[(c + dx*
x)/2]*(a + bxCsc[c + d*x])~4*Sin[c + d*x]~4)/(3*d*(b + a*Sin[c + d*x])"4)

- (axb~3*Csc[(c + d*x)/2]"2*(a + b*Csc[c + d*x])~4*Sin[c + d*x]~4)/(2*d*(b
+ a*xSin[c + d*x])~4) - (b"4*Cot[(c + d*x)/2]*Csc[(c + d*x)/2]"2*(a + b*Cs
clc + d*x])~4*Sin[c + d*x]~4)/(24xd*(b + a*Sin[c + d*x])~4) - (2*(2*a~3*b

+ a*b~3)*(a + b*Csclc + d*x]) 4xLogl[Cos[(c + d*x)/2]]1*Sin[c + d*x]~4)/(d*(
b + a*Sin[c + d*x])~4) + (2%(2*a"3*%b + a*b~3)*(a + b*Csc[c + d*x]) 4*Logl[S
in[(c + d*x)/2]]1*Sin[c + d*x]~4)/(d*(b + a*Sin[c + d*x])~4) + (a*b~3*(a +
bxCsclc + d*x])~4*Sec[(c + d*x)/2]"2*Sin[c + d*x]~4)/(2*d*(b + a*Sin[c + d
*x])74) + ((a + b*Csclc + d*x]) 4xSec[(c + d*x)/2]*(9*a~2*b~2+Sin[(c + d*x
)/2] + b~4xSin[(c + d*x)/2])*Sin[c + d*x]~4)/(3*d*(b + a*Sin[c + d*x])"4)
+ (b™4x(a + b*Csclc + d*x])~4*Sec[(c + d#*x)/2]"2#Sin[c + d*x] 4#Tan[(c + 4
*x)/2])/(24%d*(b + a*Sin[c + d*x])~4)
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3.36.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.07,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 417 Ryles used

integrand size
= {3042, 4269, 3042, 4536, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ besc(c+ do))* da
| 3042

/ (a+ besc(c + dz))*de
l 4269

% /(a + bese(c + dz)) (3a® + 8b% esc?(c + dz)a + b(9a® + 2b%) csc(c + dz)) dx —

b% cot(c + dzx)(a + bese(c + dx))?
3d

l 3042

% /(a + besc(c + dz)) (3a® + 8b% esc(c + dz)?a + b(9a® + 2b%) csc(c + dz)) dx —

b? cot(c + dz)(a + bese(c + dx))?
3d

l’4536

% <; / (Ga4 +12b(2a® + b%) csc(c + dz)a + 2b%(17a® + 2b°) esc?(c + dz)) dz

B 4ab3 cot(c + dx) csc(c + dz) > 3
d

b? cot(c + dz)(a + besce(c + dx))?
3d

l 2009

L(1(e 4 12ab(2a? + b?) arctanh(cos(c + dz))  2b%(17a” + 2b%) cot(c + dx) 4ab? cot(c + dz) esc(c + a
a’z d d d
b? cot(c + dz)(a + besc(c + dz))?
3d

>

input LInt[(a + bxCsclc + d*x])~4,x]

~—

3.36.  [(a+besc(c+dz))*dz
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output‘ -1/3%(b"2*Cot [c + d*x]*(a + b*Cscl[c + d*x])~2)/d + ((6*a~4*x - (12*axb*(2*
‘a“2 + b~2)*ArcTanh[Cos[c + d*x]])/d - (2xb~2%(17*a~2 + 2%b~2)*Cot[c + d*x]
\) /d)/2 - (4xaxb~3xCot[c + d*x]*Csc[c + d*x])/d)/3

3.36.3.1 Defintions of rubi rules used

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

ruka3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N\

rule 4269 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol]l :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csclc + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + bxCsclc + d*x])"(n - 3)*Simp[a~3*(n - 1) + (bx(b"2*(n - 2) + 3%
a~2x(n - 1)))*Cscl[c + d*x] + (a*b”2*x(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[n, 2] &% IntegerQ[2#n]

rule 4536 Int[((A_.) + cscl(e_.) + (£_.)*(x_)I*(B_.) + cscl[(e_.) + (£f_.)*(x_)]1"2%(C_.
M *(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol]l :> Simp[(-b)*C*Cscle +
f*xx]*(Cot[e + f£*x]1/(2*f)), x] + Simp[1/2 Int[Simp[2*A*a + (2*%B*a + b*(2*
A + C))*Cscl[e + fxx] + 2x(a*C + B*b)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a
, b, e, £f, A, B, C}, x]

3.36.4 Maple [A] (verified)

Time = 1.20 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.05

3.36.  [(a+besc(c+dz))*dz
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method result
a*(dz+c)+4a3bIn(— cot(dz+c)+csc(dz+c))—6a2b? cot(dz+c)+4a b3 <— Csc(dz+c)260t(dz+c) 4= Cot(dz+;)+csc(dz+c)]
derivativedivides d
a*(dz+c)+4a3bln(— cot(dz+c)+csc(dz+c))—6a2b? cot(dz+c)+4a b> (— Csc(dw+c);°t<dz+c> +E& COt(dz+;)+csc<dw+c)]
default v
a(_2_ csc(da:-ﬁ-c)2
parts ate n b ( 3 3 _ ) cot(dz+c) _ 2ab® cot(dz—;c) csc(dz+-c) + 2a b3 In(— cot(da:1+c)+csc(dz+c)) __ 6a’
3 3 2 2
. tan(%’”+%> b*—cot (%’”-{—%) b4+12tan(%”+§) ab®—12cot (%m—i-%) ab3+24a*zd+72 tan(d{—i—%)a?bz—kg tan(d—;
parallelrisch 5
3 4 b4tan(dz+c)6 a b3 tan dz+c) abstan(dm+c)5 3b2(8a2+b2) tan(dz+6)2 3172(8a2+b2~
dz | ¢ b 22 272 272 272 ,
a4ztan(7+§) —24at 24d - 2d + 2d - 8d +
norman .
tan ( % + %)
. 4 42 (—9ia2e¥i(dztc) 1 3gb eBHdz+0) 181022 drte) 4 3jh2e2i(drte) _9ia2 —ih? —3abei(@o+0))  4a3bIn(ef(d
risch a*r + , 3 —
3d(921(dz+c)_1) d
inputLint((a+b*csc(d*x+c))“4,x,method=_RETURNVERBOSE) J

p

output‘1/d*(a‘4*(d*x+c)+4*a‘3*b*ln(—cot(d*x+c)+csc(d*x+c))—6*a‘2*b‘2*cot(d*x+c)+4
‘*a*b“S*(—i/Q*csc(d*x+c)*cot(d*x+c)+1/2*1n(—cot(d*x+c)+csc(d*x+c)))+b‘4*(—2
‘/3—1/3*csc(d*x+c)‘2)*cot(d*x+c))

~

3.36.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 217 vs. 2(101) = 202.

Time = 0.25 (sec) , antiderivative size = 217, normalized size of antiderivative = 2.03

/(a + besc(c + dx))* dx =
2(9a?b? + b*) cos (dz + ¢)* — 3 (2a3b + ab® — (2a%b + ab®) cos (dz + ¢)*) log (1 cos (dz + ¢) + 1) sin (

inputLintegrate((a+b*csc(d*x+c))‘4,x, algorithm="fricas") J

3.36.

[(a+besc(c+ dx))* dz



CHAPTER 3. LISTING OF INTEGRALS 256

output | -1/3% (2% (9%a~2%b"2 + b~4)*cos(d*x + c)~3 - 3*%(2*a~3*b + a*b~3 - (2%a~3%b +
axb~3)*cos(d*x + c)~2)*log(1l/2*cos(d*x + c) + 1/2)*sin(d*x + c) + 3*(2%a”
3xb + a*b”3 - (2%a"3*b + ax*b~3)*cos(d*x + c)~2)*log(-1/2*cos(d*x + c) + 1/
2)*sin(d*x + c) - 3*%(6*a”2*%b"2 + b~4)*cos(d*x + c) - 3x(a”"4*d*x*cos(d*x +

c)”"2 - a“4x*d*x + 2*axb”"3*cos(d*x + c))*sin(d*x + c))/((d*cos(d*x + c)"2 -
d)*sin(d*x + c))

3.36.6 Sympy [F]

/(a + besc(c + dx))* dr = / (a + besc (¢ + dz))* dx

inputLintegrate((a+b*csc(d*x+c))**4,x)

outputLIntegral((a + bkcsc(c + d*x))**4, x)

3.36.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.17

/(a + besc(c + dx))* dx
ab? (% — log (cos (dz + ¢) + 1) + log (cos (dz + ¢) — 1))
_ a4x + cos(dz+c)“—1 -
_4a’blog(cot (dz +c) tesc(dr+c))  6a%° (3 tan (dz + ¢)® + 1)b*
d dtan (dz + c) 3dtan (dz + ¢)®

input‘integrate((a+b*csc(d*x+c))”4,x, algorithm="maxima")

output‘a‘4*x + a*b~3*%(2xcos(d*x + c)/(cos(d*x + c)”2 - 1) - log(cos(d*x + c) + 1)
‘ + log(cos(d*x + c) - 1))/d - 4*a~3*b*log(cot(d*x + c) + csc(d*x + c))/d -
\ 6*a~2*%b~2/(d*tan(d*x + c)) - 1/3*(3*tan(d*x + c)~2 + 1)*b~4/(d*tan(d*x +
‘c)“S)
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3.36.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(101) = 202.

Time = 0.29 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.92

/(a + besc(c+ dz))* dx

bttan (Ldz + 1c)’ +12abPtan (Lde + 1 ¢)” + 24 (dz + c)a* + 720262 tan (L dz + L ¢) + 9b* tan (3 dz-

input Lintegrate ((atb*csc(d*x+c))"4,x, algorithm="giac") J

output | 1/24% (b~ 4xtan(1/2*d*x + 1/2%c)”~3 + 12%axb~3xtan(1/2*d*x + 1/2%c)~2 + 24x*(d
*X + c)*a”4 + 72%a~2%b " 2*tan(1/2*%d*x + 1/2%c) + 9xb~4xtan(1/2%d*x + 1/2%c)
+ 48x(2*a~3%b + axb~3)*log(abs(tan(1/2xd*x + 1/2xc))) - (176*a"3*bxtan(1/
2%dxx + 1/2%c)”3 + 88*axb~3xtan(1/2xd*x + 1/2%c)~3 + T2*xa~2*b~2*ktan(1/2*d*
X + 1/2%c)"2 + 9%b~4xtan(1/2*d*x + 1/2%c)”2 + 12*xaxb~3*xtan(1/2*d*x + 1/2%c
) + b~4)/tan(1/2*d*x + 1/2*c)"3)/d

3.36.9 Mupad [B] (verification not implemented)

Time = 18.00 (sec) , antiderivative size = 314, normalized size of antiderivative = 2.93

b*tan (% + d—””)3 b* cot (£ + d_w)3
Lde = 2 " 2) _ 2 T 2
/(a+bcsc(c+dx)) dx = o d i
_ 3btcot(5+ %) N 3b*tan (S + 42)
8d 8d

2a* atan (

+

Ccos

24 In (“E—
n n

3.36.  [(a+besc(c+dz))*dz
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input‘int((a + b/sin(c + d*x))~4,x)

output | (b~4*tan(c/2 + (d*x)/2)"3)/(24*d) - (b~4*xcot(c/2 + (d*x)/2)"3)/(24xd) - (3
*b~4*cot(c/2 + (d*x)/2))/(8xd) + (3*b~4xtan(c/2 + (d*x)/2))/(8+d) + (2*xa~4
*atan((a~3*cos(c/2 + (d*x)/2) + 2*b~3*sin(c/2 + (d*x)/2) + 4*a~2xbxsin(c/2
+ (d*x)/2))/(2%¥b"3*cos(c/2 + (d*x)/2) - a"3*sin(c/2 + (d*x)/2) + 4*a”2%b*
cos(c/2 + (d*x)/2))))/d + (2%axb~3*log(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/
2)))/d + (4*a~3*b*log(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d - (3*a~2*b
~2xcot(c/2 + (d*x)/2))/d - (a*b~3*cot(c/2 + (d*x)/2)72)/(2%d) + (3*a"2*b"2
*tan(c/2 + (d*x)/2))/d + (a*b~3*tan(c/2 + (d*x)/2)"2)/(2%d)

3.36.  [(a+besc(c+dz))*dz
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3.37 [(a+ besc(c+ dz))® dx

3.37.1 Optimal result . . . . . . .. . ... .. 259
3.37.2 Mathematica [B] (verified) . . . . . . .. ... . L Lo oL 259
3.37.3 Rubi [A] (verified) . . . . . ... .. 260
3.37.4 Maple [A] (verified) . . . . . . . .. . .. 261]
3.37.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 262
3.37.6 Sympy [F] . . . . . 262
3.37.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 262
3.37.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 263
3.37.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 263

3.37.1 Optimal result

Integrand size = 12, antiderivative size = 73

2 2
/(a + bese(c + dx))? de = o’z — b(6a” + b°) arct;;lh(COS(C + dx))

_ 5ab?cot(c+dx) b cot(c+dx)(a + besc(c + d))
2d 2d

output‘a‘3*x—1/2*b*(6*a‘2+b‘2)*arctanh(cos(d*x+c))/d—5/2*a*b‘2*cot(d*x+c)/d-1/2*b
L‘2*cot(d*x+c)*(a+b*csc(d*x+c))/d J

3.37.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 152 vs. 2(73) = 146.

Time = 3.44 (sec) , antiderivative size = 152, normalized size of antiderivative = 2.08

/(a + bese(c + dx))® dx
_ 8dPc+ 8a’dx — 12ab? cot (5(c + d)) — b® csc? (3(c + dx)) — 24a”blog (cos (;5(c + dx))) — 4b° log (cos (

input Integrate[(a + b*Csc[c + d*x])~3,x]

3.37.  [(a+besc(c+dx)) dx
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output‘ (8*a~3%c + 8*a~3*d*x - 12xaxb~2*Cot[(c + d*x)/2] - b~3*Csc[(c + d*x)/2]"2
‘- 24*a~2xbxLog[Cos[(c + d*x)/2]] - 4xb~3*Logl[Cos[(c + d*x)/2]] + 24*a~2*bx
‘Log[Sin[(c + dx*x)/2]] + 4xb~3%Log[Sin[(c + d*x)/2]] + b~3*Sec[(c + d*x)/2]
72 + 12+a*b~24Tan[(c + d*x)/2])/(8*d)

3.37.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.03, number

of steps used = 3, number of rules used = 3, Bummber of rules _ 95y Ryjes used = {3042,

integrand size
4269, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(a + besc(c+ dz))? dx
| 3042
/(a + besc(c + dz))3da

l 4269

b% cot(c + dz)(a + besc(c + dz))
2d

% / (2a® + 5b% csc®(c + dz)a + b(6a” + b?) csc(c + dz)) dz —

l 2009

2 d d
b? cot(c + dz)(a + besc(c + dz))
2d

1 (2a3w _ b(6a? + b?) arctanh(cos(c + dz)) 3 5ab? cot(c + dm)) 3

N

input | Int[(a + b*Csc[c + d*x])"3,x]

——

~—

p
output‘ (2*%a~3*x - (b*(6*a~2 + b~2)*ArcTanh[Cos[c + d*x]])/d - (5*xa*b~2*Cot[c + d*
‘XJ)/d)/2 - (b"2*Cot[c + d*x]*(a + b*Csclc + d*x]))/(2xd)

~
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3.37.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4269 | Int[(csc[(c_.) + (d_.)*(x_)]1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + b*Csc[c + d*x])~"(n - 3)*Simp[a~3*(n - 1) + (b*x(b"2*(n - 2) + 3%
a~2%(n - 1)))*Csclc + d*x] + (a*b™2%(3*n - 4))*Csclc + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b"2, 0] &% GtQ[n, 2] &% IntegerQ[2*n]

3.37.4 Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.16

method result

csc(dz+c) cot(dz+c) | In(— cot(dz+c)+csc(dz+c))
b (" 2 + 2 )

parts a3x + : _ 3a2bln(csc(dz—;c)-l—cot(dz-i-c)) __ 3a b2 co;(d:z:—l—c)
3 2 _ _ 2 3 (_ csc(dz+c) cot(dz+c) | In(— cot(dx+c)+csc(dz+c))
derivativedivides a’(dz+c)+3a?bIn(— cot(dz+c)+csc(dz+c))—3a b? cot(dz+c)+b ( 5 + 5 )
d
3 2 _ _ 2 3 (_ csc(dz+c) cot(dz+c) | In(— cot(dz+c)+csc(dz+c))
default a3 (dz+c)+3a?bIn(— cot(dz+c)+csc(dz+c))—3a b? cot(dz+c)+b ( 5 + 5 )
d
2 2
2 3 de | ¢ 3rd— dr | c)7p3 de | ¢\ p3_ dz | c 2 dz | c 2
arallelrisch 4(6a b+b ) ln(tan( 5 +2>>+8a zd cot( 5 +2) b +tan( 5 +2> b 12cot< 5 +2)ab +12tan( 5 +2)ab
p 8d
2 3 bstan d—z+9 4 3ab2 tan dfa:_,_g 3ab2tan d—z+9 3
0 a3mtan<d7z+%) —%-{- (83 2) - 2g2 2)+ 2(d2 2> b(6a2+b2) ln<tan<d§+%>)
orman PR 2d
tan(7+§)
isch 3 + b2 (—6ia ezi(dm"'c)+be3i(dm+°)+6ia+bei(dw+°)) . 3b ln(ei<‘17”"'°)+1)a2 . b3 ln(ei(d”‘+°)+1) + 3b ln(ei(d‘
risc a'xr d(e2i(dz+c)_1)2 d 2d

input Lint ((a+bxcsc(d*x+c))~3,x,method= RETURNVERBOSE) J

output ‘ a~3*x+b~3/d* (-1/2*csc (d*x+c) *xcot (d*x+c)+1/2*1n(-cot (d*x+c)+csc(d*x+c)) ) -3* ‘
La‘2*b/d*1n(csc(d*x+c)+cot(d*x+c))-3*a*b“2*cot(d*x+c)/d J

3.37.  [(a+besc(c+dx)) dx
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3.37.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 155 vs. 2(67) = 134.

Time = 0.25 (sec) , antiderivative size = 155, normalized size of antiderivative = 2.12

/(a + besc(c+ dx))® dx
_ 4a’dz cos (dz + ¢)? — 4adz + 12 ab? cos (dz + c) sin (dz + ¢) + 2b° cos (dz + c) + (6 a%b + b — (6 a2b +
B 4 (d cos
input Lintegrate ((atb*csc(d*x+c))~3,x, algorithm="fricas") J
output (1/4* (4*a~3*xd*xx*cos(d*x + c)72 - 4*a~3xdxx + 12*%a*b~2*cos(d*x + c)*sin(d*x )
4 C) + 2¥b"3kcos(dxx + c) + (6%a”2+b + b3 - (6*a"2xb + b"3)*cos(d*x + c)°
‘2)*log(1/2*cos(d*x +c) + 1/2) - (6%a”2%b + b"3 - (6*a”2*b + b~3)*cos(d*x
L+ c)~2)*log(-1/2*cos(d*x + c) + 1/2))/(d*cos(d*x + c)~"2 - d) J
3.37.6 Sympy [F]
/(a + besc(c + dx))? dr = / (a + besc (c+ dx))® da
input tintegrate((a+b*csc(d*x+c))**3,x) J
output LIntegral( (a + b*csc(c + d*x))**3, x) J

3.37.7 Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.30

/(a + besc(c + dx))® dx
v (—Cis‘zgjcfj)tc_)l — log (cos (dx + ¢) + 1) + log (cos (dz + ¢) — 1))
soat 1d
_ 3a*blog (cot (dz +c¢) + csc(dr +¢)) 3 ab?
d dtan (dz + c)

3.37.  [(a+besc(c+dx)) dx
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input‘integrate((a+b*csc(d*x+c))”3,x, algorithm="maxima") ‘

‘1) + log(cos(d*x + c) - 1))/d - 3*a~2xb*log(cot(d*x + c) + csc(d*x + c))/d

e DY
output‘a“B*x + 1/4*%b"3*(2xcos(d*x + c)/(cos(d*x + ¢c)~2 - 1) - log(cos(d*x + c) +
\ - 3*a*b~2/(d*tan(d*x + c)) \

3.37.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.84

/(a + besc(c+ dx))d dx
b tan (1 de + 1 ¢)® + 8 (de + ¢)a® + 12ab? tan (L dz + L ¢) +4 (6% + b%) log ([tan (1 dz + L ¢)]) — =
8d

input

integrate((atb*csc(d*x+c))~3,x, algorithm="giac")

N\ J

output‘1/8*(b”3*tan(1/2*d*x + 1/2%c)"2 + 8*(d*x + c)*a”3 + 12xaxb”2*tan(1/2*d*x +
| 1/2%c) + 4x(6%a"2%b + b~3)*log(abs(tan(l/2xd*x + 1/2%c))) - (36%a”2+bxtan
\(1/2*d*x + 1/2%c)"2 + 6*%b~3*tan(1/2*d*x + 1/2%c)”2 + 12%a*b~2xtan(1/2*d*x
‘+ 1/2xc) + b~3)/tan(1/2*d*x + 1/2*c)~2)/d ‘

3.37.9 Mupad [B] (verification not implemented)

Time = 18.59 (sec) , antiderivative size = 234, normalized size of antiderivative = 3.21

3 sin( 5+
Bran(s+ %) Peor(s+4)’ U (=)
8d B 8d 2d

2 cos 5+ ) a®46 sin( 5447 a2 bosin (5447) ¥°
—2 sin( 54 ) 0% +6 cos(§+4) a2 broos 5+ ‘“)lﬁ)
d

/(a +besc(c+dz))? dr =

2a® atan (

)
cos( +d7) 3ab2 COt(% + de)

3.37.  [(a+besc(c+dx)) dx
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input‘int((a + b/sin(c + d*x))"3,x)

output | (b~3*tan(c/2 + (d*x)/2)"2)/(8%d) - (b~3*cot(c/2 + (d*x)/2)"2)/(8*d) + (b~3
*xlog(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/(2+%d) + (2*a~3*atan((2*xa~3*co
s(c/2 + (d*x)/2) + b~3*sin(c/2 + (d*x)/2) + 6*a”"2*b*sin(c/2 + (d*x)/2))/(b
~3xcos(c/2 + (d*x)/2) - 2*a~3*sin(c/2 + (d*x)/2) + 6*a~2xbxcos(c/2 + (d*x)
/2))))/d + (3*a~2*xbxlog(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d - (3*a*b
~2xcot(c/2 + (d*x)/2))/(2*%d) + (3*a*b~2*tan(c/2 + (d*x)/2))/(2*d)

3.37.  [(a+besc(c+dx)) dx
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3.38 [(a+ besc(c+ dz))? dx

3.38.1 Optimalresult . . . . .. .. ... . ... 265]
3.38.2 Mathematica [B] (verified) . . . . . ... ... ... L Lo oL 265
3.38.3 Rubi [A] (verified) . . . . ... . . . ... 2661
3.38.4 Maple [A] (verified) . . .. ... ... .. 2671
3.38.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 268
3.38.6 Sympy [F] . . . . . . 268
3.38.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 268
3.38.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 269
3.38.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 269

3.38.1 Optimal result

Integrand size = 12, antiderivative size = 34

_ 2abarctanh(cos(c +dz)) b% cot(c + dx)
d d

/(a + besc(c + dr))? dr = a’z

-

output La"2*x—2*a*b*arctanh (cos(d*x+c)) /d-b~2*cot (d*x+c)/d

~—

3.38.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 76 vs. 2(34) = 68.

Time = 0.71 (sec) , antiderivative size = 76, normalized size of antiderivative = 2.24

/(a + bese(c + dx))? dx
—b% cot (%(c + d:r)) + 2a(ac + adx — 2blog (cos (%(c + dm))) + 2blog (Sin (%(c + dx)))) + b2 tan (%(c +
- 2d
input LIntegrate [(a + bxCsc[c + d*x])~2,x] J

output‘ (-(b~2*Cot [(c + d*x)/2]) + 2%ax(axc + a*d*x - 2xb*Log[Cos[(c + d*x)/2]] + ‘
2%b*Log[Sinl[(c + d*x)/2]]1) + b~2+Tan[(c + d*x)/2]1)/(2%d) |

3.38.  [(a+besc(c+dz))?dx



output ta"2*x - (2xaxb*ArcTanh[Cos[c + d*x]])/d - (b~2*Cot[c + d*x])/d
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3.38.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00, number

of steps used = 7, number of rules used = 6, Bumber of rules _ , 554 Ryles used = {3042,
integrand size

4260, 3042, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a + besc(c + dz))? dx
| 3042
/(a + besc(c + dx))da
| 4260
2ab / csc(c + dx)dz + b2 / csc?(c + dx)dx + a’x
| 3042

2ab / csc(c + dz)dz + b? / csc(c + dz)?dx + a*x

| 4254
>[1d d
2ab/csc(c+ dx)dz — o) cc:;c(c+ z) + a’z
| 24
2
2ab / esc(c + dx)dz + a’x — bCOt(dc—i_dx)
| 4257
5 2abarctanh(cos(c + dzx))  b%cot(c+ dx)
a‘z — —
d d
input LInt [(a + b*Csc[c + d*x])~2,x] J

e

~—

3.38.  [(a+besc(c+dz))?dx
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3.38.3.1 Defintions of rubi rules used

ruk324‘Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4254 Int[cscl[(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1)
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Subst [Int [Exp

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]

/; FreeQ[{c, d}, x]

ruk34260‘1nt[(csc[(c_.) + (d_)*(x_)I*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2*x, x] +
‘ (Simp[2*a*b  Int[Csclc + d*x], x], x] + Simp[b~2
, x]1) /; FreeQ[{a, b, c, d}, x]

Int[Csclc + d*x]~2, x]

3.38.4 Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.24

method result size
parts a2z — b2 cotfjd:c—i—c) _ 2ab ln(csc(dm—i—;)—}-cot(dm-i—c)) 49
. . . a?(dz+c)+2abIn(— cot(dz+c)+csc(dz+c))—cot(dz+c)b?
derivativedivides B 46
a?(dz+c)+2abIn(— cot(dz+c)+csc(dz+c))—cot(dz+c)b?
default d 46
2 dr 4 c dz  c\p2_ dz  c\p2
parallelrisch 2a°zd+41n (ta.n( 5 t35 ) ) ab+tan< 5 +5 ) b*—cot ( 5 +5 ) b 55
. 2, 2ib2 - 2ab ln(ei(‘iz+c)+1) 2ab ln(ei(dm‘”)—l)
risch A°T — Graarse 1) = + 3 67
2 b2tan(dE45)?
azwtan(%+§)—%+% 2abln(tan(%‘+§>)
norman S + 3 73
tan ( T+ %)

inputLint((a+b*csc(d*x+c))“2,x,method=_RETURNVERBOSE)

3.38.  [(a+besc(c+dz))?dx
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output ‘ a~2xx-b~2*cot (d*x+c) /d-2*a*b/d*1n(csc(d*x+c)+cot (d*x+c))

3.38.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 77 vs. 2(34) = 68.

Time = 0.25 (sec) , antiderivative size = 77, normalized size of antiderivative = 2.26

/(a + bese(c + dx))? dx

_d’dxsin (dz + c) — ablog (1 cos(dz +c) + 1) sin (dz + ¢) + ablog (—3 cos (dz +¢) + 1) sin (dz + ¢) —

B dsin (dz + ¢)
inputtintegrate((a+b*csc(d*x+c))“2,x, algorithm="fricas") J

output‘(a‘Z*d*x*sin(d*x + c) - axb*log(1/2*cos(d*x + c) + 1/2)*sin(d*x + c) + axb
\*1og(—1/2*cos(d*x + c) + 1/2)*sin(d*x + c) - b"2*cos(d*x + c))/(d*sin(d*x
+ ) |

3.38.6 Sympy [F]

/(a +besc(c+ dx))dxr = / (a +besc (¢ + dz))? dz

input Lintegrate((a+b*csc(d*X+C))**2,X) J

output LIntegral((a + bkcsc(c + d*x))**2, x) J

3.38.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.26

2ablog (cot (dz + c) + csc (dz + ¢)) b?
25 _ 2. _
/(a+bcsc(c+dw)) dz = o’z y dtan (dz 1 0)

—

input Lintegrate ((at+b*csc(d*x+c))~2,x, algorithm="maxima")

output La“2*x - 2*xaxb*log(cot(d*x + c) + csc(d*x + c))/d - b~2/(d*tan(d*x + c)) J

3.38.  [(a+besc(c+dz))?dx
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3.38.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(34) = 68.

Time = 0.28 (sec) , antiderivative size = 74, normalized size of antiderivative = 2.18

/(a + besc(c+ dr))? dx

4abtan(% dz+% c) +b2
tan(% d:l!-l—% c)

2 (dz + c)a® + 4 ablog ([tan (L dz + L c)|) + b*tan (S dz + L)
2d

inputLintegrate((a+b*csc(d*x+c))‘2,x, algorithm="giac")

output‘ 1/2x(2*(d*x + c)*a”~2 + 4*a*bxlog(abs(tan(1/2*d*x + 1/2%c))) + b~2xtan(1/2%
‘d*x + 1/2*%c) - (4*xaxbxtan(1/2*d*x + 1/2%c) + b~2)/tan(1/2*d*x + 1/2*c))/d

3.38.9 Mupad [B] (verification not implemented)

Time = 18.67 (sec) , antiderivative size = 105, normalized size of antiderivative = 3.09

/(a + besc(c + dx))? dx =

d + d

input Lint((a + b/sin(c + d*x))~2,x)

output‘ (2*a~2*xatan((a*cos(c/2 + (d*x)/2) + 2*bxsin(c/2 + (d*x)/2))/(2*b*cos(c/2 +
| (a*x)/2) - a*sin(c/2 + (d*x)/2))))/d - (b™2%cot(c + d*x))/d + (2*axbxlog(
'sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d

3.38.  [(a+besc(c+dz))?dx
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3.39 [0 gy

a+b csc(z)
3.39.1 Optimal result . . . . . . .. . ... .. 2770
3.39.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 270
3.39.3 Rubi [A] (verified) . . . . . . .. .. 271]
3.39.4 Maple [A] (verified) . .. ... .. ... .. 275
3.39.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 276l
3.39.6 Sympy [F] . . . . . 27T
3.39.7 Maxima [F(-2)] . . . . . . 27T
3.39.8 Giac [A] (verification not implemented) . . . .. ... ... ... ....... 27T
3.39.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 278

3.39.1 Optimal result

Integrand size = 13, antiderivative size = 112

/ cscS(x) i — a(2a® + b°) arctanh(cos(z)) 2a4arCtanh(at/b:2aTnIE22))
a + besc(z) 2b% biva2 — b2
(3a? + 2b*) cot(xz)  acot(z)csc(z)  cot(z) csc?(x)
- 363 * 252 - 3b

output‘1/2*a*(2*a‘2+b‘2)*arctanh(cos(x))/b‘4—1/3*(3*a‘2+2*b‘2)*cot(x)/b‘3+1/2*a*c
ot (x)*csc(x) /b~2-1/3%cot (x) *csc (x) “2/b-2%a~4*arctanh ( (a+b*tan (1/2%x))/ (a™2
~b~2)"(1/2))/b"4/(a"2-b~2)"(1/2) |

3.39.2 Mathematica [A] (verified)

Time = 2.10 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.12

> + b(3a? + 2b%) cos(3x) csc®(x) — 3bcot(z) cse(z) (—2ab + (a? + 2b%) ese(x)) + 6a(2a
12b%

-

input LIntegrate [Csc[x]756/(a + b*Csc[x]),x]

~—

20, [t de
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output‘ ((24xa~4xArcTan[(a + bxTan[x/2])/Sqrt[-a”2 + b~2]]1)/Sqrt[-a”2 + b~2] + b*(
‘3*a"2 + 2¥b~2)*Cos [3*x]*Csc[x] "3 - 3*b*Cot [x]*Csc[x]*(-2*a*xb + (a~2 + 2%b~
‘2)*Csc [x]) + 6%a*x(2*¥a”2 + b~2)*(Log[Cos[x/2]] - Log[Sin[x/2]1]1))/(12*b"4)

3.39.3 Rubi [A] (verified)

Time = 1.00 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.24,

number of steps used = 18, number of rules used — 17, umber of rules _ ;1 358 Ryjes
integrand size

used = {3042, 4338, 3042, 4580, 25, 3042, 4570, 27, 3042, 4486, 3042, 4257, 4318, 3042,

3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

| 3042
5
/ csc(x) dx
a + bese(z)
| 4338
csc?(z) (—3a csc?(z)+2b csc(x)+2a)
f atbosc(@) dz _ cot (z) csc?(z)
3b 3b
| 3042
csc(z)? (—3a csc(x)?+2b esc(x)+2a)
f a+bcsc(z) dz _ cot (fl?) CSC2 (:1:)
3b 3b
| 4580
_ csc(z) (3(12 —bcsc(z)a—2 (3a2+2b2) osc? (z)) dx
1) a+l)21;)sc(:r) + 3a cot(gg csc(x) - cot(x) csc2 (x)
3b 3b

| 25

csc(z) (3412717 csc(z)a—2 (3a2+2b2) csc? (z))

L

3acot(gg csc(z) a+b;20(a:) COt(I) CSC2(I)
3b 3b
| 3042
csc(z) (3112717 csc(z)a72(3a2+2b2) csc(x)z)
d
3acot(§g csc(z) a+b§20(x) z COt(I) CSCz(I)
3b 3b

20, [t de
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3 csc(zx) (ba2+ (2a2+62) csc(z)a)

l 4570

dx 2(3a2+2b2) cot(z)

+b csc(x)
3a cot(z) csc(x) g b 2
2) _ - _ cot(z) csc?(z)
3b 3b
| 27
2 2,2
5 csc(z)(ba ;:g:;:(—al:) ) csr:(z)a) dz 2(3a2+2b2) cot(z)
3a cot(z) csc(x) b b 2
2) _ - _ cot(z) csc*(z)
3b 3b
| 3042
(=) (ba?+ (202 +b?) csc(z)
csc(z ( a a_SbZSC(:C) ) csc(x a) dx 2(3a2+2b2) cot(z)
3acot(x)csc(z) 5 + b 2
2) - _ cot(z) csc*(z)
3b 3b
| 4486
2 .92 4 csc(z)
5 a(2a +b )fCSC(l‘)dmiza I a+bcsc(z) dz
b b +2<3a2+2b2) cot(x)

3acot(z) csc(x)

b b

cot(x) csc?(x)

2b 2 _
3b 3b
l 3042
(202107) o200
- b

b

|

3acot(x)csc(z)

) " 2 <3a2+2b2) cot(x)

b b

2b

2b

cot(x) csc?(z)

csc(z)

3b
l 4257

dz g (2a2 +b2) arctanh(cos(z))

a+bcsc(z)
b

(2a4f
3| —

b ) +2(3a2+2b2) cot(x)

3acot(z) csc(x)

b b

2b

2b

3b

cot(x) csc?(x)

1
asin(x)
T_Fl

3b
l 4318

dz
a (2a2 +b2 ) arctanh(cos(z))

b2

204 S

b

B 3b

3acot(z) csc(x)

) " 2 (3a2+2b2) cot(x)

[

2b

2b

cot(x) csc?(x)

asin(z
f"'l

3b
l 3042

b2

2a% 1k

dz
a (2(12 +b2 ) arctanh(cos(w)) )
- b

2 (3a2+2b2) cot(z)

B 3b

3acot(x)csc(z)

b b

2b

2b

_ cot(z) csc?(z)

3b

3b

csc®(z) dz

3.39. a+bcesc(z)

J
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l 3139

4a* J 1 dtan(%)
tan? (%)‘F 2 tag(%) +1 a(202+b2)arctanh(cos(x))
b2 - 1

3| —

2 (3a2 +2b2) cot(zx)
3acot(x)csc(z) 5 5
2b 2b

3b
cot(x) csc?(z)

3b
l 1083

8at J 1 d(2242tan(2
—(%’-&-2@;;(%))2—4(1—2%) (% ()

a (2a2+b2)arctanh(cos(x))
b2 - b

2 (3a2 +2b2) cot(z)

3acot(x)csc(x) 5 + 5

2b 2b

3b
cot(z) csc?(z)

3b
l 219

b(%’-&-Ztan(%))
4#anmanh( 2v/a2—b2 ¢(mlwﬂanianh@m@»
- b

by a2 —b2

2(3a2+2b2) cot(x)
3acot(z) csc(x) 3 b
2 2b
3b
cot(z) esc?(z)
3b

-

input  Int[Csc[x]~5/(a + b*Csc[x]),x]

N

output‘—1/3*(Cot[x]*Csc[x]‘2)/b + (-1/2%((3*(-((a*x(2*a"2 + b~2)*ArcTanh[Cos[x]])/
\b) + (4xa~4*ArcTanh[(b*((2*a)/b + 2*Tan[x/2]))/(2*Sqrt[a~2 - b~2]1)]1)/(b*Sq
‘rt[a“2 - b72]1)))/b + (2x(3*a~2 + 2xb~2)*Cot [x])/b) /b + (3*a*Cot[x]*Csc[x])
| /(2%b))/ (3%b)
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3.39.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 27

rule 219

rule 1083

rule 3042

rule 3139

rule 4257

rule 4318

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2xbxexx + a
xe~2%x"2), x], x, Tan[(c + d*x)/21/el, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xI]

Int[cscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]
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rule 4338 Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (f_.)*x(x_)I*(b_.) + (
a_)), x_Symbol] :> Simp[(-d~3)*Cot[e + fxx]*((d*Cscle + f*x])~(n - 3)/(b*fx*
(n - 2))), x] + Simp[d~3/(b*(n - 2)) Int[(d*Csc[e + f*x]) " (n - 3)*(Simpl[a
*(n - 3) + bx(n - 3)*Cscl[e + f*x] - ax(n - 2)*Cscl[e + f*x]~2, x]/(a + b*Csc
[e + £xx])), x], x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && Gt
Qln, 3]

rule 4486 | Int[(csc[(e_.) + (£_.)*(x_)]*(cscl(e_.) + (£_.)*(x_)1*(B_.) + (A_.)))/(cscl(
e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbol] :> Simp[B/b Int[Csc[e + f*x],
x], x] + Simp[(A*b - a*B)/b  Int[Csc[e + f*x]/(a + b*Cscle + f*x]), x], x
] /; FreeQ[{a, b, e, f, A, B}, x] && NeQ[A*b - a*B, 0]

rule 4570 Int[csc[(e_.) + (f_.)*(x_)I*((A_.) + cscl(e_.) + (£_.)*(x_)I*(B_.) + cscl(e
_) + (E_)*(x_)172x(C_.))*(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(m_), x_S

ymbol] :> Simp[(-C)*Cot[e + fxx]*((a + b*Cscle + f*x])~(m + 1)/(bxf*x(m + 2)
)), x] + Simp[1/(bx(m + 2)) Int[Cscle + f*x]*(a + b*Cscle + f*x]) m*Simp[

bxA*(m + 2) + b*Cx(m + 1) + (b*Bx(m + 2) - a*C)*Cscle + f*x], x], x], x] /;
FreeQ[{a, b, e, £, A, B, C, m}, x] && !'LtQ[m, -1]

rule 4580 | Int [csc[(e_.) + (f_.)*(x_)]1"2%x((A_.) + cscl[(e_.) + (f_.)*(x_)I*(B_.) + cscl
(e_.) + (£_.)*(x_)]1"2%(C_.))*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_), x
_Symbol] :> Simp[(-C)*Cscl[e + f*x]*Cot[e + f*x]*((a + b*Cscle + f*x])~(m +
1)/(b*f*(m + 3))), x] + Simp[1/(b*(m + 3)) Int[Csc[e + f*x]*(a + bxCscle
+ f*x]) “m*Simp[a*xC + bx(Cx(m + 2) + A*(m + 3))*Cscle + fxx] - (2*a*C - bxBx
(m + 3))*Cscle + £*x]°2, x], x], x] /; FreeQ[{a, b, e, £, A, B, C, m}, x] &
& NeQ[a"2 - b~2, 0] && 'LtQ[m, -1]

3.39.4 Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.39

method | result
3.9 4 2btan(%)+2a
tan(Z) b 2a* arctan| ———=~——
default * (:23) —abtan(%)2+4tan(%)a2+3tan(%)b2 + 2v/—a2+b2 1 4024352 n “
8b3 b4/ —a2+b2 24btan(Z)®  8b3tan(§) ' 8b2tan(Z)’
o i(V=aZ1b2 ba®—b?) o i(V=aZ10?
) ) ) ) ) iatln| e+ — iatln| e+ :
risch i(3iab e®® —6a2e%® —3iab e’ +12a2e2¢® 4 12b2e2® —6a2 —4b2) av—a?+b n aV—-a
3b3(e2iz—1)3 V—a24b2 bt V—aZ+b2 v
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input‘int(csc(x)“S/(a+b*csc(x)),x,method=_RETURNVERBOSE)

p
output \ 1/8/b73*%(1/3*tan (1/2*x) ~3*b~2-a*b*tan (1/2*x) ~2+4*tan (1/2*x) *a~2+3*tan (1/2*

input

output

‘x)*b“2)+2/b“4*a‘4/(-a‘2+b“2)“(1/2)*arctan(1/2*(2*b*tan(1/2*x)+2*a)/(-a“2+b
"2)“(1/2))-1/24/b/tan(1/2*x)“3-1/8*(4*a‘2+3*b‘2)/b‘3/tan(1/2*x)+1/8*a/b‘2/
Ltan(1/2*x)“2-1/2/b‘4*a*(2*a‘2+b‘2)*ln(tan(1/2*x))

|

3.39.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 280 vs. 2(98) = 196.

Time = 0.35 (sec) , antiderivative size = 607, normalized size of antiderivative = 5.42

4(3a*b — a®h® — 2b°) cos (z)° — 6 (a* cos (z)” — a*)va? — B log <_ (a2—26%) cos(z)’+2 absin(z)-+a?-+b>—2 (b cos

a2 cos(z)?—2 absin(z)—a

p
Lintegrate(csc(x)‘5/(a+b*csc(x)),x, algorithm="fricas")

~—

[1/12%(4%(3*a~4*b - a~2*%b~3 - 2*b~5)*cos(x)~3 - 6*(a~4*cos(x)"2 - a~4)*sqr
t(a™2 - b™2)*log(-((a~2 - 2%b~2)*cos(x) "2 + 2*a*b*sin(x) + a™2 + b™2 - 2x%(
bxcos(x)*sin(x) + axcos(x))*sqrt(a™2 - b72))/(a"2*cos(x)"2 - 2*a*b*sin(x)
- a”2 - b™2))*sin(x) + 6*(a”3*b"2 - a*b”4)*cos(x)*sin(x) + 3*(2*a”5 - a~3*
b"2 - axb™4 - (2*%a”5 - a”3*b"2 - a*b~4)*cos(x)"2)*Llog(1/2*cos(x) + 1/2)*si
n(x) - 3*(2*xa™5 - a”3*%b”"2 - a*b”™4 - (2#a”5 - a”3*b"2 - a*b~4)*cos(x) "2)*lo
g(-1/2xcos(x) + 1/2)*sin(x) - 12*x(a~4*b - b~5)*cos(x))/((a"2%b"4 - b~6 - (
a~2*xb~4 - b"6)*cos(x) "2)*sin(x)), 1/12x(4*(3*a"~4*xb - a~2*b~3 - 2*b~5)*cos(
X)"3 + 12x(a"4xcos(x)"2 - a~4)*sqrt(-a~2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(
bxsin(x) + a)/((a”2 - b"2)*cos(x)))*sin(x) + 6*(a”3*%b"2 - a*b”4)*cos(x)*si
n(x) + 3*(2*xa”5 - a"3*b"2 - axb™4 - (2*%a”5 - a~3*b"2 - a*b~4)*cos(x) "2)*lo
g(1/2%cos(x) + 1/2)*sin(x) - 3*(2*a”5 - a~3*b~2 - a*b™4 - (2*%a”5 - a~3*b~2
- a*b~4)*cos(x)"2)*log(-1/2*cos(x) + 1/2)*sin(x) - 12*%(a"4*b - b~5)*cos(x
))/((a”2*b"4 - b™6 - (a™2*b"4 - b~6)*cos(x)"2)*sin(x))]

3.39. [.2Udg
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3.39.6 Sympy [F]

/%dm=/%dz

input Lintegrate (csc(x)**5/ (atb*csc(x)) ,x)

output LIntegral(csc(x)**S/(a + bxcsc(x)), x)

3.39.7 Maxima [F(-2)]

Exception generated.

5
/ L(x) dz = Exception raised: ValueError
a + besc(x)

inputLintegrate(csc(x)“5/(a+b*csc(x)),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see “assume? £
‘or more de

3.39.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.73

a+ besc(x) v—aZ + b2bt
b? tan (%x)3 — 3abtan (% :v)2 +12a”tan (%x) +90b%tan (% x)
+ 2413
(2a® + ab?) log ([tan (5 z)|)
2 bt

/ csc®(z) dp — 2 <7T |55 + 3] sgn(b) +arctan (%))Cﬁ

20, [t de
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‘integrate(csc(x)“5/(a+b*csc(x)),x, algorithm="giac") ‘

2% (pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +

b~2)))*a"4/(sqrt(-a"2 + b~2)*b"4) + 1/24x(b~2*tan(1/2%x)"3 - 3*a*bxtan(1/
2%x) "2 + 12*%a”2xtan(1/2*x) + 9*b~2xtan(1/2*x))/b"3 - 1/2*%(2*xa”3 + a*xb™2)*1
og(abs(tan(1/2*x)))/b~4 + 1/24*(44*a~3*tan(1/2%x)"3 + 22*axb~2*tan(1/2*x)"
3 - 12*%a~2*xb*tan(1/2+*x)”2 - 9*b"3*tan(1/2*x) "2 + 3*a*b~2*tan(1/2*x) - b~3)
/(b~4*tan(1/2%x)~3)

3.39.9 Mupad [B] (verification not implemented)

Time = 19.02 (sec) , antiderivative size = 588, normalized size of antiderivative = 5.25

b2 3a sin(2z) Va?—b?
4

co(3)

3a sin(3x) ln(sm(%) ) a?—b2 9a ln<sm(%) ) sin(z) vVa2—b2?
+ - 5 +b°

o

(cos(Bz)\/(J.2—I)2 3 cox
2

-

Lint(l/(sin(x)“S*(a + b/sin(x))),x)

~—

-(b™2*((3*a*sin(2*x)*(a"2 - b~2)7(1/2))/4 + (3*a*sin(3*x)*log(sin(x/2)/cos
(x/2))*(a”2 - ©72)7(1/2))/8 - (9*axlog(sin(x/2)/cos(x/2))*sin(x)*(a"2 - b~
2)~(1/2))/8) + b~3*((cos(3*x)*(a~2 - b~2)~(1/2))/2 - (3*cos(x)*(a~2 - b~2)
~(1/2))/2) - bx((3*a~2*cos(x)*(a”2 - b™2)~(1/2))/4 - (3*a~2*cos(3*x)*(a~2
- b72)7(1/2))/4) + (a"4*atan((a"4*sin(x/2)*(a"2 - b"2)"(1/2)*8i - b~ 4*sin(
x/2)*(a"2 - b72)"(1/2)*1i + a*b"3*cos(x/2)*(a"2 - b"2)"(1/2)*1i + a~3*b*co
s(x/2)*(a"2 - b"2)"(1/2)*41i)/(b"5*cos(x/2) - 8*a"5*sin(x/2) + a~2*xb~3*cos(
x/2) + 4*a”3*b"2xsin(x/2) - 4*a~4*bxcos(x/2) + 2*axb~4*sin(x/2)))*sin(x)*9
i)/2 - (a"4*atan((a"4*sin(x/2)*(a”2 - b72)"(1/2)*8i - b~ 4*sin(x/2)*(a"2 -
b~2)"(1/2)*1i + a*b~3*cos(x/2)*(a"2 - b"2)"(1/2)*1i + a~3*b*xcos(x/2)*(a"2
- b72)7(1/2)*4i)/(b"5*cos(x/2) - 8*a~5*sin(x/2) + a~2*b"3*cos(x/2) + 4*a”3
*b~2xsin(x/2) - 4*a~4*b*xcos(x/2) + 2%a*xb~4*sin(x/2)))*sin(3*x)*31)/2 - (9%
a~3*log(sin(x/2)/cos(x/2))*sin(x)*(a"2 - b~2)"(1/2))/4 + (3*a~3*sin(3*x)*1
og(sin(x/2) /cos(x/2))*(a"2 - ©72)"(1/2))/4)/((3*¥b~4*sin(3*x)*(a"2 - b~2)~(
1/2))/4 - (9%b~4*sin(x)*(a"2 - b~2)~(1/2))/4)
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3.40 [0 gy

a+b csc(z)
3.40.1 Optimalresult . . . . . . . . . .. ... 2779
3.40.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 279
3.40.3 Rubi [A] (verified) . . . . . . . . . . .. 20
3.40.4 Maple [A] (verified) . . . . . ... ... .. 283
3.40.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 2831
3.40.6 Sympy [F] . . . . . 284
3.40.7 Maxima [F(-2)] . . . . . . 284
3.40.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 285
3.40.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 285

3.40.1 Optimal result

Integrand size = 13, antiderivative size = 84

/ csct(x) dp — (2a2 + b?) arctanh(cos(z))

a + besc(z) T 2b°
a—i—btan(%)
N 2a,3arctanh( JaZ 02 ) a cot(x) _ cot(x) csc(x)
b3va2 — b2 b2 2b

output ‘ -1/2%(2%a~2+b~2)*arctanh(cos(x)) /b~ 3+a*xcot (x) /b~2-1/2%cot (x) *csc (x) /b+2*a” ‘
3*xarctanh((at+b*tan(1/2%x))/(a"2-b"2)~(1/2))/b~3/(a"2-b"2)~(1/2)

N J

3.40.2 Mathematica [A] (verified)

Time = 0.72 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.71

/%dw

1643 arctan <GL) m; (%2) )
- \/_a2+b_; ) 4 4abcot (£) — b*csc? (£) — 8a’log (cos (£)) — 4b?log (cos (£)) + 8a*log (sin (%
N 8b3
input LIntegrate [Csc[x]74/(a + b*Csc[x]),x] J

3.40. f a-(l:-sbc::ls(:()z) dx
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output \ ((-16*a~3*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a~2 + b~2] + 4x
‘ axbxCot [x/2] - b~2#Csc[x/2]72 - 8*a~2xLog[Cos[x/2]] - 4xb~2*Log[Cos[x/2]]
‘ + 8+a”~2*xLog[Sin[x/2]] + 4xb~2+Log[Sin[x/2]] + b~2*Sec[x/2]"2 - 4*axb*Tan[x
/21)/(8%b"3)

3.40.3 Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.25,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size — 1.000, Rules

used = {3042, 4338, 3042, 4570, 3042, 4486, 3042, 4257, 4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

| 3042
4
/ csc(x) e
a + besce(z)
| 4338
csc(x) (—2a csc? (x)+b csc(x)+a
f ( a+bcsc(z) ) dz _ COt(I) CSC(.’L‘)
2b 2b
| 3042
csc(x) (—2a csc(z)?+bcsc(x)+a
f ( a+bcsc(z) ) dz _ COt(J)) CSC(.’E)
2b 2b
| 4570
csc(z) (ab+ (2a2+b2) csc(m)) d
S atb c;c(m) z + 2a czl))t(m) ~ COt(.’B) CSC(I)
2b 2b
| 3042
csc(x) (ab+ (2a2+b2) csc(m)) d
S atb c;c(m) z + 2a c?)t(z) ~ COt(.’B) CSC(I)
2b 2b
l 4486

(2a2+b2) [ csc(z)dx _ 243 J a-}—c:f:(sﬁ%w) dx

b 5 b + _ cot(z) csc(x)
2b 2b

2a cot(x)
b

3.40. f aj—sbc::ls(:()w) dx




CHAPTER 3. LISTING OF INTEGRALS 281

l 3042
(202482) Jesc@)dn 20° | aipenets 4
. 5 : +'2aciux) cot(x) csc(z)
2b 2b
l 4257
243 J aﬁ;(;(;c:zz) dz (2a2+b2)arctanh(cos(w))
~ : — . +—2aczﬂw) cot(x) csc(z)
2b 2b
l 4318
2453 I/ %dz 2 .2
B asinf@) ;" (2a%+b )arctanh(cos(z))
2 5 : +—2aczdx) cot(x) csc(z)
2b 2b
l 3042
243 I %dm 9 .2
~ asin@) 1, (2a%+b )arctanh(cos(z))
2 5 2 +—2aczd$) cot(x) csc(z)
2b 2b
l 3139
443 I 1 p dtan(%)
_ tan2 (%)4— 2e ta:(f) +1 _ (2a2+b2)arctanh(cos(z))
= 5 L +—2acz“z) _ cot(z) csc(z)
2b 2b
l'1083
8a® | 1 d(2&42tan( g
(2Ta+2tan(%))2—4(1—9§) ( b (2)) _ (2a2+b2)arctanh(cos(w))
L 5 b +—2“C§“x) _ cot(z) csc(z)

2b 2b

| 219
b(%2+2tan(§))
4a3arCtanh< b2\/ a2 b2 (2(12 +b2)arctanh(cos(a:))

bv/a2—p 5 ’ +—2aczﬂx) cot(z) csc(x)

2b 2b

inputLInt[Csc[x]‘4/(a + bxCsc[x]),x]

-/

output‘((—(((Q*a‘Z + b~2)*ArcTanh[Cos[x]])/b) + (4*a~3*ArcTanh[(b*((2*a)/b + 2x*Ta
‘n[x/2]))/(2*Sqrt[a‘2 - b21)1)/(bxSqrt[a~2 - b~2]))/b + (2xaxCot[x])/b)/(2
\*b) - (Cot [x]*Csc[x])/(2%b)

3.40. [0 dg



rule 219

rule 1083

rule 3042

rule 3139

rule 4257

rule 4318

rule 4338

rule 4486
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3.40.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
xe"2xx72), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

N\

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a~2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)I1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)I*(_.) + (
a_)), x_Symbol] :> Simp[(-d~3)*Cot[e + f*x]*((d*Cscle + f*x])~(n - 3)/(b*f*
(n - 2))), x] + Simp[d~3/(b*x(n - 2)) Int[(d*Cscle + f*x])~(n - 3)*(Simp[a
*(n - 3) + bx(n - 3)*Cscl[e + f*x] - ax(n - 2)*Cscl[e + f*x]~2, x]/(a + b*Csc
[e + £*x])), x], x] /; FreeQ[{a, b, d, e, £}, x] && NeQ[a~"2 - b~2, 0] && Gt
Q[n, 3]

Int[(cscl(e_.) + (£_.)*(x_)1*(cscl(e_.) + (£_.)*(x_)]1*(B_.) + (A_)))/(cscl(
e_.) + (£_)*(x_)]1*(_.) + (a_)), x_Symbol] :> Simp[B/b  Int[Cscle + f*x],
x], x] + Simp[(A*b - a*B)/b  Int[Csc[e + f*x]/(a + b*Cscle + f*x]), x], x
] /; FreeQ[{a, b, e, f, A, B}, x] && NeQ[A*b - a*B, 0]

3.40. f a-(l:-sbc::ls(:()z) dx
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rule 4570 | Int [csc[(e_.) + (f_.)*(x_)1*((A_.) + cscl(e_.) + (f_.)*(x_)I*(B_.) + cscl(e
_) + (E_)*(x)]172x(C_.))*(cscl(e_.) + (£_.)*(x_)1*(_.) + (a_))"(m_), x_S
ymbol] :> Simp[(-C)*Cot[e + f*x]*((a + bxCscle + £*x])"(m + 1)/(b*f*(m + 2)
)), x] + Simp[1/(b*(m + 2)) Int[Cscl[e + f*x]*(a + b*Cscle + f*x]) “m*Simp[
bxA*(m + 2) + b*Cx(m + 1) + (b*Bx(m + 2) - a*C)*Cscl[e + f*x], x], x], x] /;
FreeQ[{a, b, e, £, A, B, C, m}, x] & !'LtQ[m, -1]

3.40.4 Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.33

method | result
2 3 2btan ( % ) +2a
b z 2a° arctan | ———=4t——
default - tangg) +2atan(%) 1 (4a2+2b2) ln(tan(%)) n a 2v/—a2+b2
elau 12 8htan(2)” 453 262 tan (2 b3v/—a2 102
; . 3 iz ibv/a?—b2+a? b2 3 iz ibv/aZ—b2—a24b2
. h %a egiz +b e3iz —%ia+b eiz . In (eza: +1)a2 _ In (eza: +1) + a®In (e + 2124 _ a®In| e®+ 2124 i
T1SC. (eziz_l)sz b3 2% VaZ—b2 b3 Va2 b2 b3
e R
input Lint (csc(x) "4/ (a+b*csc(x)) ,x,method=_RETURNVERBOSE) J

output| ~1/4/b~2#(~1/2+bktan (1/2+x) ~2+2*+a*tan(1/2+x))-1/8/b/tan(1/2%x) ~2+1/4/b"3(
| 4xa~2+2+b~2) *1n(tan(1/2+x))+1/2%a/b"2/tan (1/2%x) -2/b"3%a~3/ (-a~2+b"2) ~ (1/2
)*arctan(1/2%(2+bxtan (1/2%x)+2%a)/ (-a~2+5"2) " (1/2)) |

3.40.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 239 vs. 2(74) = 148.

Time = 0.36 (sec) , antiderivative size = 524, normalized size of antiderivative = 6.24

/ csct(z) i

a + besc(x)
4 (a3b . ab3) cos (CL‘) sin (CL’) _9 (a3 cos (117)2 . a3) mlog ( (a2—2b2) cos(z)?+2 absin(x)+a2+b2+2 (b cos(z) sin(:

a2 cos(x)?—2 absin(z)—a2 —b2

input  integrate(csc(x)~4/(at+b*csc(x)),x, algorithm="fricas")

3.40. f a-(l:-sbc::ls(:()z) dx
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output | [1/4*(4*(a~3*b - a*b~3)*cos(x)*sin(x) - 2*(a~3*cos(x)"2 - a~3)*sqrt(a”2 -
b~2)*1log(((a~2 - 2*b~2)*cos(x) "2 + 2*axb*sin(x) + a~2 + b~2 + 2*(b*cos(x)*
sin(x) + a*cos(x))*sqrt(a”2 - b72))/(a"2*cos(x)~2 - 2*axb*sin(x) - a”2 - b
~2)) - 2x(a"2*%b”"2 - b"4)*cos(x) - (2%¥a”4 - a"2*xb”"2 - b"4 - (2*a"4 - a"2xb”
2 - b™4)*cos(x)"2)*log(1/2*cos(x) + 1/2) + (2%a™4 - a"2*xb"2 - b™4 - (2¥a™4
- a"2%b"2 - b"4)*cos(x)"2)*log(-1/2*cos(x) + 1/2))/(a"2*xb"3 - b~5 - (a”2%*
b~3 - b 5)*cos(x)"2), 1/4*%(4*x(a~3*%b - a*b~3)*cos(x)*sin(x) - 4*x(a~3*cos(x)
~2 - a”3)*sqrt(-a”2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) + a)/((a"2 -
b~2)*cos(x))) - 2*(a"2%b"2 - b~4)*cos(x) - (2%¥a”4 - a™2%b"2 - b™4 - (2*a”
4 - a”2x¥b~2 - b"4)*cos(x)"2)*log(1/2*cos(x) + 1/2) + (2¥a”4 - a"2+%b"2 - b~
4 - (2%¥a”4 - a”2xb”2 - b~4)*cos(x)"2)*log(-1/2*cos(x) + 1/2))/(a"2%b"3 - b
5 - (a”2*%b"3 - b~5)*cos(x)"2)]

3.40.6 Sympy [F]

/%dm=/%dm

-

input  integrate(csc(x)**4/ (atb*csc(x)),x)

N\

outputLIntegral(csc(x)**4/(a + b*csc(x)), x)

3.40.7 Maxima [F(-2)]

Exception generated.

4
/ _esci(z) dx = Exception raised: ValueError
a + besc(x)

input

integrate(csc(x) "4/ (atb*csc(x)) ,x, algorithm="maxima")

N

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4*b~2>0)', see “assume? £
‘or more de

3.40. [0 dg
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3.40.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.68

/ csct(z) i _2 <7TL% + 1] sgn(b) + arctan (%))a:"

a + besc(x) —aZ + b2h3
btan (%x)2—4atan (3z) (2a®>+b%)log ([tan (3 2)])
8172 * 207

12 a®tan (% x)2 + 6b%tan (% x)2 — 4abtan (%x) +b?
8 b3 tan (%x)Q

inputLintegrate(csc(x)‘4/(a+b*csc(x)),x, algorithm="giac") J

output‘—2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2
'+ b72)))*a"3/(sqrt(-a”2 + b 2)*b"3) + 1/8*(bxtan(1/2%x)"2 - 4+axtan(1/2%x)
)/b72 + 1/2%(2%a™2 + b~2)*log(abs(tan(1/2%x))) /b3 - 1/8%(12%a~2%tan(1/2+x
L)*z + 6%b~2*tan(1/2%x)"2 - 4*axbxtan(1/2%x) + b~2)/(b"3*tan(1/2%x)"2) J

3.40.9 Mupad [B] (verification not implemented)

Time = 17.92 (sec) , antiderivative size = 515, normalized size of antiderivative = 6.13

n Sin(%)> VaZ_p2 cos(2x n<5in(%)> 202 a2 n<5i“(%)> 22
b2 cos(x) vVa2-b2 : <C°S(§) k + (=) 1 CDS(%) ’ _ ! C"S(%) k __ absin(2z) va2—b?
2 4 4 2 2

input Lint(l/(sin(x)“4*(a + b/sin(x))),x)

~—

3.40. f a-(l:-sbc::ls(:()z) dx




output

CHAPTER 3. LISTING OF INTEGRALS

286

/-(a“3*atan((a”4*sin(x/2)*(a“2 - b™2)"(1/2)*8i - b~4*sin(x/2)*(a"2 - b~2)"(

1/2)*1i + a*b~3*cos(x/2)*(a"2 - b~2)~(1/2)*1i + a~3*b*cos(x/2)*(a"2 - b~2)
~(1/2)*4i)/(b"5*cos(x/2) - 8*a~bxsin(x/2) + a”~2*b~3*cos(x/2) + 4*a~3*xb~2x*s
in(x/2) - 4*a”4*b*cos(x/2) + 2*a*b~4xsin(x/2)))*1i + b"2*((cos(x)*(a"2 - b
~2)°(1/2))/2 - (log(sin(x/2)/cos(x/2))*(a"2 - b~2)"(1/2))/4 + (cos(2*x)*1lo
g(sin(x/2)/cos(x/2))*(a”2 - b~2)7(1/2))/4) - (a~2*log(sin(x/2)/cos(x/2))*(
a”2 - b72)7(1/2))/2 - a"3*cos(2*x)*atan((a~4*sin(x/2)*(a"2 - b~2)~(1/2)*8i
- b74*sin(x/2)*(a"2 - b"2)"(1/2)*1i + a*b~3*cos(x/2)*(a"2 - b~2)~(1/2)*1i
+ a”3*b*xcos(x/2)*(a”2 - b~2)"(1/2)*4i)/(b"5*cos(x/2) - 8*a~b*sin(x/2) + a
~2%b~3%cos(x/2) + 4*a~3xb"2*sin(x/2) - 4*a”4xbxcos(x/2) + 2xa*b~4*xsin(x/2)
))*1i - (a*b*sin(2*x)*(a”2 - b~2)"(1/2))/2 + (a~2*cos(2+*x)*log(sin(x/2)/co
s(x/2))*(a”2 - b72)7(1/2))/2)/((b73*(a”2 - b~2)"(1/2))/2 - (b"3*cos(2%x)*(
a”2 - b"2)7(1/2))/2)

3.40. f aj—sbc::ls(:()w) dx




CHAPTER 3. LISTING OF INTEGRALS 287

3.41  [-=0@ gy
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3.41.1 Optimal result . . . . .. .. . .. 28T
3.41.2 Mathematica [A] (verified) . . . . . . . .. ... ..o 287
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3.41.4 Maple [A] (verified) . . . ... . ... .. 290
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3.41.6 Sympy [F] . . . . . . 291]
3.41.7 Maxima [F(-2)] . . . . . ...
3.41.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 292
3.41.9 Mupad [B] (verification not implemented) . . . . . ... ... ... ..... 292

3.41.1 Optimal result

Integrand size = 13, antiderivative size = 62

a+btan(%)
/ csc3(x) dp — aarctanh(cos(z)) 2a2arctanh< Va2—p2 > _ cot(z)
a+besc(z) b2 vz — b2 b

e B

a*arctanh(cos(x))/b~2-cot (x) /b-2*a~2*arctanh((a+b*tan(1/2*x))/(a"2-b"2)~ (1
/2))/672/(a2-5"2)"(1/2) |

output

3.41.2 Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.71

csc3(x)
/ a + besc(x) dz
csc (£) sec (%) <2a2 arctan <%) sin(z) + v/ —a? + b%(—bcos(z) + a(log (cos (£)) — log (sin (£)))
W T B

input LIntegrate [Csc[x]73/(a + b*Csc[x]),x]

-/

output ‘ (Csc[x/2]1*Sec[x/2]*(2*a~2xArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]]1*Sin[x] ‘
‘ + Sqrt[-a”2 + b~2]*(-(b*Cos[x]) + a*(Log[Cos[x/2]] - Log[Sin[x/2]])*Sin[x ‘
1))/ (2%072%8qrt [-a”2 + b72]) |

341 f a-(l:-sbcjs(:()z) dx
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3.41.3 Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.23, number

of steps used = 12, number of rules used = 11, Bumber of rules _ 946 Ryles used =
integrand size

{3042, 4277, 3042, 4276, 3042, 4257, 4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

l 3042
/ csc(z)3 e
a + bese(x)
l 4277
2 T
a f a—f—sbccs(c():z:) dzx _ COt(fE)
b b
l 3042
CSC(T 2
af a+bc(:s<3(z) 4z cot(z)
b b
l 4276
a Jesc(z)dz af affi(sﬁzz) dz
B b b _ cot(z)
b b
l 3042
a Jesc(z)dz af affcc(sﬁzz)dx
B b b _ cot(z)
b b
l 4257
a _af a-fzcc(sizz)dm _ arctanh(cos(z))
B b b _ cot(z)
b b
l 4318
a % XL
( / %@)Hd arctanh(cos(z))>
al| — b2 - b
B _ cot(z)
b b

341 f aj—sbcjs(::c()w) dx
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l 3042
1
af %(””)de arctanh (cos(z))
al|l — b2 - b
_ _ cot(z)
b b
l 3139
2a‘f 2];1tan(z) dtan(%)
ol - tan2 (%)4— 2b 2/ 4 _ arctan?(cos(m))
b
_ cot(z)
b b
l 1083

da [ 1 d(2—“+2tan(5))
a( ‘(27”““(%))2‘4(1‘%) ’ ’ _ arctanh(cos(x)))
b

) B cot(zx)
2 b
l 219
tanh M)
2qarctan ( 2va2—b2 _arctanh(cos(z))
a /a2 —b2 b
_ cot(z)

b b

input LInt [Csc[x]~3/(a + b*Csc[x]),x]

output ‘ -((a*(-(ArcTanh[Cos[x]]1/b) + (2*a*ArcTanh[(b*((2*a)/b + 2+Tan[x/2]))/(2%Sq
‘ rt[a™2 - b°2]1)]1)/(bxSqrt[a~2 - b~2])))/b) - Cot[x]/b

3.41.3.1 Defintions of rubi rules used

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 1083 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x]

341 f a-(l:-sbcjs(:()z) dx




rule 3042

rule 3139

rule 4257

rule 4276

rule 4277

rule 4318
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*xx + a
*e"2%x"2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a=2 - b~2, 0]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Int[cscl(e_.) + (£_.)*(x_)]1"2/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Sym
bol] :> Simp[1/b  Int[Csc[e + f*x], x], x] - Simp[a/b Int[Cscle + f*xx]/(
a + bxCscle + f*x]1), x1, x] /; FreeQ[{a, b, e, £}, x]

Int[cscl(e_.) + (£_.)*(x_)]1"3/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Sym
bol] :> Simp[-Cot[e + f*x]/(b*f), x] - Simpl[a/b Int[Cscle + f*x]"2/(a + b
*Csc[e + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinl[e + f*x]), x], x] /; FreeQ[{a, b, e,
f}, x] && NeQ[a"2 - b~2, 0]

3.41.4 Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.24

method | result

N

2btan(%)+2a
2a2 arctan | ——24———
< 2v/—a2+4b2

bv2v/—a2+b2

an(3 aln(tan(3
tzg))_'_ 1 _ aln(tan(3))

default ~ %tan(Z) 2

V=a2+b2 b+a?—p?)

(N —a2b2 ba2 b2 )
ia? ln<ei’”+z( CaT b bmatHh )> ia? ln<eiz+z(

aln(e®®+1) aln(e?*—1) av/—a2+b2

av/—a24b2

)

. 21
I‘lSCh b(ezim_l) + b2 b2 + \/_a2+b2 b2

\/—a2+b2 b2

input tint (csc(x)~3/(atb*csc(x)),x,method=_RETURNVERBOSE)

csc3(x)

a+bcesc(z) dx

3.41.

J
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output \ 1/2*tan(1/2*x) /b+2%a~2/b"2/(-a"2+b"2) "~ (1/2) *arctan (1/2* (2«b*tan(1/2%x) +2*a \
L)/(-a”2+b“2)“(1/2))-1/2/b/tan(1/2*x)-a/b“2*1n(tan(1/2*x)) J

3.41.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 131 vs. 2(56) = 112.

Time = 0.30 (sec) , antiderivative size = 308, normalized size of antiderivative = 4.97

3
/ csc(z) i
a + besc(x)
2 . .
ma2 log (_ (a2—2b2) cos(z)’+2 absin(z)+aZ+b2—2 (bcos(z) s1n(z)+acos(w))\/a2—b2) sin (.’L’) + (CL3 _ G,bz) log (% c

a2 cos(z)?—2 absin(z)—a2—b2
2 (a?b? — b*) sin (z)

2+v/—a? + b%a? arctan (— : _‘(ljj_b;(;’:z((z))Jra)) sin (z) — (a® — ab?)log (5 cos (z) + 3) sin (z) + (a® — ab?

2 (a?b? — b*) sin ()

inputLintegrate(csc(x)‘3/(a+b*csc(x)),x, algorithm="fricas") J

output | [1/2x(sqrt(a”2 - b~2)*a"2xlog(-((a"2 - 2*b~2)*cos(x)~2 + 2%a*b*sin(x) + a~
2 + b™2 - 2x(b*cos(x)*sin(x) + a*cos(x))*sqrt(a”2 - b72))/(a"2*cos(x)"2 -
2xaxb*sin(x) - a”2 - b72))*sin(x) + (a”3 - a*b”2)*log(1/2*cos(x) + 1/2)*si
n(x) - (2”3 - a*xb~2)*xlog(-1/2*cos(x) + 1/2)*sin(x) - 2x(a"2xb - b~3)*cos(x
))/((a™2%b~2 - b~4)*sin(x)), -1/2*%(2*sqrt(-a”2 + b~2)*a"2*arctan(-sqrt(-a”
2 + b"2)*(b*sin(x) + a)/((a”2 - b~2)*cos(x)))*sin(x) - (a3 - a*xb~2)*log(l
/2xcos(x) + 1/2)*sin(x) + (2”3 - a*b"2)*log(-1/2*cos(x) + 1/2)*sin(x) + 2%
(a”2xb - b~3)*cos(x))/((a"2*b"2 - b~4)*sin(x))]

3.41.6 Sympy [F]

[ fret == et

e hY
integrate(csc(x)**3/ (atbxcsc(x)) ,x)

N

input

output LIntegral(csc(x)**B/(a + bxcsc(x)), x) J

341 f a-(l:-sbcjs(:()z) dx
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3.41.7 Maxima [F(-2)]

Exception generated.

3
/ L(x) dz = Exception raised: ValueError
a + besc(x)

input‘integrate(csc(x)“3/(a+b*csc(x)),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume? f
‘or more de

3.41.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.58

/ esc?(z) o 2 (WL% + 1] sgn(b) + arctan (%))cﬂ
a + besc(z) v—a? + b2b?
alog(!tan (%x)|) tan (%x) 2atan (%z) —-b
b TT26 " 2ptan (La)

input‘integrate(csc(x)“3/(a+b*csc(x)),x, algorithm="giac")

output(2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((bxtan(1/2*x) + a)/sqrt(-a~2 +
‘ b~2)))*a"2/(sqrt(-a"2 + b~2)*b"2) - a*log(abs(tan(1/2*x)))/b~2 + 1/2xtan(
‘1/2*x)/b + 1/2%(2*a*tan(1/2*x) - b)/(b"2*%tan(1/2#*x))

3.41.9 Mupad [B] (verification not implemented)

Time = 18.11 (sec) , antiderivative size = 135, normalized size of antiderivative = 2.18

/ csc®(x) do — 1 a In (tan(%))

a + besc(x) * = “htan (z) b2

a?tan(Z) va2—b2 4i—b2 tan(Z) vaZ—b2? li+abva2—b2 2i .
aQatan< (2) (2) 2

4tan(%) ad3+2a? b—3tan(%) ab2—-b3

N

341 f a-(l:-sbcjs(:()z) dx
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input‘int(l/(sin(x)”B*(a + b/sin(x))),x)

output‘- 1/(bxtan(x)) - (axlog(tan(x/2)))/b"2 - (a"2*atan((a~2*tan(x/2)*(a"2 - b~
‘2)‘(1/2)*41 - b™2*tan(x/2)*(a"2 - b72)"(1/2)*1i + a*b*(a"2 - b~2)~(1/2)*2i
‘)/(4*a‘3*tan(x/2) + 2*xa~2%b - b~3 - 3*axb"2xtan(x/2)))*2i)/(b"2*x(a"2 - b"2
)7(1/2))

341 f a-(l:-sbcjs(:()z) dx
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3.42  [-=C@ gy

a+b csc(z)
3.42.1 Optimal result . . . . . . .. . ... 294
3.42.2 Mathematica [A] (verified) . . . . . . . . .. ... L 297
3.42.3 Rubi [A] (verified) . . . . . . ... 295
3.42.4 Maple [A] (verified) . . . . . .. . ... 297
3.42.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 2971
3.42.6 Sympy [F] . . . . . 298
3.42.7 Maxima [F(-2)] . . . . . . 298
3.42.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 299
3.42.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 299

3.42.1 Optimal result

Integrand size = 13, antiderivative size = 53

a+btan(%)
/ csc?(x) dr — _ arctanh(cos(z)) n 2aarctanh< Va?—p? )
a+besc(z) b bva? — b?

output ‘(—arctan.h(cos (%)) /b+2*a*arctanh ( (a+b*tan(1/2*x))/(a~2-b~2)~(1/2))/b/(a~2-b" ‘
2)7(1/2) |

3.42.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.17

2a arctan a+btan(%)>
) i
/ csc?(z) - Va2 157 =2 —log (cos (5)) +1log (sin (5))
dr =
a + besc(x) b

input

Integrate[Csc[x]~2/(a + b*Csc[x]),x]

N J

output ‘ ((-2*axArcTan[(a + b*Tan[x/2])/Sqrt[-a"2 + b~2]]1)/Sqrt[-a"2 + b~2] - LoglC ‘
‘0s[x/2]] + Log[Sin[x/2]11)/b |

342, [-=C@_gg

a+bcesc(z)
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3.42.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.17, number

of steps used = 10, number of rules used = 9, Bumber of rules _ 699 Ryles used = {3042,
integrand size

4276, 3042, 4257, 4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

| 3042
/ csc(z)? i
a + bese(z)
| 4276
[ csc(z)dz B af afsz;(s?(@ dzx
b b
| 3042
[ esc(z)dz af afii(sﬁ%z) dzx
b b
| 4257
af afl?f:(st%x) dzx _ arctanh(cos(z))
b b
| 4318
1
——d
o) asin(a) 4 ©F _ arctanh(cos(z))
b2 b
| 3042
1
af asin(@) g dz _ arctanh(cos())
b2 b
| 3139
2a [ L - dtan (%)
B tan2(§)+2ata:(§) +1 2 _ arctanh(cos(z))
b2 b
| 1083

3.42. f aj—sbczs(:()w) dx
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da [ L 2>d(%14-2tan(%))

_ arctanh(cos(z))

—(2#+2tan(%))2—4<1—‘;—2
b2
l 219

b(z—“—i—Ztan(E))
2aarctanh<4443735f§%L*) __ arctanh(cos(z))
bva2 — b2 b

inputLInt[Csc[x]‘Z/(a + b*Csc[x]),x]

output(—(ArcTanh[Cos[X]]/b) + (2xaxArcTanh[(b*x((2*a) /b + 2*Tan[x/2]))/(2*Sqrt[a~2

L - b~21)1)/(b*Sqrt[a~2 - b~2])

~

3.42.3.1 Defintions of rubi rules used

ruk3219‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
‘ArcTanh[Rt[-b, 21*(x/Rt[a, 21)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt

Qla, 0] || LtQ[b, 01)

e

rule 1083

.

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2
‘nt[l/Simp[b‘2 - 4xaxc - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3139 | Int[((a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*bxexx + a
*e~2%x~2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ

[a”2 - b~2, 0]

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]

/; FreeQ[{c, d}, x]

3.42. f a-(l:-sbcjs(:()z) dx
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rule 4276 Int[csc[(e_.) + (f_.)*(x_)]1"2/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Simp[1/b Int[Cscl[e + f*x], x], x] - Simp[a/b Int[Cscle + f*x]/(
a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, £}, x]

rule 4318 Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

3.42.4 Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00

method | result size
2a arctan <W> ] (t ( » ))
default | — Yy + = arbl 2 53
iz | ibVa2—b2—a24b2 iz, ibvVa2—b2+a2—b2
b aln(e +T2a+) aln(e +TZ—2(1> In(e**+1) In(e**—1) 152
Tsc o VaZz—b2b + VaZ—b2b o b + b
input Lint (csc(x)~2/(a+b*csc(x)) ,x,method=_RETURNVERBOSE) J

output ‘ -2xa/b/ (-a~2+b~2) " (1/2) *arctan(1/2* (2xbxtan(1/2*x)+2*a) / (-a~2+b"2) " (1/2) )+ ‘
' 1/bxIn(tan(1/2+x)) |

3.42.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 100 vs. 2(47) = 94.

Time = 0.29 (sec) , antiderivative size = 245, normalized size of antiderivative = 4.62

2
/ csc?(z) i
a + besc(x)
15 a2—2b2) cos(z)?+2 absin(z)+a2+b2+2 (bcos(z) sin(z)+a cos(z)) Va2 —b2
a2 o b2a log (( ) L a2 co(s()x_’);—;ab—is_in((z)—s,Z)_bz( 2 2 ) - (0,2 - b2) log (% Cos (1’.) + %)
2 (a?b — b3)

input Lintegrate (csc(x) "2/ (a+b*csc(x)) ,x, algorithm="fricas") J

3.42. f a-(l:-sbcjs(:()z) dx
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output [1/2*(sqrt(a”2 - b~2)*a*log(((a”2 - 2%b~2)*cos(x)”2 + 2*a*b*sin(x) + a~2 +

b~2 + 2x(b*cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b72))/(a"2*cos(x)"2 - 2*a
*b*sin(x) - a”2 - ©72)) - (2”2 - b"2)*1log(1/2*cos(x) + 1/2) + (2”2 - b™2)*
log(-1/2%cos(x) + 1/2))/(a"2%b - b~3), 1/2*(2*sqrt(-a”2 + b~2)*a*arctan(-s
grt(-a~2 + b~2)*(b*sin(x) + a)/((a"2 - b~2)*cos(x))) - (a”2 - b~2)*1log(1/2
xcos(x) + 1/2) + (a”2 - b~2)*log(-1/2*cos(x) + 1/2))/(a"2*b - b~3)]

3.42.6 Sympy [F]

inputLintegrate(csc(x)**2/(a+b*csc(X)),X)

outputtIntegral(csc(x)**2/(a + b*csc(x)), x)

3.42.7 Maxima [F(-2)]

Exception generated.

2
/ L(x) dr = Exception raised: ValueError
a + bese(x)

inputLintegrate(csc(x)‘2/(a+b*csc(x)),x, algorithm="maxima")

-

output | Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see ~assume?  f

Lor more de

~

342, [5£0dg
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3.42.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.19

btan(% w)+a

/ csc?(x) 4 — _2 <7T 5% + 3] sgn(b) + arctan (W»a N log (|tan (1 z)|)
a + besc(x) V—a2 + b%b b

input Lintegrate (csc(x)~2/(atb*csc(x)) ,x, algorithm="giac")

~—

output‘—2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 ‘
+ b72)))*a/(sqrt(-a™2 + b"2)*b) + log(abs(tan(1/2%x)))/b |

3.42.9 Mupad [B] (verification not implemented)

Time = 18.29 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.43

2
/ csc?(z) s
a + besce(z)
In (sin(%) ) 2aatanh< Va2—b2 (4i sin(%) a?4-2i cos(%)ab—li sin(%) b?) )

cos(%) _ a? sin(Z) 4i+b cos(%Z) (a2—b2) li+a2 b cos(%) li—ab? sin(Z) 3i
b bva? — b2
input int(1/(sin(x)"2%(a + b/sin(x))),x) ]

output‘ log(sin(x/2)/cos(x/2))/b - (2*a*atanh(((a"2 - b~2)~(1/2)*(a"2*sin(x/2)*4i ‘
‘- b~ 2*sin(x/2)*1i + axbxcos(x/2)*2i))/(a"3*sin(x/2)*4i + b*cos(x/2)*(a"2 - ‘
\ b 2)*1i + a~2%b*cos(x/2)*1i - axb~2xsin(x/2)*31)))/(b*x(a~2 - b~2)~(1/2))

3.42. f a-(l:-sbcjs(:()z) dx
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3.43  [—=W gy

a+b csc(z)
3.43.1 Optimal result . . . . . . .. . ... . 300
3.43.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 300
3.43.3 Rubi [A] (verified) . . . . . . .. ..
3.43.4 Maple [A] (verified) . . . ... ... ...
3.43.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.43.6 Sympy [F] . . . . . 303
3.43.7 Maxima [F(-2)] . . . . . .. ..
3.43.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 304
3.43.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. 304

3.43.1 Optimal result

Integrand size = 11, antiderivative size = 40

a + besc(z) a? — b?

a—|—btan(%)
/ csc(z) . 2arctanh( a2_b2>

output L—2*arctanh( (at+b*tan(1/2%x))/(a~2-b~2)~(1/2))/(a~2-b"~2)~(1/2) J

3.43.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00

2 arctan <a+btan(%) )

/ csc(x) dp — T2
a+besc(z) Ny

input‘Integrate[Csc[x]/(a + b*Csc[x]),x]

outputt(2*ArcTan[(a + bxTan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a~2 + b~2] J

343 f a-lfzz(::)(z) d.’L'
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3.43.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.22, number

of steps used = 7, number of rules used = 6, Bumber of rules _ , 545 Ryjleg used = {3042,

integrand size
4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

csc(zx)
/ a + besce(z) de
| 3042
csc(z)
/ a + bese(z) de
| 4318

1

f de
b
| 3042

1
f asi:(m)+1dx

4f 1 Zz)d(%"+2tan(%))

2a n(Z
2arctanh (%)

JZ -

input LInt [Csc[x]/(a + b*Csc[x]),x]

~—

output ‘/ (-2%ArcTanh[(b*((2*a) /b + 2*Tan[x/2]))/(2*Sqrt[a~2 - b~2])])/Sqrt[a™2 - b~

\2]

—.

343 f a-:zctf:(s?(w) d$




rule 219

rule 1083

rule 3042

rule 3139

rule 4318
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3.43.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*bxexx + a
xe"2xx72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinf[e + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a~2 - b~2, 0]

3.43.4 Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.98

method | result size
2btan(%)+2a

defanlt 2a,rcta,n<2 =72 > 29

efau =

) 2 .2 ) 2,2
o <eiz+z(\/a2+b2 b+a2—b ) > o <em+z(\/a2+b2 b—a2+b ) >

. av/—a2+b2 av/—a2+b2

risch — W + W 122

input Lint (csc(x)/(a+b*csc(x)),x,method=_RETURNVERBOSE)

output Lz/ (-a~2+b~2) " (1/2) *arctan (1/2% (2xb*tan (1/2*x) +2*a) / (-a~2+b~2) ~(1/2))

csc(zx)

a+bcesc(z) dx

343. [
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3.43.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 154, normalized size of antiderivative = 3.85

1 (a2—202%) cos(z)2+2 absin(z)+a2+b2—2 (b cos(x) sin(x)+a cos(z) ) vaZ—b2
/ csc(z) dr — 08\~ a2 cos(z)?—2 absin(z)—a2—b2

a + besc(x) v 2va? - b? ,
Vv —a? + b? arctan (— ” _‘ij_b;(;’zi((?)Jra))

a2 — b2

input Lintegrate (csc(x)/(atb*csc(x)) ,x, algorithm="fricas")

output‘[1/2*1og(—((a‘2 - 2+%b~2)*cos(x) "2 + 2*axb*sin(x) + a”2 + b~2 - 2x(b*cos(x)
‘*sin(x) + axcos(x))*sqrt(a™2 - b72))/(a"2*cos(x) "2 - 2xa*b*sin(x) - a2 -
‘b“2))/sqrt(a‘2 - b"2), -sqrt(-a”2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(x
‘) + a)/((a”2 - b™2)*cos(x)))/(a"2 - b~2)]

3.43.6 Sympy [F]

input Lintegrate (csc(x)/(atb*csc(x)),x)

-/

output LIntegral(csc(x)/(a + b*csc(x)), x)

3.43.7 Maxima [F(-2)]

Exception generated.

/ L(x) dr = Exception raised: ValueError
a + bese(x)

input Lintegrate (csc(x)/(atb*csc(x)) ,x, algorithm="maxima")

343 f anZZ(sﬁz) d.’L'
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output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see “assume? £
‘or more de

3.43.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.20

T btan(i z)+a
/L(w) i 2 (ﬂﬂ + 1] sgn(b) + arctan (%))
a + besc(z) Y ey =

input Lintegrate (csc(x)/(at+b*csc(x)) ,x, algorithm="giac")

output‘2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
L b~2)))/sqrt(-a~2 + b~2)

3.43.9 Mupad [B] (verification not implemented)

Time = 18.13 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.90

a+btan(3)
B 2 atanh (m)

csc(z) B
/a+bcsc(a:) @ === Ja=t

input‘ int(1/(sin(x)*(a + b/sin(x))),x)

output | -(2+atanh((a + btan(x/2))/((a + b)~(1/2)%(a - B)"(1/2))))/((a + b)~(1/2)
(a - b)7(1/2))

343 f a-lfzz(::)(z) d.’L'
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344 [ _—dz

a+b csc(c+dr)
3.44.1 Optimal result . . . . . . . . . . .. .
3.44.2 Mathematica [A] (verified) . . . . . . . . .. ...
3.44.3 Rubi [A] (verified) . . . . . . ...
3.44.4 Maple [A] (verified) . . . . ... .. ...
3.44.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.44.6 Sympy [F] . . . . .
3.44.7 Maxima [F(-2)] . . . . . . . 309
3.44.8 Giac [A] (verification not implemented) . . . ... ... ... . ... .... 309
3.44.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... ..

3.44.1 Optimal result

Integrand size = 12, antiderivative size = 57

/ 1 oo © 2barctanh(W>
atbeselctdr) " a v/ = bd

output ‘(x/a+2*b*arctanh( (a+b*tan(1/2*d*x+1/2%c))/(a~2-b~2)~(1/2))/a/d/(a~2-b~2)~ (1
/2) |

3.44.2 Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.04

a+btan 1(c+dx)
. 2barctan <\/_(£7+62)>
/ : dr = a T V—a?1b%d
a + besc(c+ dx) a

inputLIntegrate[(a + bxCsclc + d*x])~(-1),x]

output‘(c/d + x - (2*bxArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-a~2 + b~2]1)/(Sqrt[-
La"2 + b~2]*d))/a J

344 f m d.’E
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3.44.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.16, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 554 Ryles used = {3042,

integrand size
4270, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ ! dz
a + besc(c + dx)
| 3042

[ o veter i’

a + bese(c + dx) v
| 4270

f%dx

asin(ct+dx)
T—i_l

T
a a

l 3042
f 1 _ dx

asin(ct+dz)
asinieres) 41

xr
a a
l 3139

2/ L dtan (1(c + dx)
tan2(%(C+dz))+2atan(%b(c+dz)) 41 (2 )

ad
l 1083

1 2% N
4/ —(27‘14—2tan(%(c+dx)))2—4(1_%) d( 5 T 2tan (2(C+ da:)))

ad
l 219

2a an 1 C XL
2ba,rctanh(b( b +222/a2(i§)2+d )))) z
+ —

adva? — b2 a

SIS

T
+ —
a

-

Int[(a + b*Csc[c + d*x])~(-1),x]

N\

OUtPHt‘x/a + (2*bxArcTanh[(bx((2*a)/b + 2*Tan[(c + d*x)/2]))/(2xSqrt[a”2 - b~2])]

)/(axsqre[a™2 - b72]*d)

344 f m d.’E



rule 219

rule 1083

rule 3042

rule 3139

rule 4270
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3.44.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*bxexx + a
xe"2xx72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a"2 - b~2, 0]

3.44.4 Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.19

method result size
b arct 2btan(%£+%)+2a
2arctan(tan(d7m+%)) arctan 2V —a2+b2
. . o . - —a24b2
derivativedivides - y av/—a®+b 68
2b arctan —2btan(d7‘z+%)+2a
2arctan(tan(d7w+%)) 2v/—a2+b2
- a —112 2
default z y b 68
i(de+tc) ibvVaZ—b2+a—b> i(detc) ibvVaZ—b2—a?4b>
risch z 4 bln(e MEET e ML 146
a Va2-b2da Va2-b2da
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input Lint (1/ (a+b*csc (d*x+c)) ,x,method=_RETURNVERBOSE) J

output‘1/d*(2/a*arctan(tan(1/2*d*x+1/2*c))-2*b/a/(-a“2+b“2)*(1/2)*arCtan(1/2*(2*b
vtan(1/2+¢dxx+1/2+c)+2%a)/ (-a"2+b"2) " (1/2))) |

3.44.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 238, normalized size of antiderivative = 4.18

/ L dz
a + besc(c + dx)

a2—2b2) cos(dz+c)?+2 absin(dz+c)+a2+b2+2 (b cos(dz+-c) sin(dz+c)+a cos(dz+c))vVaZ—b2
2 (a2 - bz)dl‘ + mb lOg <( Joool ) a2(cos(da)v+c)2—2 absgn(dac:-c)—a;—b(2 ) ( k >

2 (a® — ab?)d

inputLintegrate(1/(a+b*csc(d*x+c)),x, algorithm="fricas") J

output | [1/2*(2*(a”2 - b~2)*d*x + sqrt(a”2 - b~2)*b*log(((a~2 - 2*b~2)*cos(d*x + ¢
)72 + 2%axbxsin(d*x + c) + a”2 + b”2 + 2%(b*cos(d*x + c)*sin(d*x + c) + ax
cos(d*x + c))*sqrt(a™2 - b72))/(a"2*cos(d*x + c)~2 - 2*a*bxsin(d*x + c) -
a”2 - b72)))/((a"3 - a*b”2)*d), ((a”2 - b™2)*d*x + sqrt(-a~2 + b~2)*b*arct
an(-sqrt(-a”2 + b"2)*(b*sin(d*x + c) + a)/((a"2 - b™2)*cos(d*x + ¢))))/((a
~3 - a*b~2)*d)]

3.44.6 Sympy [F]

/ ! dx—/ ! dz
a+besc(c+dz) ) a+bcesc(c+dr)

inputLintegrate(1/(a+b*csc(d*x+c)),X) J

outputLIntegral(l/(a + bxcsc(c + d*x)), x) J

344 f m d.’E
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3.44.7 Maxima [F(-2)]

Exception generated.

1
/ a + besc(c + dx)

dr = Exception raised: ValueError

input Lintegrate (1/ (atb*csc(d*x+c)) ,x, algorithm="maxima")

~—

output‘Exception raised: ValueError >> Computation failed since Maxima requested

‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f

‘additional constraints; using the 'assume' command before evaluation *may*

‘or more de

3.44.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.35

dx+
2 <7rL e

+ %J sgn(b)+arctan <

btan(% dz+% c)+a
vV —a2+4b2

)

dr = —

vV—a2+b2a

a

1
/ a + besc(c + drx)

d

inputtintegrate(l/(a+b*csc(d*x+c)),x, algorithm="giac")

‘*c) + a)/sqrt(-a”2 + b72)))*b/(sqrt(-a”2 + b~2)*a) - (d*x + c)/a)/d

- (2% (pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*d*x + 1/2

3.44.9 Mupad [B] (verification not implemented)

Time = 18.59 (sec) ,

SHRS

| avvateran -
a + besc(c + dx) v

antiderivative size = 184, normalized size of antiderivative = 3.23

2a2 sin(%—}—%) ((12—172)—2b4 sin(%+%)—2b2 sin(% Tz) b2 +a b3 cos(%+d7z)+3 a? b? sin(%-l—de)—i-ab cos(%+
Qbatanh( a<2 sin(% ‘2—’”) a2+b cos( ) > VaZ—bp2

adva? — b?
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input‘int(l/(a + b/sin(c + d*x)),x)

output | x/a - (2xb*xatanh((2*xa~2*sin(c/2 + (d*x)/2)*(a”2 - b~2) - 2%b~4x*xsin(c/2 + (
d*x)/2) - 2%b"2*sin(c/2 + (d*x)/2)*(a"2 - b~2) + a*b~3*cos(c/2 + (d*x)/2)
+ 3*%a”~2+%b"2*sin(c/2 + (d*x)/2) + a*b*cos(c/2 + (d*x)/2)*(a"2 - b~2))/(ax(2
*a~2xsin(c/2 + (d*x)/2) + axb*cos(c/2 + (d*x)/2))*(a"2 - b~2)~(1/2))))/(ax*
dx(a~2 - b"2)"(1/2))

344 f m d.’E
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3.45

3.45.1
3.45.2
3.45.3
3.45.4
3.45.5
3.45.6
3.45.7
3.45.8
3.45.9

3.45.1 Optimal result

Integrand size = 11, antiderivative size = 61

Optimal result

f sin(x)

a+b csc(z)

Mathematica [A] (verified)

Rubi [A] (verified)
Maple [A] (verified)
Fricas [A] (verification not implemented)

Sympy [F]

Maxima [F(-2)]
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)

sin(x)

dx

a+b tan(%)

b 2b2arctanh( —

a2va? — b2

output‘—b*x/a‘2—cos(x)/a—2*b‘2*arctanh((a+b*tan(1/2*x))/(a“2-b“2)‘(1/2))/a‘2/(a‘2

\—b*2)‘(1/2)

Time = 0.27 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.92

3.45.2 Mathematica [A] (verified)

/

sin(z)

a + besc(z)

de = —

bxr —

a+btan(%)

2b2 arct
arctan ( \/m

)

V—a?+b?

+ acos(z)

a2

input LIntegrate [Sin[x]/(a + b*Csc[x]),x]

output ‘ -((bxx - (2%b~2xArcTan[(a + b*Tan[x/2])/Sqrt[-a"2 + b~2]])/Sqrt[-a"2 + b~2

N

-/

] + axCos[x])/a~2)

3.45.

J

sin(z)
a+bcesc(z)

dz
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3.45.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.20, number

of steps used = 11, number of rules used = 10, Bumber of rules _ 959 Ryles used =
integrand size

{3042, 4340, 25, 27, 3042, 4270, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

st

l 3042

1
/ csc(z)(a + besc(x)) dz
l 4340

f—#sc(m)dx _ cos(z)
a a

| 25

_f#sc(z)dx _ cos(z)
a a

| 27

1
_ b f a+bcsc(x) dzx . COS(I)

a a
l 3042
1
_bf atbese@ % cos(x)
a a
l 4270
1 _ 4z
b z f asilbl(m)+1d
B ¢ ¢ _ cos(z)
a a
l 3042
1 _ 4z
b= f asig(z)+1d
B ¢ ¢ _ cos(z)
a a
l 3139

3.45. f a::tl':(sif:)(w) dz
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2/ . p dtan(%)
b z taHQ(%)+2ata:(7) +1 2
a a
- _ cos(z)
a a
l 1083
4f 5 1 s+ d(22+2tan(2))
42 L otan( & _4(1-a%
b ( (2)) S b2) + %
_ cos(z)
@ a
l 219
oparctanh <b(%>mta“(§))>
2va2_b2 -
b ava2—b2 + a
— _ cos(x)
a a

-

input t

Int[Sin[x]/(a + b*Csc[x]),x]

e—

output ‘

-((b*x(x/a + (2*%bxArcTanh[(b*((2*a)/b + 2+Tan[x/2]))/(2*%Sqrt[a"2 - b~2]1)]1)/
(axSqrt[a”2 - b"2])))/a) - Cos[x]/a

S

3.45.3.1 Defintions of rubi rules used

rule 25 L

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 27

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 1083

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

3.45. f a-lilzrtl':(s?(z) dz




rule 3042

rule 3139

rule 4270

rule 4340

input

output
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*bxexx + a
*e”2%x"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ

[a=2 - ™2, 0]

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]

- Simp[1/a Int[1/(1 + (a/b)*Sinl[c + d*x]), x]1, x] /; FreeQl[{a, b, c, d},

x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (
a_)), x_Symbol]l :> Simp[Cot[e + fxx]*((d*Csc[e + f*x])~n/(a*f*n)), x] - Sim
pl[1/(a*d*n) Int[((d*Cscle + f*x])~(n + 1)/(a + b*Csc[e + f*x]))*Simp[b*n

- ax(n + 1)*Cscle + f*x] - b*(n + 1)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a

, b, d, e, £}, x] &% NeQ[a~2 - b"2, 0] &% LeQ[n, -1] && IntegerQ[2+*n]

3.45.4 Maple [A] (verified)
Time = 0.46 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.20
method | result size

2b2 arctan<2b;an(%)+2a> - 2 2—2barctan(tan(£))
\/m tan( % 2

default = en(d) 73
risch — 2 T 9 o4 T a2 - V=a21% a? 161

N

|int(sin(x)/(a+bxcsc(x)) ,x,method=_ RETURNVERBOSE)

~—

‘(2/a“2*b’"2/ (-a~2+b"2) " (1/2) *arctan(1/2* (2xb*tan(1/2*x)+2*a) /(-a~2+b"2) ~(1/2
‘))+2/a“2*(—a/(1+tan(1/2*x)‘2)—b*arctan(tan(1/2*x)))

~

sin(z)

a+bcesc(z) dx

3.45.

J
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3.45.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 235, normalized size of antiderivative = 3.85

/ sin(z) i
a + besc(x)
mbg log (_ (a2—2b2) cos(z)?+2 absin(x)+a2+b2—2 (bcos(z) sin(m)—i—acos(x))\/a?—bz) _9 (a2b . b3)CL' _9 (a3 —al

a2 cos(z)?—2 absin(z)—a2—b2

- 2 (a* — a?b?)
v —a? + b2b? arctan (— : _?jj_b;(g’z:;((?;ra)) + (a®b — b*)z + (a® — ab?) cos (z)
- at — a2b?
inputLintegrate(sin(x)/(a+b*csc(x)),x, algorithm="fricas") J

output | [1/2*(sqrt(a”2 - b~2)*b~2xlog(-((a"2 - 2*b~2)*cos(x) "2 + 2*a*bxsin(x) + a”
2 + b"2 - 2*(b*cos(x)*sin(x) + a*xcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 -

2xaxb*sin(x) - a”2 - b72)) - 2*(a"2*b - b"3)*x - 2x(a”3 - a*b"2)*cos(x))/(
a4 - a”2xb"2), -(sqrt(-a”2 + b~2)*b~2*arctan(-sqrt(-a~2 + b~2)*(b*sin(x)

+ a)/((a"2 - b"2)*cos(x))) + (a”2*%b - b~3)*x + (2”3 - a*b~2)*cos(x))/(a"4

- a~2+%b~2)]

3.45.6 Sympy [F]

/Hﬁs—(g(@dx:/%dx

input Lintegrate(sin(x)/(a+b*csc(x)) »X) J

outputLIntegral(sin(x)/(a + b*csc(x)), x) J

3.45. f a-lilzrtl':(s?(z) dz
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3.45.7 Maxima [F(-2)]

Exception generated.

/ M dz = Exception raised: ValueError
a + besc(x)

input Lintegrate (sin(x)/(at+b*csc(x)),x, algorithm="maxima") J

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see “assume? £
‘or more de

3.45.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.26

btan(%x)—i—a

/ sin(z) . 2 (7r L% + %J sgn(b) + arctan (W»b? _b_x_ 9

e eu i

inputtintegrate(sin(x)/(a+b*csc(x)),X, algorithm="giac") J

output‘2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +

| b72)))#b72/(sqrt(-a”2 + b"2)*a"2) - bxx/a"2 - 2/((tan(1/2*x)"2 + 1)*a) J

345. [ dx
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3.45.9 Mupad [B] (verification not implemented)

Time = 19.00 (sec) , antiderivative size = 766, normalized size of antiderivative = 12.56

sin(z) 2 bz
[t b
a + bese(z) a (tan (5)2 n 1) a

b2 Va2-b2 | 32 a2 b2+64ab'3 tan(%)-k

3a7b—2
23

b2 /a2 b2 <32a3 2 22en(3) (3aTo2

2ab°—2a3 b3)

zﬁm #_32(;&11(%)(

a3 + A _a2p2

P S )
b? atan b

32tan( £
b2 /a2 —b2 <32a3 b2+J

b2 va2-b2 | 3242 b2+64ab3 tan(%){—

o2 T %_32@1(%) (2ab5—2a3b3)+

ad_a2p2

a3

128 b5 tan(%)

a3 + Wd_a2p2

input  int(sin(x)/(a + b/sin(x)),x)

output

- 2/(ax(tan(x/2)"2 + 1)) - (b*x)/a~2 - (b~ 2*atan(((b~2*(a"2 - b~2) ~(1/2)*(
(32%b~4)/a - (32*tan(x/2)*(2*a*xb~5 - 2*xa~3*b~3))/a"3 + (b™2*x(a"2 - b™2)"(1
/2)*(32%a"2*%b~2 + 64*a*xb”~3*tan(x/2) + (b"2*x(a"2 - b~2)"(1/2)*(32*%a"3%b"2 +

(32+tan(x/2)*(3*a"T*b - 2%¥a~5%b~3))/a~3))/(a”4 - a~2*xb"2)))/(a"4 - a~2*b"
2))*1i)/(a"4 - a~2*%b"2) - (b™2*(a"2 - b~2)"(1/2)*((32*tan(x/2)*(2*a*xb~5 -
2%a~3%b~3))/a"3 - (32*b”4)/a + (b™2*x(a"2 - b~2)~(1/2)*(32*a~2*xb~2 + 64*a*xb
~3xtan(x/2) - (b"2%(a"2 - b"2)"(1/2)*(32*xa"3*b"2 + (32*tan(x/2)*(3*a~7*b -
2*a~5%b~3))/a"3))/(a"4 - a~2%b"2))) /(a4 - a~2%b"2))*1i)/(a"4 - a~2%b"2))
/((128*b~5*xtan(x/2))/a~3 + (b"2*(a”2 - b"2)~(1/2)*((32*%b"4)/a - (32*tan(x/
2)*(2%a*b”5 - 2*%a"3*b~3))/a"3 + (b~2*(a"2 - b~2)"(1/2)*(32%xa~2*%b"2 + 64xax
b~3xtan(x/2) + (b™2*%(a"2 - b~2)~(1/2)*(32*%a~3*%b"2 + (32*tan(x/2)*(3*a”~7*Db
- 2%a~5x%b~3))/a"3))/(a”4 - a~2%b"2)))/(a"4 - a~2*b"2))) /(a4 - a~2*xb"2) +

(b~2%(a"2 - b"2)"(1/2)*((32*tan(x/2) *(2*xa*xb~5 - 2*a~3*b~3))/a~3 - (32*%b~4)
/a + (b72*%(a"2 - b72)"(1/2)*(32*%a"2*b"2 + 64*a*xb~3*tan(x/2) - (b"2*%(a"2 -
b~2) " (1/2)*(32*%a~3*b"2 + (32*tan(x/2)*(3*a~7*b - 2*a~5xb~3))/a"3))/(a"4 -
a~2xb~2))) /(a4 - a~2%¥b"2)))/(a"4 - a~2%b"2)))*(a"2 - b~2)"(1/2)*2i)/(a"4
- a”2%b"2)

345. [ dx
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3.46  [-90@ gy

a+b csc(z)
3.46.1 Optimalresult . . . . . . .. . ... .. .. 318
3.46.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL
3.46.3 Rubi [A] (verified) . . . . . . ... .. 319
3.46.4 Maple [A] (verified) . .. . ... . .. ...
3.46.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.46.6 Sympy [F] . . . . .
3.46.7 Maxima [F(-2)] . . . . . . .
3.46.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 324
3.46.9 Mupad [B] (verification not implemented) . . . .. ... ... ... . .....

3.46.1 Optimal result

Integrand size = 13, antiderivative size = 82

a+btan(%)
/ sin?(z) i — (a® +20*) N 2b3arctanh( Va5 ) bcos(z)  cos(z)sin(z)
a + besc(x) - 2a3 a3v/a2 — b2 a? 2a

output ‘(1/2* (a"2+2xb~2) *x/a"3+b*cos (x) /a"2-1/2*cos (x) *sin(x) /a+2*b~3*arctanh ( (a+b*
‘ tan(1/2*x))/(a"2-b"2)~(1/2))/a~3/(a"2-b"2)~(1/2) J

3.46.2 Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.95

8b2 arctan a;%) )
sin?(x) 2a°x + 4b*z — T + 4ab cos(z) — a? sin(2x)
/ a + besc(x) v 4a3

input  Integrate[Sin[x]~2/(a + b*Csc[x]),x]

N J

output ‘ (2*%a~2*x + 4*b~2*x - (8*b~3*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]1]1)/Sqr
‘ t[-a"2 + b~2] + 4*axb*Cos[x] - a~2*Sin[2*x])/(4*a"3)

346. [ Zs(f&) dz
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3.46.3 Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.26,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 559 Ryles
integrand size

used = {3042, 4340, 25, 3042, 4592, 3042, 4407, 3042, 4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

l 3042

1
/ csc(z)?(a + bese(z)) dz

l 4340
—bcesc2(x)—a csc(x)+2b) sin(x
f _( ( )a—i-bcsc((x))+ ) ( )dx _ Sin(:r) COS(:L‘)
2a 2a

| 25

f (—besc?(z)—a csc(z)+2b) sin(z) da

. a+bcsc(x) _ Sin(:r) COS(.’E)
2a 2a
l 3042
—bc 2_qc +2b
cssé:((:cx))(a—i—%css(;((a;))) dzx _ sin(z) cos(z)
2a 2a
l 4592

f a2+b csc(z)a+2b2 d

) etbesc(s) °_ Qb“f(m) _ sin(z) cos(z)
2a 2a
l'3042

f a2+b csc(z)a+2b2 d

) a+bc;c(m) ‘T QbC?lS(z) B sin(z) cos(z)
2a 2a
l 4407

2 2 3 csc(z)
a:(a +2b )_2b I a+bcsc(z) dw
a

a

- chzs(m) _ sin(z) cos(z)

2a 2a
l 3042

a

346. [ Zﬁf@ dz
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2 2 3 csc(x)
z(a +2b )_2b J a+bcsc(z) dz

— a — a _ 2bczs(x) ~ sin(m) COS(.’E)
2a 2
l 4318
22— de
z(a2+2b2) _ (leTn(z)+1
— a — a _ 2bczs(x) ~ SiIl(.’L‘) COS(.’L‘)
2a 2
l 3042

2 1
22 [ L —do
o(a?+20?) / asin(@) 4

— a - _ a . 2bcc;s(x) ~ sin(a:) COS(:L')
2a 2
| 3139
4b2 J 1 z dtan(%)
z(a2+2b2> _ tan2(%)+2ata2(?) 1
— a — a _ 2bczs(x) ~ Sin(m) COS(.’L‘)
2a 2.
l 1083
b2_[ 1 d(2242tan(Z
° —(2Ta+2tan(%))2_4(1_t;%) ( b b (7)) m(a2+2b2)
+ a 2b cos(z) .
—_ e -~ — _ sin(z) cos(z)
2a 2.

4b3arctanh(w) (o

2/a2-b2 +2b2
ava2—p2 a 2b cos(z) .
_— a — =& sin(z)cos(z)
2a 2

input LInt [Sin[x]~2/(a + b*Csc[x]),x]

- _

output ‘{—1/2* (-((((a~2 + 2%b~2)*x)/a + (4%b~3*ArcTanh[(b*((2%a)/b + 2*xTan[x/2]))/(
‘ 2xSqrt[a”2 - b~2])])/(a*Sqrt[a”2 - b~2]))/a) - (2*b*Cos([x])/a)/a - (Cos[x]
*3in[x])/(2*a)

N

E—

346. [ aj—lflzl Zﬁf@ dx
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3.46.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 219

rule 1083

rule 3042

rule 3139

rule 4318

rule 4340

rule 4407

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2xbxexx + a
xe"2xx72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinl[e + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x]) n/(a*f*n)), x] - Sim
pl1/(a*d*n) Int[((d*Csc[e + f*x])~(n + 1)/(a + b*Cscle + f*x]))*Simp[b*n
- ax(n + 1)*Csc[e + f*x] - b*(n + 1)*Cscle + f*x]~2, x], x], x] /; FreeQl{a
, b, d, e, £}, x] && NeQ[a"2 - b"2, 0] &% LeQ[n, -1] && IntegerQ[2*n]

Int[(cscl(e_.) + (F_.)*(x_)1*(d_.) + (c))/(escl(e_.) + (£_)*(x_)]1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Csc[e + f*
x]/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

346. [ Zs(f&) dz
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rule 4592 | Int [((A_.) + cscl(e_.) + (f_.)*(x_)I*(B_.) + cscl[(e_.) + (f_.)*(x_)]"2x(C_.
))x(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_)*(cscl(e_.) + (£_D*(x_)I*(b_.) + (a
)" (m_), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + b*Cscle + f*x])~(m + 1)*((d
*Csc[e + f*x])"n/(a*f*n)), x] + Simp[1/(a*d*n) Int[(a + b*Cscle + f*x])™m
*(d*Csc[e + f*x])~(n + 1)*Simp[a*B*n - A*b*(m + n + 1) + a*(A + Axn + C*n)*
Cscle + fxx] + A*b*(m + n + 2)*Cscle + £*x]~2, x], x], x] /; FreeQ[{a, b, d
, e, £, A, B, C, m}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1]

3.46.4 Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.37

method | result size

+ab)
+ (a2+2b2) arctan (tan ( %) )

o 9b3 arct 2btan(%)+2a
1+tan(z)2 arctan W
default 2 — _ B 112
31n [ eiv 4 ibVa2—b2—a?+b? 31n [ eiz 4 ibVaZ—b2+a? b2
riSCh T + ﬁ + beiz + be— iz _ b n<e + Va2-b2a + b In{ e**+ Va2-b2 a . sin(Zx) 176
2a a3 2a2 2a2 Va2—b2 a3 VaZ—b2 a3 4a

-

inputLint(sin(x)“2/(a+b*csc(x)),x,method=_RETURNVERBUSE)

~—

output \ 2/a”"3x((1/2*%a"2xtan(1/2*x) “3+a*b*tan(1/2*x) ~2-1/2*xtan(1/2*x) *a~2+ax*b) / (1+t \
|an(1/2%x)~2)"2+1/2% (a~2+2%b"2) *arctan (tan(1/2%x)))-2%b"3/a~3/ (-a~2+b"2) " (1
‘/2)*arctan(1/2*(2*b*tan(1/2*x)+2*a)/(—a“2+b‘2)‘(1/2)) \

3.46.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 285, normalized size of antiderivative = 3.48

.2
/ sin®(z) i
a + besc(z)
2 : .
Va? = b8 log ({2 el s ebnta) b o) ek cos VIR _ (g8 — g212) cos (o) sin () 4
2 (a® — a3b?)

-/

input Lintegrate (sin(x)~2/(a+b*csc(x)),x, algorithm="fricas")

346. [ Zs(f&) dz
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output [1/2*(sqrt(a”2 - b~2)*b~3*log(((a”2 - 2*b~2)*cos(x)”2 + 2*a*b*sin(x) + a~2
+ b2 + 2x(b*cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b72))/(a"2*cos(x)"2 - 2
*a*bxsin(x) - a2 - b72)) - (a”4 - a"2*b"2)*cos(x)*sin(x) + (a4 + a"2xb"2
- 2xb74)*x + 2*(a"3*b - a*b~3)*cos(x))/(a”5 - a~3%b”2), 1/2*%(2*sqrt(-a~2
+ b~"2)*b~3*arctan(-sqrt(-a"2 + b~2)*(b*sin(x) + a)/((a"2 - b"2)*cos(x))) -
(2”4 - a"2*b"2)*cos(x)*sin(x) + (a"4 + a"2*b"2 - 2*b"4)*x + 2%(a~3*%b - ax
b~3)*cos(x))/(a”5 - a~3%b~2)]

3.46.6 Sympy [F]

inputLintegrate(sin(x)**2/(a+b*csc(x)),x)

-

outputLIntegral(sin(x)**2/(a + bxcsc(x)), x)

~—

3.46.7 Maxima [F(-2)]

Exception generated.

.2
/ L(x) dr = Exception raised: ValueError
a + bese(x)

inputLintegrate(sin(x)‘2/(a+b*csc(x)),x, algorithm="maxima")

~—

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de

3.46. [ dg
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3.46.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.37
z btan(i z)+a
sin?(z) . 2 <7r Lﬂ + %J sgn(b) + arctan (—\/_(;27_‘_)172 ))b?’ (a® + 2%z
/a—l—bcsc(m) e V—a? + b2a3 T o

atan (3 x)3 + 2btan (%x)Q —atan (3z) +2b
(tan (% z)2 + 1>2a2

input‘integrate(sin(x)“2/(a+b*csc(x)),x, algorithm="giac")

output‘-2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((bxtan(1/2*x) + a)/sqrt(-a~2
\+ b~2)))*b"3/(sqrt(-a"2 + b~2)*a~3) + 1/2%(a"2 + 2*¥b~2)*x/a"3 + (a*tan(1/2
‘*x)*s + 2xbxtan(1/2*x)~2 - a*tan(1/2*x) + 2%b)/((tan(1/2*x)"2 + 1)~72*a”2)

3.46.9 Mupad [B] (verification not implemented)

Time = 20.24 (sec) , antiderivative size = 1147, normalized size of antiderivative = 13.99

)

input Lint(sin(x) ~2/(a + b/sin(x)),x)

346. [ Zs(f&) dz




output
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/((2*b)/a“2 - tan(x/2)/a + tan(x/2)73/a + (2*bxtan(x/2)72)/a"2)/(2*tan(x/2)

~2 + tan(x/2)"4 + 1) - (atan((40*b~3*tan(x/2))/(8*a"~2%b + 40%b~3 + (48*xb~5
)/a~2) + (48%b~5*tan(x/2))/(8*a~4*xb + 48%b~5 + 40%a~2*b~3) + (8*a*b*tan(x/
2))/(8*a*b + (40%b~3)/a + (48%b~5)/a"3))*(a"2*1i + b~2*2i)*1i)/a"~3 + (b~3*
atan(((b"3*%(a"2 - b~2)"(1/2)*((8*%(4*a~2*xb"6 + 4*xa~4*xb~4 + a~6*%b~2))/a"5 +
(8xtan(x/2)*(2*a"~8%b — 8*a~2*b~7 + 4*a~4*xb”~5 + 7*a"6%b~3))/a"6 + (b~3*(a"2
- b72)"(1/2)*(64*xb~4*xtan(x/2) + (8*%(2*a~8*b + 2*a~6*b~3))/a"5 + (b~3*(a™2
- b™2)"(1/2)*(32%a~3*b"2 + (8*tan(x/2)*(12*a~10%b - 8*a~8%b~3))/a"6))/(a"
5 - a"3%b"2)))/(a"5 - a"3*%b"2))*1i)/(a"5 - a~3*%b"2) + (b"3*(a"2 - b"2)"(1/
2)*x((8*(4*xa~2*b~6 + 4*a~4*b~4 + a~6*b~2))/a"5 + (8*tan(x/2)*(2*a~8%b - 8*a
“2xb"7 + 4*a~4*xb”5 + T*a"6*b~3))/a"6 - (b"3*%(a”2 - b~2) " (1/2)*(64*xb~4*tan(
x/2) + (8%(2*a"8*b + 2*a~6*b~3))/a"5 - (b~3*(a"2 - b~2)"(1/2)*(32*a"3*b"2
+ (8*tan(x/2)*(12*a”~10*b - 8*a~8*b~3))/a"6))/(a”5 - a"3*b~2)))/(a"5 - a~3%*
b~2))*1i)/(a”5 - a"3*xb"2))/((16*x(2*%b~7 + a~2*b~5))/a"5 + (16*tan(x/2)*(8*b
~8 + 8*%a~2*%b"6 + 2*xa~4*b"4))/a"6 + (b"3*x(a”2 - b"2)"(1/2)*((8*x(4*a~2*%b"6 +
4*%a~4%b"4 + a~6%b"2))/a"5 + (8*tan(x/2)*(2*a"8xb — 8*a~2*b~7 + 4*a~4xb”5
+ 7*a~6+%b~3))/a"6 + (b~3*x(a"2 - b"2)~(1/2)*(64*%b~4*tan(x/2) + (8*(2*xa~8*b
+ 2*%a"6%b"3))/a"5 + (b"3*(a"2 - b"2)"(1/2)*(32*%a~3*b"2 + (8*tan(x/2)*(12*a
~10%b - 8*a~8%b~3))/a"6))/(a"5 - a~3*%b~2)))/(a”5 - a~3%b~2))) /(a5 - a~3%*b
~2) - (b73%(a”2 - b™2)"(1/2)*((8*(4*a~2xb~6 + 4*xa~4%b~4 + a~6%b~2))/a"5...

3.46. [ dg
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3.47  [-S0@ gy
) a+b csc(z)

3.47.1 Optimalresult . . . . . . . . . ... ..
3.47.2 Mathematica [A] (verified) . . . . . . . .. ... L 3261
3.47.3 Rubi [A] (verified) . . . . . . ...
3.47.4 Maple [A] (verified) . . . . . .. . ... B31]
3.47.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... 3311
3.47.6 Sympy [F(-1)] . . . . o
3.47.7 Maxima [F(-2)] . . . . . .
3.47.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... B33l
3.47.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. 333l

3.47.1 Optimal result

Integrand size = 13, antiderivative size = 110

a+btan(%)
/ sin3(z) o — _b(@®+20)x 2b4arctanh< b2 )
a+besc(z) 2a4 atv/aZ — b2
(2a2 + 3b%) cos(x)  bceos(z)sin(z)  cos(z)sin®(z)
—_ + —_
3a3 2a? 3a

output ‘ -1/2xb* (a~2+2*b"2) *x/a"~4-1/3* (2*a~2+3*b~2) *cos (x) /a~3+1/2*xb*cos (x) *sin(x) /
‘ a~2-1/3*cos(x)*sin(x) ~2/a-2*b~4*arctanh((a+b*tan(1/2*x))/(a~2-b"2)~(1/2))/
La‘4/(a“2—b“2)*(1/2)

3.47.2 Mathematica [A] (verified)

Time = 0.79 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.89

.3
/ sin®(z) i
a + besc(x)
a+btan(%)
Vet

24b* arctan <

—6b(a® + 2b?) z + T > — 3a(3a® + 4b?) cos(z) + a® cos(3x) + 3a’bsin(2z)

12a%

input

Integrate[Sin[x]~3/(a + b*Csc[x]),x]

N\

347. [ :s(:()z) dz
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output‘ (-6%b*(a~2 + 2xb~2)*x + (24*b~4*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])
‘/Sqrt [-a"2 + b~2] - 3*a*(3*%a”2 + 4%b~2)*Cos[x] + a~3%Cos[3*x] + 3*a~2*bxSi
'n[2#x])/(12+a"4)

3.47.3 Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.24,

number of steps used = 17, number of rules used — 16, Bumber of rules _ 937 Ryjeg
integrand size

used = {3042, 4340, 25, 3042, 4592, 3042, 4592, 27, 3042, 4407, 3042, 4318, 3042, 3139,

1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

l_3042

1
/ csc(z)3(a + bese(zx)) do

l_4340
—2bcsc?(z)—2a csc(z)+3b) sin? (z
f_( : )a-i—bcsc((w)) 157 g B sin?(x) cos(z)
3a 3a

l 25

—2bcsc?(z)—2a )+3b) sin?(z
_f (= )a+b§:§§z)) L) gy B sin?(x) cos(z)
3a 3a
l 3042
—2b 2_2 3b
B J c(szz((:a(cg)cg(a+bacC:g((:f)))+ dzx B sin?(z) cos(x)
3a 3a
l_4592

(—3b2 osc? (z)+abcsc(x)+2 (2(12 +3b2 ) ) sin(z)

dz 3psi .
- a+b§z:(a:) _ sm(:;()Lcos(z) - sin2 (.’L') COS(:IJ)
3a 3a
| 3042
—3b2 csc(z)2+ab csc(z)+2 (2a2+3b2) d
z 3bsi .
B _ CSC(E)(G;;) csc(z)) _ sm(gicos(m) B Sln2 (m) COS(m)
3a 3a

347. [ :s(:()z) dz
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l 4592

2 2 9p2
el e aatso) e
z _ - 3bsin(z) cos(z) s 2
- _ 2 _ sin®(z) cos(z)

3a 3a

| 27

2 2 2
_acsc(z)b“+(a“+2b“ )b
3 atb cs(c(z) ) dz _ 2(2a2+3b2) cos(z)
a

- - - 7 __ 3 sin(gzlcos(m) ~ sin2 (I) COS(.’L‘)
3a 3a
| 3042
acsc(z)b2+(a2+2b2)bd 5 9
- i a+bzsc(m) - 2(2a +3Z ) cos(®) 3bsin(z) cos(z) .9
- 58 - g _sin (z) cos(x)
3a 3a
l'4407

a

J[te(ae?) 2wty o5t
@ 2(2(12 +3b2) cos(z)

- — o - — o 3 sin(g()lcos(x) ~ sin2 (iE) COS((L‘)
3a 3a
| 3042
S[re(aPem?) 2t e
_ @ e _ 2 (2&2 +3b2) cos(z) .
- 7 - 7 _ 3bsm(:/2vglcos(m) ~ sin2 (l‘) COS(.’IJ)
3a 3a
| 4318
30 1 "
3 bz(a2:2b2) B 27 %@)4—1‘1
_ _ 2 (2a2 +3b2) cos(z) .
- 7 - 7 _ 3bsm(at¢)1cos(x) ~ sin2 (.’E) COS(.’L‘)
3a 3a
| 3042
I _1 dz
ba (a?426%) asin(z) |
_ ‘ ‘ _ 2 (2(12 +3b2) cos(z) .
- o - o _ 3bsm(:;‘)1cos(a:) ~ sin2 (l‘) COS(.’L‘)
3a 3a
| 3139

347. [ dg
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4b3f 1 p dtan(%)
3 bz(a2+2b2)_ tan2(%)+2ata:(7) +1
2., 332
— a _2(2a +3Z )COS(z) 3bsin(z) cos(x) . 9
- 2 — Sbsinlgeolo) gin?2 () cos(a)
3a 3a
| 1083
8 | L d(2242tan(2
) o
a a
2, 52
— a _2(2a +SZ )COS(Z) 3bsin(x) cos(x)
— 2a - %
3a
sin?(z) cos(z)
3a
| 219
b(2—a+2tan(£))
5 w*arctanh (W) b (a?+20?)
ava2—b2 a
2, 3,2
- a _2(2a +3Z )COS(z) 3bsin(x) cos(x) .. 9
— %a - % _ sin?(z) cos(z)
3a 3a

-

input LInt [Sin[x]~3/(a + b*Csc[x]),x]

—/

output‘ -1/3*%(Cos[x]*Sin[x]1"2)/a - (-1/2*%((-3*((b*(a"2 + 2*b"2)*x)/a + (4*b~4*ArcT
\anh[(b*((z*a)/b + 2+Tan[x/2]))/(2%Sqrt[a~2 - b~2])])/(axSqrt[a~2 - b~2])))
/a - (2%(2*a~2 + 3*%b~2)*Cos[x])/a)/a - (3*b*Cos[x]*Sin[x])/(2*a))/(3*a)

N\

3.47.3.1 Defintions of rubi rules used

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQl[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 0]1)

347. [ :s(:()z) dz
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rule 1083 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3139 Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

rule 4318 Int[csc[(e_.) + (£f_.)*(x_)]/(cscl(e_.) + (f_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinl[e + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

rule 4340 Int[(cscl(e_.) + (f_.)*(x_)I1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])"n/(a*f*n)), x] - Sim
pl1/(a*d*n) Int[((d*Csc[e + f*x])~(n + 1)/(a + b*Cscle + f*x]))*Simp[b*n
- ax(n + 1)*Csc[e + f*x] - bx(n + 1)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a
,» b, d, e, £}, x] && NeQ[a"2 - b"2, 0] &% LeQ[n, -1] && IntegerQ[2*n]

ruka4407/Int[(csc[(e_.) + (£_)*(x_)I*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(bxc - a*d)/a Int[Cscle + f*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

rule 4592 Int[((A_.) + cscl(e_.) + (f_.)*(x_)I*(B_.) + cscl(e_.) + (f_.)*(x_)]"2%(C_.
))*x(cscl(e_.) + (£_.)*(x_)1*(d_.))"(m_)*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a
_))"(m_), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + b*Csc[e + f*x]) " (m + 1)*((d
*Cscle + fxx])"n/(axf*n)), x] + Simp[1/(a*d*n) Int[(a + b*Cscle + f*x])"m
*(dxCsc[e + £xx])~(n + 1)*Simp[a*B*n - A*bx(m + n + 1) + a*(A + Axn + Ckn)*
Cscle + f*x] + Axbx(m + n + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a, b, d
, e, £, A, B, C, m}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1]
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3.47.4 Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.32

method | result

5
2 (—*27(121)““](%) —ab? tan(%)4+(—2a3—2ab2) tan(%)2+*27a2btan(%) —;gi—a bz)
—b(a2+2b2) arctan

2btan(z)+2a
4 2 3
defond 2b arctan< W v > (1+tan(%)2)
efault PO pr
a1 iz+i(\/fa2+b2 b+a?—b2) 41 iz+i(\/T+bzb7a2+
1 n|e 2 n|e _—_—
. zb zb3 3 el eiTp2 3e—iT e—iTp2 aVv/—a2+b2 av/—a2+b2
risch — — i — 2 — — — — +
2a? at 8a 2a3 8a 2a3 V—a2+b2 gt V—a2+b2 gt
( N
input Lint (sin(x)~3/(atb*csc(x)),x,method=_RETURNVERBOSE) J

output | 2b~4/a4/ (-a~2+b"2) "~ (1/2)*arctan(1/2+ (2+bxtan(1/2+x)+2%a) / (-a~2+b~2) " (1/2
))+2/a”4x((-1/2%a"2%b¥tan(1/2+x) “5-axb~2¥tan (1/2%x) ~4+(-2%a"3-2xa*b"2) xtan
| (1/2%x)"2+1/2%a~2¥bxtan (1/2%x)-2/3*a"3-a¥b~2) / (1+tan (1/2%x) ~2) "3-1/2¥b* (a”
‘2+2*b‘2)*arctan(tan(1/2*x))) ‘

3.47.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 329, normalized size of antiderivative = 2.99

03
/ sin®(z) i
a + besc(x)
2 : .
3 mb4 log <_ (a2—2b2) cos(z)’+2 absin(z)+aZ+b2—2 (bcos(z) s1n(w)+acos(z))\/a2—b2> +2 (a5 _ a3b2) oS (.’E)3 +

a2 cos(z)?—2 absin(z)—a2—b?

6 (a® — a*b?)
6 v/ —a? + b2b* arctan <— ' _‘(’j;r_l’ZQ(I)’ig;((Z))Jra)) —2(a® — a®b?) cos (z)° — 3 (a*h — a®b®) cos (z) sin () + 3
B 6 (a® — a*b?)
inputLintegrate(sin(x)“3/(a+b*csc(x)),x, algorithm="fricas") J
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output | [1/6%(3*sqrt(a”2 - b~2)*b~4xlog(-((a"2 - 2%b~2)*cos(x)"2 + 2+*a*bxsin(x) +

a”2 + b"2 - 2x(bxcos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2

- 2%axb*sin(x) - a”2 - b72)) + 2*%(a”5 - a~3*b"2)*cos(x)”"3 + 3*(a"4%b - a~2
*b~3)*cos(x)*sin(x) - 3*(a”4%b + a~2*xb"3 - 2*b~5)*x - 6*(a”5 - a*b~4)*cos(
x))/(a”6 - a~4xb~2), -1/6*%(6*sqrt(-a”2 + b~2)*b~4*arctan(-sqrt(-a"2 + b~2)
*(b*xsin(x) + a)/((a”2 - b™2)*cos(x))) - 2*(a”5 - a~3*b~2)*cos(x)"3 - 3*(a”
4%¥b - a”"2xb"3)*cos(x)*sin(x) + 3*(a"4*b + a"2%b"3 - 2xb~5)*x + 6x(a”b5 - a*
b~4)*cos(x))/(a"6 - a~4*b~2)]

3.47.6 Sympy [F(-1)]

Timed out.

.3
/ _sin’(z) dr = Timed out
a + besc(x)

inputLintegrate(sin(x)**S/(a+b*csc(x)),x)

e

outputLTimed out

~—  /

3.47.7 Maxima [F(-2)]

Exception generated.

.3
/ ﬂ dzr = Exception raised: ValueError
a + bese(x)

p
input Lintegrate (sin(x) "3/ (atb*csc(x)) ,x, algorithm="maxima")

-/

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f

‘or more de

—

347. [ dg
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3.47.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.35

a: btan %x a
/ sin®(z) o 2 (7r Lﬂ + %J sgn(b) + arctan <%>)b‘l B (a2b + 26%)z

a + bese(z) T V—aZ + blat 9 g4

3abtan (3 z)5 + 6b? tan (3 x)4 +12a2tan (%x)Q + 12b%tan (%x)2 —3abtan (3 z) +4a® + 67
3 (tan (% z)2 + 1>3a3

input‘integrate(sin(x)“3/(a+b*csc(x)),x, algorithm="giac")

output‘2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a”2 +
\ b~2)))*b"4/(sqrt(-a~2 + b~2)*a~4) - 1/2x(a"2*%b + 2%b~3)*x/a"4 - 1/3*(3*ax
‘b*tan(1/2*x)‘5 + 6xb"2*tan(1/2+%x)"4 + 12*a”2xtan(1/2*x) "2 + 12*b~2*tan(1/2
*x)72 - Bkakbktan(1/2+x) + 4%a”2 + 6%b72)/((tan(1/2%x)72 + 1)"3*a"3) |

3.47.9 Mupad [B] (verification not implemented)

Time = 19.02 (sec) , antiderivative size = 1218, normalized size of antiderivative = 11.07

.3

input Lint(sin(x) ~3/(a + b/sin(x)),x) J
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L ((2#(2%a"2 + 3%b-2))/(3%a"3) + (btan(x/2)"5)/a"2 + (2¥b~2tan(x/2)4)/a

~3 + (4*tan(x/2)"2%(a"2 + b~2))/a"3 - (bxtan(x/2))/a~2)/(3*tan(x/2) "2 + 3%
tan(x/2)"4 + tan(x/2)°6 + 1) - (b"4*atan(((b"4*(a"2 - b~2)~(1/2)*((8*(4*a~
3*b"8 + 4*a”5*b"6 + a”~7*b"4))/a"8 + (8xtan(x/2)*(4*a"5*%b"7 - 8*a~3*b"9 + 7
*a"~7*b"5 + 2*%a”~9*%b~3))/a"9 + (b~4*x(a"2 - b~2)"(1/2)*((8*%(2*%a"8*xb~4 + 2*a”1
0%b~2))/a~8 + (64*xb~5*xtan(x/2))/a + (b™4*x(a"2 - b~2)~(1/2)*(32*%a"3*b"2 + (
8xtan(x/2)*(12*%a~13*b - 8*a~11%b~3))/a"9))/(a"6 - a"4xb~2)))/(a"6 - a~4xb~
2))*1i)/(a”6 - a~4*%b~2) + (b~4*x(a"2 - b"2)~(1/2)*((8%(4*a~3%b~8 + 4*xa~5%b~
6 + a”7*%b”4))/a"8 + (8*tan(x/2)*(4*a"5*b”~7 - 8*a~3*b~9 + T*a~7*b~5 + 2%a”9
*b~3))/a"9 - (b™4%(a"2 - b~2)"(1/2)*((8*x(2*xa~8%b~4 + 2%a~10%b~2))/a"8 + (6
4xb~5*xtan(x/2))/a - (b™4*(a”2 - b~2)"(1/2)*(32*a"3*b"2 + (8xtan(x/2)*(12*a
~13*%b - 8*xa~11*b"3))/a"9))/(a"6 - a~4*xb~2)))/(a"6 - a~4*%b~2))*1i)/(a"6 - a
~4%b~2))/((16%(2*¥b~10 + a~2*b~8))/a"8 + (16*tan(x/2)*(8%b~11 + 8*a~2*%b~9 +
2*%a”~4xb"7))/a"9 + (b"4*%(a"2 - b~2)"(1/2)*((8*%(4*a~3*b"8 + 4*xa~5xb"6 + a”7
*b~4))/a"8 + (8*tan(x/2)*(4*a~5%b~7 - 8*a~3*b~9 + 7*a~7*b~5 + 2*¥a~9*xb~3))/
a”9 + (b™4*%(a"2 - b™2)"(1/2)*((8%(2*xa~8*b~4 + 2*xa~10*%b"2))/a~8 + (64*xb~5*t
an(x/2))/a + (b~4*x(a"2 - b™2)"(1/2)*(32*a~3*b"2 + (8*tan(x/2)*(12*a~13*b -
8%¥a~11x%b~3))/a"9)) /(a6 - a~4%b~2)))/(a"6 - a~4%b"2)))/(a"6 - a~4%b"2) -

(b~4%(a"2 - b~2)~(1/2)*((8*x(4*a~3%b~8 + 4*a~5*b~6 + a~7*b~4))/a~8 + (8xtan
(x/2)*(4*xa~5xb~7 - 8*%a"3*b~9 + T*a~7*b~5 + 2*a~9*b~3))/a"9 - (b~ 4x(a"2 ...

347. [ dg
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3.48  [-90@ gy

a+b csc(z)
3.48.1 Optimalresult . . . . . . . . . ... .. .
3.48.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL
3.48.3 Rubi [A] (verified) . . . . . . . . . . .. 330
3.48.4 Maple [A] (verified) . . . . . .. . . ... 341
3.48.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... 3411
3.48.6 Sympy [F] . . . . .
3.48.7 Maxima [F(-2)] . . . . . . ..
3.48.8 Giac [A] (verification not implemented) . . . ... ... ... ........ B43]
3.48.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. B43

3.48.1 Optimal result

Integrand size = 13, antiderivative size = 144

a+btan(%)
/ sin(z) dp — (3a* + 4a®v* + 8bv*) N 2b5arctanh( Z b ) N b(2a? + 3b?) cos(x)
a+besc(z) 8ab a®v/a2 — b2 3at
(3a® + 4b%) cos(z) sin(xz)  bcos(x)sin?(z)  cos(z)sin®(z)
— + —
8a3 3a? 4a

output \ 1/8% (3*a”~4+4*a~2%b~2+8*b~4) *x/a”~5+1/3*b* (2*xa~2+3*b"2) *cos (x) /a~4-1/8* (3*a"~ \
‘2+4*b‘2)*cos(x)*sin(x)/a‘3+1/3*b*cos(x)*sin(x)‘2/a‘2—1/4*cos(x)*sin(x)*s/a
L+2*b*5*arctanh( (a+bxtan(1/2*x))/(a~2-b"2)"(1/2))/a"5/(a"2-b~2) ~(1/2) J

3.48.2 Mathematica [A] (verified)

Time = 1.45 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.90

36a*r + 48a%b%x + 96b*x —

a+b tan(%)
vV —a2+4b2
V—a2+b2

192b° arctan <

> + 24ab(3a? + 4b%) cos(z) — 8a3bcos(3z) — 24a* sin(2x)
96a’

input  Integrate[Sin[x]~4/(a + b*Csc[x]),x]
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output‘ (36%a~4*x + 48*%a~2xb"2*x + 96%b~4*x - (192xb~b*ArcTan[(a + bxTan[x/2])/Sqr ‘
\t[-a‘2 + b72]]1)/Sqrt[-a~2 + b~2] + 24xaxb*(3*a”2 + 4xb~2)*Cos[x] - 8*a~3+*Db \
| ¥Cos[3*x] - 24*a~4#Sin[2%x] - 24%a”2%b~2*Sin[2%x] + 3*a~4*Sin[4+x])/(96+a" |
® |

3.48.3 Rubi [A] (verified)

Time = 1.27 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.24,

_ _ number of rules _
number of steps used = 19, number of rules used = 18, integrand size — 1.385, Rules

used = {3042, 4340, 25, 3042, 4592, 3042, 4592, 3042, 4592, 27, 3042, 4407, 3042, 4318,
3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

l 3042

1
/ csc(z)*(a + bese(x)) &
l 4340

—3bcsc?(z)—3a csc(z)+4b) sin®(z
— e R— )

4a 4a

l 25

—3bcsc?(x)—3a csc(x)+4b) sind(z
. f ( ( )a,—l—bcsc((z)) ) ( )d.’L' _ sin3 ((L’) COS(.’B)

4a 4a

| 3042
—3b 2-3 +4b
_ J c(s:zza(gg(a—‘,-g:::ssg((;))) dzx B sin3(x) cos(z)

4a 4a

l 4592
(—8b2 csc? (z)+ab csc(z)+3 (3a2+4b2) ) sin? (z) da )
- / a+b§s(,lc(z) __ 4bsin? (3:50? cos(x) ~ sin3(x) COS(.’L’)

4a 4a

| 3042

348. [ ;(:()z) dz
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—8b2 csc(m)2+ab csc(z)+3 (3a2+4b2)

_ csc(:v)2 (tgzb csc(z)) z _ 4bsin? (3.’12 COS(.'Z:) sin3 (,’L‘) cos (_’L‘)
4a 4a
| 4592
(—3b 3a2+4b2) csc? (x)—a 9a2 —4b2 csc(xz)+8b 202 +3b2 sin(z)
J (e ) (a+bcsc(z)) ( ) dz  3(3a2+4b2) sin(x) cos(z) )
— 2a - %a __ 4bsin®(z) cos(x)
3a 3a

sin3(z) cos(z)

4a
| 3042
—3b (3(12 +4b2) csc(a:)2 —a (9112 —4b2) csc(xz)+8b (2a2+3b2)
x 2 2) sin
- csc(:c)(a-;: csc(z)) d _ 3(3a +4b )22 (@) cos(z) 3 4bsin? (.’E) cos(z)
_ 3a 3a _
a
sin®(z) cos(z)
4a
| 4592
3 (3a4+4b2a2+b (3&2 +4b2) csc(z)a+8b4)
2 2
_ / a+b csc(z) e _ 8b(2a +3b ) cos(@) 3(3a2+4b2) sin(z) cos(z)
= e 5 e — 5 __ 4bsin?(z) cos(z)
_ 3a 3a _
a
sin®(z) cos(z)
4a

| 27

30,44—41)2 a2 +b (3a2+4b2) csc(z)a+8b4

2 42
_ a+b csc(z) e _ 8b(2a +3b ) cos(=) 3(3a2+4b2) sin(x) cos(x)
= e 5 e — T __ 4bsin?(z) cos(z)
_ 3a 3a
4a
sin®(z) cos(z)

4a
| 3042

f 30,4Jr4b2 a2 +b (3a2+4b2) csc(z)a+8b4

d 2 412
a-‘rb;:sc(a:) * _ 8b(2a +3b ) cos(w) 3(3a2+462> sin(z) cos(z)

- 5 e — o __ 4bsin?(z) cos(z)
3a 3a

sin®(z) cos(z)
4a

l 4407

348, [ S dg
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s (z(3a4+4a2b2+8b4) Rl af%(fc)(z) )
_ _ 8b (2a +3b ) cos(2) 3(3a2+4b2) sin(z) cos(z)
— a 5 a - a 4bsin®(z) cos(x)
3a - 3a

sin3(x) cos(z)
4a

l 3042

, (z(3a4+4a2b2+8b4) Rl %d )
a 2 2
_ _ _ 8b (20' +3: ) cos(z) 3(3a2+4b2) sin(z) cos(zx)
_ = - 5 __ 4bsin?(z) cos(z)
3a 3a

a
sin3(z) cos(z)
4a

l 4318

dx

b4 j %
z(3a4+4a2b2+8b4) asiniz) su;(z) +1

a a

8b (2a2+3b2) cos(z) 2 2\ .
- = - _ . _ 3(3a +4b )22111(.7;) cos(z) B Absin? (;1;) Cos(x)
3a 3a
4a
sin3(x) cos(z)

4qa
l 3042

4 1
8b i da
z(3a%+4a262+85%) I asintay sin@) 4y

a a

_ _ Sb(2a2+3b2) cos(=) 3(3a2+4b2) sin(z) cos(z)

— a o a - o __ 4bsin?(z) cos(z)
3a 3a

a
sin®(z) cos(z)
4a

l 3139

16b% I 1 d tan(%)
x (3a4+4a2b2+8b4) tan2 (%)4—%4_1

a a

_ _ 8b(2a2+3b2) cos(=) 3(3a2+4b2) sin(z) cos(z)

— a 5a a — T __ 4bsin?(z) cos(z)

3a 3a

a
sin®(z) cos(z)
4a

l 1083

3.48. f aj—lfllljsff)w) dx
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3204 [ 1 d(22+2tan(Z
,(2#+2tan(%))274<17‘;72) ( b an(2)) z(3a4+4a262+8b4)
3 a + =
8b(2a2+3b2) cos(x) )
__— = - _ ( @ _ )COS z _3(3a2+4b2)221n(z) cos(x) B 4b51n2(x
_ 3a 3a
4a
sin3(x) cos(z)
4a
l 219

(3 +210n(5))
1ep5arctanh (W +z(3a4+4a2b2+8b4)

ava2?—b2 @

3

8b(2a2+3b2) cos(x) B

2 2\ o
3(3(1 +4b ) sin(z) cos(z) — - =

— o7 — T __ 4bsin?(z) cos(z)

3a 3a

a
sin®(z) cos(z)
4a

-

input LInt [Sin[x]~4/(a + b*Csc[x]),x]

-/

output‘—1/4*(Cos[x]*Sin[x]‘3)/a - ((-4%b*Cos[x]*Sin[x]~2)/(3*a) - (-1/2*((-3*(((3
\*a‘4 + 4*%a~2+%b"2 + 8%b~4)*x)/a + (16*b~5xArcTanh[(b*((2*a)/b + 2*Tan[x/2])
‘)/(2*Sqrt [a”2 - p"2])])/(axSqrt[a”2 - b"2])))/a - (8*b*(2*a~2 + 3*b~2)*Cos
\ [x])/a)/a - (3%(3*a”2 + 4xb~2)*Cos[x]*Sin[x])/(2*a))/(3*a))/(4*a)

-/

3.48.3.1 Defintions of rubi rules used

e

ruka25LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

AN >

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 01)

348. [ ;(:()z) dz
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rule 1083 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3139 Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

rule 4318 Int[csc[(e_.) + (£f_.)*(x_)]/(cscl(e_.) + (f_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinl[e + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

rule 4340 Int[(cscl(e_.) + (f_.)*(x_)I1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])"n/(a*f*n)), x] - Sim
pl1/(a*d*n) Int[((d*Csc[e + f*x])~(n + 1)/(a + b*Cscle + f*x]))*Simp[b*n
- ax(n + 1)*Csc[e + f*x] - bx(n + 1)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a
,» b, d, e, £}, x] && NeQ[a"2 - b"2, 0] &% LeQ[n, -1] && IntegerQ[2*n]

ruka4407/Int[(csc[(e_.) + (£_)*(x_)I*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(bxc - a*d)/a Int[Cscle + f*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

rule 4592 Int[((A_.) + cscl(e_.) + (f_.)*(x_)I*(B_.) + cscl(e_.) + (f_.)*(x_)]"2%(C_.
))*x(cscl(e_.) + (£_.)*(x_)1*(d_.))"(m_)*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a
_))"(m_), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + b*Csc[e + f*x]) " (m + 1)*((d
*Cscle + fxx])"n/(axf*n)), x] + Simp[1/(a*d*n) Int[(a + b*Cscle + f*x])"m
*(dxCsc[e + £xx])~(n + 1)*Simp[a*B*n - A*bx(m + n + 1) + a*(A + Axn + Ckn)*
Cscle + f*x] + Axbx(m + n + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a, b, d
, e, £, A, B, C, m}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1]

3.48. tfaiﬁiii)dx




input Lint (sin(x)~4/(a+b*csc(x)) ,x,method=_RETURNVERBOSE)

output

input Lintegrate (sin(x)~4/(a+b*csc(x)),x, algorithm="fricas")
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3.48.4 Maple [A] (verified)

Time = 0.98 (sec) , antiderivative size = 234, normalized size of antiderivative = 1.62

method | result

2<(ga4+%a2b2) tan(%)7+ab3 tan(%)6+(%a2b2+%a4) tan(%)5+(2a3b+3ab3)

tan(%)4+ —%a2b2

2bt Z)+2
2b° arctan (an(é)a>

( 7
(1+tan(%)2>

2V —a2+4b2
default | — PN e
b5 In eiz+ib\/ 0.2—b2+a2—b2 b5 In eiz+ib\/ (7.2—b2—0.2-f-b2
risch 3_:1: + 1:_172 + .'17_174 + 3beia: + bSeiz + 3be—iz + bSe—im + Va2—p2 g _ Va2-b2 q
8a 2a3 ab 8a? 2a4 8a? 2a% va2—b2 g5 Va2—b2 a5

—

-2xb~5/a~5/(-a~2+b"2) ~(1/2) *arctan(1/2* (2*xb*tan(1/2*x)+2*a) /(-a"2+b~2) ~(1/
2))+2/a"5x(((3/8*a~4+1/2*a~2*b~2) ¥tan (1/2*x) ~7+a*xb~3*tan (1/2*x) ~6+(1/2*a"2
*b~2+11/8%a"4) *tan (1/2*x) ~5+(2*a~3*b+3*a*xb~3) *tan (1/2*x) ~4+(-1/2*a~2*%b~2-1
1/8*a”4)*tan (1/2+*x) ~3+(3*a*xb~3+8/3*a"~3*b) *tan (1/2+*x) ~2+(-3/8*a~4-1/2*a"2*b
~2)*tan(1/2*x)+2/3*a"3*b+a*b~3) / (1+tan(1/2*x) ~2) “4+1/8* (3*a~4+4*a”~2xb~2+8%
b~4)*arctan(tan(1/2*x)))

3.48.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 410, normalized size of antiderivative = 2.85

s 4
/ sin*(z) i
a + besc(z)
12 \/mb5 lOg ( (a2—-202) cos(x)?+2 absin(z)+a2+b2+2 (bcos(z) sin(z)+a cos(x))\/a2—b2> _8 (a5b S

a2 cos(x)?—2 absin(z)—a2 —b2

b3) cos (z)® +

-/

348, [ S dg



CHAPTER 3. LISTING OF INTEGRALS

342

output | [1/24*(12xsqrt(a™2 - b~2)*b~5*log(((a”2 - 2xb~2)*cos(x) "2 + 2xa*b*sin(x) +
a”2 + b"2 + 2x(bxcos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2
- 2%axbxsin(x) - a”2 - b72)) - 8*(a”5*b - a~3*b"3)*cos(x)"3 + 3*%(3*%a"6 +

a~4xb”2 + 4*a"2xb"4 - 8*b"6)*x + 24*x(a"5*b - a*b”~5)*cos(x) + 3*(2*%(a”6 - a

~4xb~2)*cos(x) "3 - (5*%a”"6 - a~4*b"2 - 4*a"2*b"4)*cos(x))*sin(x))/(a"7 - a”

5xb~2), 1/24x(24*xsqrt(-a~2 + b~2)*b~5*arctan(-sqrt(-a”2 + b~2)*(b*sin(x) +
a)/((a”2 - b™2)*cos(x))) - 8*%(a~b*b - a~3*b~3)*cos(x)”"3 + 3*(3*a~6 + a~4x

b2 + 4*xa”2xb"4 - 8*b~6)*x + 24*(a”"5xb - a*b~5)*cos(x) + 3*(2*(a”6 - a"4#b

~2)*cos(x)"3 - (5*%a"6 - a~4%b~2 - 4%a~2%b~4)*cos(x))*sin(x))/(a”7 - a~5xb~

2)]

3.48.6 Sympy [F]

input Lintegrate (sin(x)**4/ (atb*csc(x)) ,x)

output‘Integral(sin(x)**4/(a + bxcsc(x)), x)

3.48.7 Maxima [F(-2)]

Exception generated.

.4
/ M dx = Exception raised: ValueError
a + besc(x)

input‘integrate(sin(x)“4/(a+b*csc(x)),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4%b"2>0)', see “assume? f
‘or more de
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3.48.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.75

/%dw

x btan(%w)—i—a

2 (WLﬁ + 1| sgn(b) + arctan (W))IP (3a* + 4a2b? + 8b%)z
V—a + Ba’ + 8 ab

+9a3tan (3 x)7 + 12ab? tan (%xy + 24 b3 tan (%m)ﬁ +33a®tan (1 m)5 + 12 ab? tan (3 x)5 + 48 a’btan

e

inputLintegrate(sin(x)‘4/(a+b*csc(x)),x, algorithm="giac")

p >

output | -2 (pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a”2
+ b72)))*b"5/(sqrt(-a"2 + b~2)*a~5) + 1/8*%(3*%a"4 + 4*a~2*b~2 + 8*b~4)*x/a”
5 + 1/12%(9*a~3%tan(1/2%x) "7 + 12%a*b~2%tan(1/2*x)~7 + 24*b~3*tan(1/2*x)"6
+ 33*a"3%tan(1/2%x) "5 + 12%a*b~2xtan(1/2*x)"5 + 48xa~2*bxtan(1/2*x)"4 + 7
2xb~3xtan(1/2*x) "4 - 33*a”3xtan(1/2*x) "3 - 12xa*b~2*tan(1/2+%x)"3 + 64*a~2*
bxtan(1/2%x) "2 + 72*b~3*tan(1/2%x)"2 - 9*a~3*tan(1/2*x) - 12*axb~2*tan(1/2
*x) + 16*a”2%b + 24%b~3)/((tan(1/2*x)"2 + 1) 4*a~4)

3.48.9 Mupad [B] (verification not implemented)

Time = 19.32 (sec) , antiderivative size = 1639, normalized size of antiderivative = 11.38

.4
/ a—is—ul;—c(::)(x) dzx = Too large to display

input | int(sin(x)~4/(a + b/sin(x)),x)

3.48. tfaiﬁiii)dx




output
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/((2*(2*a“2*b + 3%b~3))/(3*%a"4) - (tan(x/2)*(3*a~2 + 4*%b~2))/(4*a"3) + (tan

(x/2)"T*(3*%a"2 + 4%b~2))/(4*a~3) - (tan(x/2) "3*(11*a~2 + 4%b~2))/(4*a"3) +

(tan(x/2)"5*(11*a”2 + 4%b~2))/(4*a~3) + (2*b~3*tan(x/2)76)/a"4 + (2*tan(x
/2)"4x(2%xa"~2xb + 3%b~3))/a"4 + (2*tan(x/2) " 2%(8*a~2%b + 9*b~3))/(3*a"4))/(
4xtan(x/2) "2 + 6*tan(x/2)"4 + 4*xtan(x/2)"6 + tan(x/2)"8 + 1) - (atan((81%*b
~3xtan(x/2))/(8%((27*a~2xb) /8 + (81*%b~3)/8 + (63%b~5)/(2*¥a~2) + (35*b~7)/a
~4 + (40*%b~9)/a"6)) + (63*%b~5xtan(x/2))/(2*x((27*a"4%b)/8 + (63*b~5)/2 + (8
1*%a”~2*b~3) /8 + (35*b~7)/a~2 + (40*b~9)/a~4)) + (35+b~T*xtan(x/2))/((27*a"6x*
b)/8 + 35%b~7 + (63*a~2*%b~5)/2 + (81*xa~4*b~3)/8 + (40%b~9)/a"2) + (40*b~9x*
tan(x/2))/((27*a"~8%b) /8 + 40%b~9 + 35%a~2%b~7 + (63*a~4%b~5)/2 + (81*a~6%b
~3)/8) + (27*axb*tan(x/2))/(8*((27*a*xb)/8 + (81%b~3)/(8*a) + (63%b~5)/(2*a
~3) + (35%b~7)/a"5 + (40%b~9)/a"7)))*(a~4*3i + b~4*8i + a~2%b"2x4i)*1i)/(4
*a~5) + (b~ 5*atan(((b~5*%(a"2 - b~2)~(1/2)*((32*%a"4*xb~10 + 32*a~6*b~8 + 32x%
a“8*b~6 + 12*a~10*b~4 + (9*a~12%b~2)/2)/a"11 + (tan(x/2)*(18*a~14*b - 128%
a~4*xb~11 + 64*a~6*xb"9 + 64*xa~8*b"7 + 104*a~10*b"5 + 39*%a~12*xb~3))/(2*a~12)
+ (b75*%(a"2 - b72)"(1/2)*((12*a~14xb + 16*%a~10*b~5 + 4*xa~12*%b~3)/a~11 + (
64*xb~6xtan(x/2))/a"2 + (b™5*x(a”2 - b~2)~(1/2)*(32*%a~3*b"2 + (tan(x/2)*(192
*a~16%b — 128%a”~14%b~3))/(2*xa~12)))/(a”7 - a~5*xb"2)))/(a"7 - a"~5*%b~2))*1i)
/(@7 - a”5*b”"2) + (b"5*(a”2 - b~2)7(1/2)*((32*a"4*b~10 + 32*a”~6*b~8 + 32*
a"8xb~6 + 12*a~10*b"4 + (9%a~12%b"2)/2)/a"11 + (tan(x/2)*(18*a~14xb - 1...
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3.49.1 Optimal result

Integrand size = 12, antiderivative size = 108

2 9 a—l—btan(%(c—l—dw))
/ 1 T 2b(2a* — b )arctanh<W>
(a + bese(c+ dx))? a? a2 (a2 — b2)*%d

3 b? cot(c + dz)
a(a? — b?) d(a + besc(c + dx))

output‘x/a*2+2*b*(2*a‘2—b‘2)*arctanh((a+b*tan(1/2*d*x+1/2*c))/(a‘2—b‘2)“(1/2))/a‘
‘2/(a‘2—b‘2)‘(3/2)/d—b‘2*cot(d*x+c)/a/(a‘2—b‘2)/d/(a+b*csc(d*x+c))

3.49.2 Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.29

! dz
(a+ bese(c+ dx))?
a+btan( i (c da:))
2b(—2a2?+b?) arctan <+b(7(+ (a+bcesc(c+dx))
ab? cot(ct+dx —a?+b?
osoc + dz) | LHHE) 4 (c+ do)(a + bosc(c + dx)) — O (b

a’d(a + besc(c + dx))?

.
input Integrate[(a + b*Csc[c + d*x])~(-2),x]

3.49. dz

1
f (a+bcsc(ctdz))?
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output‘ (Csclc + dxx]*((axb~2*Cot[c + d*x])/((-a + b)*(a + b)) + (c + d*x)*(a + b* \
(Csclc + d*x]) - (2%b*(-2%a™2 + b~2)*ArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-
‘2”2 + b 2]1*(a + b¥Csclc + d¥x]))/(-a™2 + b™2)"(3/2))*(b + a*Sin[c + d*x]) |
\)/(a*z*d*(a + b*Csclc + d*x])"2) \

3.49.3 Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.31,

number of steps used = 12, number of rules used = 11, number of rules _ 0.917, Rules
integrand size

used = {3042, 4272, 25, 3042, 4407, 3042, 4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

[ vt @
(a + besc(c + dx))? v
| 3042

1
/ (a + besc(c + dx))? de

| 4272
2_p dz)a—b?
B =2 a-i-cbszgc:zrcﬁ;) dzx B b2 cot(c + dzx)
a (a2 — b?) ad (a? — b?) (a + bese(c + dx))

| 25

a2 —bcsc(c+dz)a—b?
f a+b cgc(c+c3w) dz _ b2 COt(C + dar;)
a(a? — b?) ad (a? — b2) (a + bese(c + dz))
| 3042
a?—b +dxz)a—b2
a-l—ch(c:é(c:(c—ftgw) dx _ b2 COt(C + dI)
a(a? — b?) ad (a? — b?) (a + besce(c + dx))
l 4407
2_p2)  b(2a2—b2) [ —=cletde) gy
.'E(aa b ) _ ( )f ﬂ‘,l+bCSC(C+dT) B b2 COt(C+ d.’L’)
a(a? —b?) ad (a? — b2) (a + besc(c + dz))
| 3042
z(a2—b2 b(2a2—b2) [ —cscletdz) .
( _ b ) _ ( @ ) f z:—bcsc(c-i—d:c) z B b2 COt(C + d.’L’)
a(a®—b?) ad (a? — b2) (a + besc(c + dz))

1
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| 4318
2 2_b2 %d
z(a2—b?) B (20 ) J MH ’ b2 COt(C+d$)
a(a? =) - ad(a? — %) (a+ besc(c + dz))
| 302
2 2_b2 %d
w(a2=b?) (20 )/ asin(etds) | ’ b2 cot(c + dz)
a(a? — b2 ~ ad(a? - b?) (a + besc(c + da))
| 3139
2(2a%2-b?%) [ 21 6 (1 dtan(%(c-l-dw))
— an2 1 cTax M
a:(aQG ) tan? (§ (c+da)) + — + B b? cot(c + dz)
e (@@= 1) ad (a? - b?) (a + besc(c + dx))
l 1083
az_ 9 1 2a n 1 C XL
N e (o) )
ad + e -
a(a? —b?)
b2 cot(c + dzx)

ad (a? — b?) (a + bese(c + dz))

| 219
2b(2a%-b?)arctanh < b(%iizz(%;wm)) > z(a2—b?)
ada2—b2 + a _ b2 COt(C + diE)
a(a? —5?) ad (a? - b%) (a + bosc(c + dz))

input LInt[(a + bxCsclc + d*x])~(-2),x]

output ‘/(((a“2 - b™2)*x)/a + (2*%b*x(2*a~2 - b~2)*ArcTanh[(b*((2*a)/b + 2*xTan[(c + d
'*¥x)/21))/(2%Sqrt[a~2 - b~21)1)/(axSqrt[a~2 - b~2]1*d))/(ax(a™2 - b™2)) - (b
L’“Q*Cot [c + d*x])/(a*x(a”2 - b~2)*d*(a + b*Csc[c + d*x]))

3.49. dz

1
f (a+bcsc(c+dx))?
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3.49.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 219

rule 1083

rule 3042

rule 3139

rule 4272

rule 4318

rule 4407

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2xbxexx + a
xe"2xx72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Csc[c + d*x])~(n + 1)/(axd*(n + 1)*(a"2 - b™2))), x] + Sim
pli/(ax(n + 1)*(a”2 - b™2)) Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a~2 -
b~2)*(n + 1) - a*b*(n + 1)*Cscl[c + d*x] + b~ 2x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQl[{a, b, e,

£}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[b*c
- axd, 0]

3.49. dz

1
f (a+bcsc(ctdz))?
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3.49.4 Maple [A] (verified)
Time = 0.55 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.56
method result
o2 tan df.’c_,_g 0252 arctan 2btan(d7z+%)+2a
2 2a2(—22b2 3) + 2a2a—b2b2 + 2(2026%) arct ( 2v/—a240?
tan dz+c 217 (20‘2,21,2) —a2+4b2
@+atan(%§+%)+% 2arctan(tan(d71+%))
derivativedivides a? 7 o2
a2 tan di+£ a2_ 2 arctan 2btan(d7$+%>+2a
% 2a2(—22b2 2) + 2a2a_2b2 +2(2 b ) ¢ ( 24/ —a2+b2
tan dz+c 2b (2a2—2b2) \/—a2+b2
@ﬁ-atan(%"'%)"’% +2arctan(tan(d7w+%))
default a? y PE
i(dz+c) | ibV/aZ—b24a2—b2 3 i(dz4c) | ibVa2
. h z 2ib2(ia+bei(dz+c)) + 2bln(e( + )-{—7\/@‘1 ) _ b ln(e( + )+7\/
Tsc a?  a2(—a24b2)d(2bedaT0) —ig e te) 1ig) VaZ—b2 (a+b)(a—b)d Va?—b2 (a+b)(a
input Lint (1/ (a+bxcsc (d*x+c))~2,x,method=_RETURNVERBOSE) J

output \ 1/d* (-2/a~2*%b* ((1/2%a~2/(a~2-b"2) *tan (1/2*d*x+1/2%c)+1/2*a*b/(a"2-b"2)) /(1 |
\/2*tan(1/2*d*x+1/2*c)‘2*b+a*tan(1/2*d*x+1/2*c)+1/2*b)+2*(2*a‘2—b‘2)/(2*a‘2
\—2*b‘2)/(—a*2+b‘2)‘(1/2)*arctan(1/2*(2*b*tan(1/2*d*x+1/2*c)+2*a)/(—a‘2+b‘2
‘)‘(1/2)))+2/a“2*arctan(tan(1/2*d*x+1/2*c))) \

3.49.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 212 vs. 2(103) = 206.

Time = 0.28 (sec) , antiderivative size = 493, normalized size of antiderivative = 4.56

1
(a + besc(c+ dx))

2 (a® — 2ab? + ab*)dz sin (dz + ¢) + 2 (a*b — 2a?b® + b%)dz + (2a%b? — b* + (2ab — ab®) sin (dz + ¢)’
2((a” —2a%b? + a3b*)d s

2dx

input Lintegrate (1/ (atb*csc(d*x+c))~2,x, algorithm="fricas") J

3.49. dz

1
f (a+bcsc(ctdz))?
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output | [1/2*x(2x(a”5 - 2*a~3*b~2 + a*b~4)*d*x*sin(d*x + c) + 2x(a~4*xb - 2*a~2%b"3
+ b7B)*d*x + (2*a"2%b"2 - b~4 + (2%a”3*b - a*b~3)*sin(d*x + c))*sqrt(a”2 -
b~2)*1log(((a"2 - 2*¥b~2)*cos(d*x + c)~2 + 2*a*b*sin(d*x + c) + a”2 + b™2 +
2x(bxcos(d*x + c)*sin(d*x + c) + axcos(d*x + c))*sqrt(a”2 - b~2))/(a"2*co
s(d*x + c)72 - 2*axb*sin(d*x + c) - a”2 - b72)) - 2x(a"3*b"2 - a*b~4)*cos(
d*x + ¢))/((a”7 - 2*xa"b*b~2 + a~3%b~4)*d*sin(d*x + c) + (a"6%b - 2%a~4*b"3
+ a~2x%b"5)*d), ((a”™5 - 2*xa~3*%b"2 + a*b~4)*d*x*sin(d*x + c) + (a"4xb - 2*a
“2%b”3 + b7H)*d*x + (2*%a"2*b"2 - b"4 + (2%a"3*%b - a*b”3)*sin(d*x + c))*sqr
t(-a"2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(d*x + c) + a)/((a"2 - b~2)*c
os(d*x + c))) - (a"3*b”"2 - a*b~4)*cos(d*x + c))/((a”7 - 2*a"5*b~2 + a~3*b~
4)*d*sin(d*x + c) + (a"6xb - 2%a~4xb~3 + a~2%b~5)*d)]

3.49.6 Sympy [F]

1 1
/ (@ + besc(c+ dx))? do = / (a + besc (¢ + dzx))? e

inputLintegrate(1/(a+b*csc(d*x+c))**2,x)

e

outputLIntegral((a + bkcsc(c + d*x))**(-2), x)

~—  /

3.49.7 Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

1
/ (a + bese(c+ dx))?

input‘integrate(1/(a+b*csc(d*x+c))”2,x, algorithm="maxima")

output(Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4%¥b"2>0)', see “assume? f
or more de

|

1
349, [ Grvaderay &
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3.49.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.46

1
/ (a + besc(c+ dx))? dz =

btan 1 da:Jrl c)Jra

2p_p3 detc 1 (? 2

2 (2a%b—b3) <7r{ o +2Jsgn(b)+arctan< N e >> N 2 (abtan(} do-+ 1 <) +57)  dee
(a*—a?b?)v/—a?+b? (aB—ab?) (b tan (% do+3 c)2+2 atan(} dz+1c) +b) a?

- d

input  integrate(1/(a+b*csc(d*x+c))~2,x, algorithm="giac")

N

output‘ -(2%(2*%a~2%b - b~3)*(pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) + arctan((b*t ‘
‘an(1/2xd*x + 1/2%c) + a)/sqrt(-a”2 + 572)))/((a™4 - a”2%b"2)*sqrt(-a~2 + b |
1"2)) + 2%(a*bxtan(1/2%d*x + 1/2%c) + b™2)/((a”3 - a*b~2)*(bxtan(1/2*d*x +
‘1/2*c)‘2 + 2%axtan(1/2%d*x + 1/2%c) + b)) - (d*x + c)/a~2)/d \

3.49.9 Mupad [B] (verification not implemented)

Time = 22.69 (sec) , antiderivative size = 2677, normalized size of antiderivative = 24.79

1
(a + besc(c+ dz))?

dxz = Too large to display

-/

input Lint(l/(a + b/sin(c + d*x))~2,x%)

1
349, [ Grvaderay &
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/(b*atan(((b*(2*a“2 - b"2)*((a + b)"3*%(a - b)"3)"(1/2)*((32*x(a*b™6 - 2*a~3x*

b™4 + a”5%b"2))/(a"6 + a~2*xb"4 - 2*%a~4*xb"2) - (32+tan(c/2 + (d*x)/2)*(2*a*
b~7 - 2*%a~7x*b - 8*%a~3*b~5 + 9*a~5xb~3))/(a”7 + a"3*b"4 - 2%a”~5xb"2) + (b*(
2*%a"2 - b"2)*((a + b)"3*(a - b)"3)"(1/2)*((32*(a"8*%b - a"6*xb~3))/(a"6 + a~
2%b~4 - 2*a"4*xb~2) + (32*xtan(c/2 + (d*x)/2)*(2*xa~4*b~6 - 6*xa~6*%b"4 + 4*a~8
*b~2))/(a”7 + a~3*b"4 - 2*a~5*xb~2) + (b*x(2*a~2 - b~2)*((a + b)"3*%(a - b)"3
)" (1/2)*((32*%(a"5%b"6 - 2*a”~7*b~4 + a~9*b"2))/(a"6 + a”"2*%b~4 - 2*xa”~4%b~2)

+ (32%tan(c/2 + (d*x)/2)*(3*a~11%b - 2*xa~5*b~7 + 7*a 7*b~5 - 8*a~9%b~3))/(
a~7 + a~3*%b~4 - 2*xa~5%xb~2)))/(a"8 - a~2%b~6 + 3*a~4xb~4 - 3*a~6%b~2)))/(a"
8 - a”2*%b”"6 + 3*%a"4xb"4 - 3*a~6%b"2))*1i)/(a”"8 - a"2%b”6 + 3*a"4*b"4 - 3*a
~6*b~2) - (bx(2*a"2 - b"2)*((a + b)~"3*(a - b)~3)~(1/2)*((32*tan(c/2 + (d*x
)/2) *(2%a*b~7 - 2%a~T*b - 8%a~3*b~5 + 9*a~5%b~3))/(a"7 + a~3*b~4 - 2%a~5xb
~2) - (32x(a*b”6 - 2*a~3*%b"4 + a~5*%b"2))/(a”6 + a"2*xb~4 - 2*%a~4xb~2) + (bx*
(2%¥a"2 - b™2)*((a + b)"3*%(a - b)~3)"(1/2)*((32%(a"8*b - a~6*%b~3))/(a"6 + a
~2%b"4 - 2*xa~4%b"2) + (32*%tan(c/2 + (d*x)/2)*(2*a"4*xb~6 - 6*a~6xb~4 + 4*a”
8*xb~2))/(a”7 + a~3%b”4 - 2%a”5*b~2) - (b*x(2*a”2 - b"2)*((a + b)"3*x(a - b)~
3)7(1/2)*((32*x(a"5*b"6 — 2*%a"7+%b"4 + a~9*b”"2))/(a"6 + a"2%b"4 - 2*¥a~4xb”2)
+ (32+tan(c/2 + (d*x)/2)*(3*a"~11*%b - 2*a~5%b~7 + 7*a~7*b~5 - 8*a~9*xb~3))/
(a”7 + a~3*xb~4 - 2%xa~5xb~2)))/(a"8 - a~2%b"6 + 3*a~4%b~4 - 3*a"6%b"2)))/(a
8 - a"2xb”6 + 3*a~4*b~4 - 3*a~6+b"2))*1i)/(a”8 - a”2*b"6 + 3*a~4*b"4 -...

3.49. dz

1
f (a+bcsc(ctdz))?
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1

3.50 f (a+bcsc(c+dz))3 dx

3.50.1 Optimal result . . . . . . .. . .. .. . . 353]
3.50.2 Mathematica [A] (verified) . . . . . .. .. ... .. Lo o
3.50.3 Rubi [A] (verified) . . . . . . .. .. 354
3.50.4 Maple [A] (verified) . . . ... . ... ... 358
3.50.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. ....
3.50.6 Sympy [F] . . . . . 359
3.50.7 Maxima [F(-2)] . . . . . . . 360
3.50.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 360
3.50.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... ..

3.50.1 Optimal result

Integrand size = 12, antiderivative size = 170

1 o b(6a* —5a%b® + 2b%) arctanh(%@)
/ (a + bese(c+ dx))? do = prll a? (a2 — b2)°2 d
b? cot(c + dx)
 2a(a? — b2) d(a + besc(c + di))?
b%(5a* — 2b?) cot(c + dz)
202 (a2 — b2)* d(a + besc(c + dx))

"(1/2))/a“3/(a‘2—b‘2)‘(5/2)/d-1/2*b‘2*cot(d*x+c)/a/(a‘2—b‘2)/d/(a+b*csc(d*
‘x+c))‘2—1/2*b‘2*(5*a‘2—2*b‘2)*cot(d*x+c)/a‘2/(a“2—b“2)“2/d/(a+b*csc(d*x+c)

( Y
output \ x/a"~3+b* (6*a~4-5%a"~2*b~2+2%b~4) *arctanh ((a+b*tan(1/2*d*x+1/2%c))/(a~2-b~2) \
) |

3.50.2 Mathematica [A] (verified)

Time = 1.97 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.27

! dz
(a+ bese(c+ dx))3
ab? (2a?—b?) cot(c+dx asin(ct+dz
csc?(c+ dz) (b + asin(c + dz)) aifﬁ;gﬁ?) _ Sabt(2a%-b )(a_tg)ijﬁlf)bj (c44%) 1 9(c + d) cse(c + d) (b -

2a3d(a + besc(c + dx))3

3.50. dz

1
f (a+bcsc(ctdz))3
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input‘ Integrate[(a + b*Csclc + d*x])~(-3),x]

output| (Cscl[c + d*x] 2%(b + a*Sin[c + d*x])*((axb~3*Cot[c + d*x])/((a - b)*(a + b
)) - (3*a*xb”2%(2*a"2 - b~2)*Cot[c + d*x]*(b + a*Sin[c + d*x]))/((a - b)~2%
(a + b)72) + 2*(c + d*x)*Csc[c + d*x]*(b + a*Sin[c + d*x])"2 - (2*b*x(6*a”4
- 5%a~2*b~2 + 2xb~4)*ArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-a~2 + b~2]]1*Cs
clc + d*x]*(b + a*Sin[c + d*x])~2)/(-a"2 + b~2)"(5/2)))/(2*a~3*d*(a + b*Cs
clc + d*x])"3)

3.50.3 Rubi [A] (verified)

Time = 0.99 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.32,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size 1.167, Rules

used = {3042, 4272, 25, 3042, 4548, 25, 3042, 4407, 3042, 4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dx
(a + besc(c+ dx))3
| 3042

1
/ (a + besc(c + dx))3 de

| 4272
b2 csc?(c+dz)—2ab csc(c+dx)+2(a? —b?)
_ /- (a+bosc(ctda))? - b? cot(c + dz)
2a (a2 — b?) 2ad (a? — b?) (a + bese(c + dx))?

| 25

b2 csc? (c+dx)—2ab csc(c+dz)+2(a? —b?
f (a+bcsc(ctdz))? ( ) dzx _ b? COt(C + dm)
2a (a2 — b?) 2ad (a? — b%) (a + bese(c + dx))?
| 3042
b2 csc(ctdx)?—2ab csc(c+dz)+2(a?—b?
f (a+bcsc(c+dz))? ( ) dzx _ b? COt(C + dx)
2a (a2 — b?) 2ad (a? — b?) (a + bese(c + dx))?

l 4548

1
350. [ Grvaderay &
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2(a2—b2 2—ab 4a2 b2 csc(ctdx)
f_ ( ) a+bc(sc(c+dz)) dz b2 (5@2—21)2) COt(C+d:E) 9
a(a?—b?) " ad(a®-b%)(a+bcsc(ct+dz)) b COt(C + de)

2a (a2 — b?) 2ad (a? — b%) (a + bese(c + dx))?

l 25

2 (a27b2) 2 —ab (4(12 7b2) csc(c+dz)

atbosc(ctda dz b2 (5a2—2b2) cot(c+dzx)
-tlb(az (—sz) : - ad(az—bz)(alb csc(c+dz)) b? COt(C + d:c)
2a (a2 — b?) 2ad (a? — b?) (a + besc(c + dx))?
| 3042
a2— 2 2—a 0/2— 2 csc(c T
2( : ) a+bbc(st(c+5w)) e )dx b2 (5&2—2b2) COt(C-‘,—dz) 9
a(aZ—b?) " ad(aZ—b2)(a+b csc(ctdx)) _ b COt(C+ dx)
2a (a? — b2) 2ad (a? — b?) (a + besc(c + dx))?
| 4407
21((12; 4 b(6a4_5a2b2+2b4)af I o b? (50 —2b?) cot(ctdz)
a(a?—b2) " ad(aZ—b2)(a+b csc(ctdx)) _
2a (a? — b?)
b? cot(c + dz)
2ad (a? — b2) (a + besc(c + dx))?
| 3042

2 4_5,2p2 pd) [ _osc(ctdz)
Zx(az—bz) _b(Ga —5a“b“+2b )f a+bcsc(c+d:c)d b2 (5a2_2b2) COt(C-i—diE)

“ a(a2—b2) “ " ad(a?2=b2)(a+bcsc(ctdz)) _
2a (a? — b?)
b? cot(c + dzx)
2ad (a? — b2) (a + besc(c + dx))?
| 4318

20(a? _b2)2 (6a%—5a262426%) | — Sin(ciidz) " dz
— b b2 (5a2—2b2) cot(c+dx)

* a(a?—b2) * " ad(a2—b2)(a+bcsc(c+dx)) _
2a (a? — b?)
b2 cot(c + dz)
2ad (a? — b%) (a + bese(c + dx))?
| 3042

4 2,2 4 1
6a™—5a“b“+2b ——F— 5 ~—d
2z(a2—b2)2 ( a a + )f asln(§+dz)+1 T

b2 (5a2—2b2%) cot(c+dx)

« a(a?—b2) « " ad(aZ—b2)(a+b csc(ctdx)) _
2a (a? — b?)
b? cot(c + dz)
2ad (a? — b2) (a + besc(c + dx))?
| 3139

3.50. dz

1
f (a+bcsc(ctdz))3
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2(6a4—5a2b2+2b4) I 1 i dtan(%(c-kdm))
22 an2( L (orda 2atan(§(c+da:))
%(ai ’ ) - ’ 2(2( *d ))a: b ! b2 (5a2—2b2) cot(c+dz)

a(a?—b2) " ad(a?—b2)(a+b csc(ctdx)) _
2a (a? — b?)
b? cot(c + dz)

2ad (a? — b%) (a + bese(c + dx))?

| 1083
4(6a4_5a2b2+2b4> i - 1 . — d(%‘l_yz tan(%(c-ﬁ-dm)))
—(274-21:311(%(5‘5‘3:))) _4(1_1272) 21:((12‘1—172)2 b2 (50,2—2()2) Cot(c-l,-dz)

a(a?—b2) " ad(a?—b2)(a+b csc(ctdx)) _
2a (a? — b?)
b? cot(c + dz)

2ad (a? — b2) (a + besc(c + dx))?

| 219
9 ( 2_b2)2 2b(6a4—5a2b2+2b4)arctanh(b(%+ztan2(%;;+dz)>))
a + wdaZ—b2 b2 (5a2—2b%) cot(c+dx)

a(a?—b2)  ad(a?—b2)(a+bcsc(c+dx)) _
2a (a2 — b?)
b% cot(c + dzx)

2ad (a? — b%) (a + bese(c + dx))?

;
input | Int[(a + b*Csc[c + d*x])~(-3),x]

output | -1/2%(b~2*Cot [c + d*x])/(a*(a”2 - b~2)*d*x(a + b*Csc[c + d*x])"2) + (((2*(a
2 - b"2)"2xx)/a + (2%b*(6*a”4 - 5*a~2*b~2 + 2*b~4)*ArcTanh[(b*((2*a)/b +
2xTan[(c + d*x)/2]))/(2*%Sqrt[a~2 - b~2])]1)/(axSqrt[a~2 - b~2]*d))/(a*x(a~2
- b72)) - (b™2%x(5*%a"2 - 2*%b~2)*Cot[c + d*x])/(a*x(a"2 - b"2)*d*(a + b*Csc[c
+ d*x])))/(2*%a*(a”2 - b~2))

3.50.3.1 Defintions of rubi rules used

-

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 219‘(Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
\ArcTanh[Rt[—b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
'Qla, 01 Il LtQ[b, 01)

———————.

3.50. dz

1
f (a+bcsc(ctdz))3



rule 1083

rule 3042

rule 3139

rule 4272

rule 4318

rule 4407

rule 4548
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Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*xd*(n + 1)*(a”2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csc[c + d*x])~(n + 1)*Simp[(a~2 -
b™2)*(n + 1) - a*bx(n + 1)*Cscl[c + d*x] + b~ 2*x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

Int[cscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

N\

Int[((A_.) + cscl(e_.) + (f_.)*(x_)I*(B_.) + cscl[(e_.) + (f_.)*x(x_)]1"2%(C_.
Nx(cscl(e_.) + (£_)*(x_)]1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -
axb*B + a~2*C)*Cot[e + f*x]*((a + b*Cscle + f*x])~(m + 1)/(a*fx(m + 1)*(a~2
- b72))), x] + Simp[1/(ax(m + 1)*(a"2 - b"2)) Int[(a + b*Cscle + £xx])~(
m + 1)*Simp[A*(a™2 - b"2)*(m + 1) - ax(A*b - a*B + b*xC)*(m + 1)*Cscle + f*x
] + (A*b~2 - a*b*B + a~2xC)*(m + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, f, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

3.50. dz

1
f (a+bcsc(ctdz))3
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3.50.4 Maple [A] (verified)

Time = 1.05 (sec) , antiderivative size = 314, normalized size of antiderivative = 1.85

method result
4a2b(4a2—b2) tan(%‘v+%>3 4a(10a4+a2b2—2b4) tan(%-ﬂ—%)z +4a2b(16a2—7b2) tan(dTw+%) ]
% 8a%—16a2b2+8b% 8a%—16a2b2+8b% 8a§—16a2b2 +8b4
tan (92 + 2 ) 2o+2a tan (92 + ) +b
2arctan(tan(%£+%)) ( an( 2 2) @ an( 2 2) )
derivativedivides a3 7 o3
4a2b(4a2-52) can(%ﬂug)?’ N 4a(10a%+a2p2—25%) tan(%z-q-%)z +4a2b(16a2—7b2) tan (92 +5) _
2 8a%1—16a2b2+8b% 8a%1—16a2b2+8b4 8a%—16a2b2+8b%
(tan(‘é—z+%)2b+2a tan(d%+%)+b) ?
2 arctan (tan ( de —+ % ) )
default a® y a3
riSCh z b2 (7ia3be3i(d:t+c) —dia b3edildz+e) _17743p et(dz+c) +8ia p3eildz+c) _ggde2i(dztc) _9a2b262i(dz+c)+6b4e2i(dz—
a3 (2bei(da:+c) _Z‘ae2i(da:+c)+ia)2(_a2+b2)2da3
inputLint(i/(a+b*csc(d*x+c))‘3,x,method=_RETURNVERBOSE) J

output | 1/d*(2/a~3*arctan(tan(1/2*d*x+1/2%c))-2/a"~3%b* (4% (1/8%a"~2%b* (4*%a~2-b"2)/(a
~4-2xa"2xb"2+b~4) *¥tan (1/2*d*x+1/2*c) ~3+1/8*ax (10*xa~4+a"2xb~2-2%b"4) / (a~4-2
*a~2+%b~2+b"4) *tan (1/2*d*x+1/2%c) ~2+1/8*a~2*b* (16*a~2-7*b"2) / (a~4-2*a~2%b~2
+b~4) *tan (1/2*d*x+1/2*c)+1/8*a*b~2* (5%a~2-2%b"2) / (a~4-2*a"~2*b~2+b"4)) /(tan
(1/2*d*x+1/2*c) ~2*b+2*a*tan (1/2*d*x+1/2*c) +b) “2+2% (6*a~4-5*%a~2*xb"2+2xb~4) /
(4*%a~4-8*a~2*%b"2+4*xb~4) /(-a~2+b"2) " (1/2) *arctan (1/2* (2*b*tan (1/2*d*x+1/2*c
)+2*a)/(-a~2+b"2)"(1/2))))

3.50.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 433 vs. 2(161) = 322.
Time = 0.30 (sec) , antiderivative size = 933, normalized size of antiderivative = 5.49

1
(a+ besc(c+ dx))3

4 (a® — 3a%? + 3a*b* — a?6%)dw cos (dz + ¢)* — 4 (a® — 2a%? + 2a2b° — b®)dz — (6 a®h + a*b® — 3 %V

dx

input Lintegrate (1/ (atb*csc(d*x+c))~3,x, algorithm="fricas") J

1
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[1/4%(4%(a~8 - 3*a”~6%xb~2 + 3%a~4*b~4 - a~2xb~6)*d*x*cos(d*x + c)~2 - 4*(a”
8 - 2%a"6xb"2 + 2*xa"2*b”"6 - b"8)*d*x - (6*a"6xb + a~4*b”~3 - 3*a"2*%b"5 + 2%
b~7 - (6*a”6%b - 5%a~4*b~3 + 2*xa~2*b~5)*cos(d*x + c)~2 + 2x(6*a"5*b"2 - b*
a~3*b”4 + 2xaxb”6)*sin(d*x + c))*sqrt(a”2 - b~2)*log(((a"2 - 2%b~2)*cos(d*
X + ¢c)72 + 2*xaxb*sin(d*x + ¢c) + a”2 + b2 + 2x(b*cos(d*x + c)*sin(d*x + c)
+ a*cos(d*x + c))*sqrt(a”2 - b72))/(a"2xcos(d*x + c)~2 - 2*a*b*sin(d*x +
c) - a"2 - b72)) + 2%(5*a~5*b~3 - 7*a~3%b~5 + 2*a*b~7)*cos(d*x + c) - 2*(4
*(a”"7+b - 3*a~b*b"3 + 3*a~3*b”"5 - a*b”7)*d*x - 3*(2*¥a"6*b"2 - 3*a~4*b"4 +
a~2*%b~6)*cos(d*x + c))*sin(d*x + c))/((a"11 - 3*a”9%b~2 + 3*a~7*b~4 - a~b*
b~6)*d*cos(d*x + c)~2 - 2x(a~10*%b - 3*a~8%b~3 + 3*a~6%b~5 - a~4*xb~7)*d*sin
(d*x + c) - (2”11 - 2*%a~9%b~2 + 2*a~bxb~6 - a~3*%b~8)*d), 1/2*x(2*x(a~8 - 3*a
“6*b~2 + 3*a~4*b”"4 - a”~2%b~6)*d*x*cos(d*x + c)"2 - 2*x(a"8 - 2*%a"6*xb”"2 + 2%
a“2*xb"6 - b"8)*d*x - (6*%a~6*b + a~4*xb~3 - 3*a"2*xb~5 + 2*b~7 - (6*%a"6xb - 5
*a~4xb~3 + 2*a"2*b"5)*cos(d*x + c)~2 + 2*x(6*a”"5*%b"2 - 5*%a~3*b~4 + 2*a*xb”6)
*sin(d*x + c))*sqrt(-a”2 + b~2)*arctan(-sqrt(-a”2 + b"2)*(b*sin(d*x + c) +
a)/((a”2 - b~2)*cos(d*x + c))) + (5*a~5*%xb~3 - 7*a~3%b~5 + 2*a*b”7)*cos(d*
X + c) - (4x(a~7*b - 3*a~b*b~3 + 3*a~3*b~5 - a*b~7)*d*x - 3*(2*a~6xb"2 - 3
*a~4xb~4 + a~2xb~6)*cos(d*x + c))*sin(d*x + c))/((a"11 - 3*a”9%b"2 + 3*a”7
*b~4 - a~bxb~6)*d*cos(d*x + c)~2 - 2x(a”10*b - 3*a"8*b~3 + 3*a~6x¥b”"5 - a~4
*b~7)*d*sin(d*x + c) - (2”11 - 2*a~9*%b"2 + 2*xa~5*b~6 - a~3*b~8)*d)]

3.50.6 Sympy [F]

1 1
/ (a + besce(c+ dx))? dz = / (a+besc(c+ dac))3 dz

Lintegrate(1/(a+b*csc(d*x+c))**3,x)

LIntegral((a + bxcsc(c + d*xx))**(-3), x)

3.50. dz

1
f (a+bcsc(ctdz))3
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3.50.7 Maxima [F(-2)]

Exception generated.

1
/ (@ + bosc(c + da) )P dr = Exception raised: ValueError

input Lintegrate (1/ (atb*csc(d*x+c))~3,x, algorithm="maxima")

~—

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de ‘

3.50.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.75

1
3 dx =
(a + besc(c+ dx))
btan 1 dz+ 1 c)Jra
6 a%b—5a2b3+265) | w| 2&tct 1 gen(b)+arctan (i—i
( ) { 2m QJ gn(b) V—a2+b2 n 4a3b2 tan(% dac+% c)S—ab4 tan(% dz+% c)3+10 a4btan(% dz
(a™—2adb2+a3b%)\/—a2+b2 (aS—2
d

input Lintegrate (1/ (atb*csc(d*x+c))~3,x, algorithm="giac")

-/

output | -((6*a~4*b - 5*a~2*b~3 + 2xb~5)*(pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) +
arctan((bxtan(1/2xd*x + 1/2%c) + a)/sqrt(-a”2 + b72)))/((a”7 - 2*a~5*b~2
+ a"3%b~4)*sqrt(-a”2 + b~2)) + (4*a"3xb~2*xtan(1/2xd*x + 1/2%c)"3 - a*b 4xt
an(1/2xd*x + 1/2%c)~3 + 10*a"4xbxtan(1/2xd*x + 1/2xc)~2 + a~2*b~3*tan(1/2*
d*x + 1/2%c)”2 - 2xb~5xtan(1/2*d*x + 1/2%c)”"2 + 16*a”3*b~2*tan(1/2+d*x + 1
/2%c) - Txa*xb~4xtan(1/2*d*x + 1/2%c) + 5*%a~2%b~3 - 2%b~5)/((a"6 - 2*a~4*xb~
2 + a”2%b~4)*(bxtan(1/2*d*x + 1/2%c)"2 + 2xaxtan(1/2*d*x + 1/2%c) + b)~2)

- (d*x + ¢c)/a"3)/d

3.50. dz

1
f (a+bcsc(ctdz))3
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3.50.9 Mupad [B] (verification not implemented)

Time = 27.17 (sec) , antiderivative size = 5917, normalized size of antiderivative = 34.81

1
(a + besc(c+ dx))3

dx = Too large to display

-

inputlint(l/(a + b/sin(c + d*x))~3,x)

output | ((2¥b~5 - 5*a~2xb~3)/(a"2x(a"4 + b"4 - 2xa~2%b"2)) + (tan(c/2 + (d*x)/2)*(
T*b~4 - 16*%a~2+%b~2))/(ax(a”4 + b™4 - 2*xa"~2*xb~2)) + (tan(c/2 + (d*x)/2) ~3*(
b~4 - 4%a~2%b~2))/(a*x(a"4 + b4 - 2%a~2%b"2)) - (tan(c/2 + (d*x)/2) 2% (5*a
~2%b - 2*xb~3)*(2*a”2 + b~"2))/(a"2+(a”4 + b~4 - 2*a~2*b~2)))/(d*(tan(c/2 +
(d*x)/2)"2x(4%a~2 + 2%b~2) + b~2*xtan(c/2 + (d*x)/2)"4 + b~2 + 4*axbxtan(c/
2 + (d*x)/2)"3 + 4xaxb*tan(c/2 + (d*x)/2))) + (2*atan((((8*(4*xa~2x¥b~10 - 1
6*%a~4%b"8 + 24*xa~6xb"6 - 16*%a”~8%b"4 + 4*a~10*%b~2))/(a"13 + a"5*%b"8 - 4xa”7
*b”"6 + 6*%a”9%b"4 - 4*a~11*%b"2) - (((8*(4*xa~14%b + 2*xa~6*%b~9 - 4*a~8*b~7 +
6*a~10*%b~5 - 8*a~12*%b~3))/(a"13 + a"5*xb~8 - 4*a”~7*b"6 + 6*a~9*b"4 - 4xa~11
*b"2) - (((8*%(4*a"8*xb~10 - 16*a~10*%b"8 + 24*a~12*b"6 - 16*a~14*xb~4 + 4x*a”1
6%b~2))/(a”13 + a~5*b"8 - 4*a"7*b"6 + 6*%a”9*b"4 - 4*a~11*b"2) + (8*tan(c/2
+ (d*x)/2)*(12*%a~18*b — 8*a”~8*b~11 + 44%a~10%b~9 - 96*a”~12*b~7 + 104*a~14
*b~5 - 56*a”~16*b~3))/(a"14 + a"6%b"8 - 4*a”8%b~6 + 6*xa~10%b~4 - 4*xa”~12%b”2
))*1i)/a"3 + (8*tan(c/2 + (d*x)/2)*(8*a~6*%b~10 - 36*a”~8+b~8 + 72*a~10*b~6
- 68*%a~12%b~4 + 24*a”14*b"2))/(a”14 + a~6*xb"8 - 4*a”8*b"6 + 6*a~10*%b~4 - 4
*a~12%b"2))*1i)/a"3 + (8*tan(c/2 + (d*x)/2)*(8*a”~12%b - 8*a~2*b~11 + 44*a”
4xb~9 - 105%a”~6*b~7 + 124*a~8%b~"5 - 72*a~10*b~3))/(a"14 + a~6*%b”"8 - 4*a~8%
b~6 + 6*%a~10*%b"4 - 4*xa~12%b"2))/a"3 + ((8*x(4*a~2*%b"10 - 16*a”4*xb~8 + 24x*a”
6*b"6 - 16*%a”"8*b~4 + 4*%a”~10*b"2))/(a"13 + a~b6*b"8 - 4*a”~7*b"6 + 6*%a~9*b~4
- 4*xa~11%b"2) + (((((8%(4*a~8*%b~10 - 16*a~10*%b"8 + 24*a~12*xb"6 - 16*a”1...

3.50. dz

1
f (a+bcsc(ctdz))3
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1
3.51 f (a+bcsc(ct+dz))? dx
3.51.1 Optimal result . . . . . . .. ... . .. 362
3.51.2 Mathematica [A] (verified) . . . . . ... ... ... . Lo oL 363
3.51.3 Rubi [A] (verified) . . . .. . ... ... 363
3.51.4 Maple [B] (verified) . . . ... ... . ... 368
3.51.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 369
3.51.6 Sympy [F] . . . . . . 370
3.51.7 Maxima [F(-2)] . . . . . . . . 371
3.51.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 371
3.51.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ....
3.51.1 Optimal result
Integrand size = 12, antiderivative size = 239
1 s b(8a® —8a'®® + Ta’b* — 20°) arctanh(%)
de = —
/ (@ + bese(c + dx))? reat at (a2 — b2)"7%d
b? cot(c + dz)

~ 3a(a? — b?)d(a+ besc(c + dx))3
b%(8a* — 3b?) cot(c + dz)
~ 6a? (a2 — b2)* d(a + besc(c + dx))?
b?(26a* — 17a%b? + 6b*) cot(c + dz)
 6a3 (a2 — b2)* d(a + besc(c + dx))

x/a~4+b* (8*a~6-8*a~4*b~2+7*a"~2*xb~4-2*b~6) *arctanh ( (a+b*tan (1/2*d*x+1/2*c))
/(a"2-b"2)"(1/2))/a"4/(a"2-b"2)~(7/2) /d-1/3*b~2*cot (d*x+c) /a/(a~2-b~2) /d/(
a+bxcsc(d*x+c)) ~3-1/6%b"2*x(8*a~2-3*b~2) *cot (d*x+c) /a~2/(a"2-b"2) ~2/d/ (a+b*
csc(d*xx+c)) "2-1/6xb~2* (26*%a~4-17*a"~2*b~2+6*b~4) *cot (d*x+c) /a~3/(a"2-b"2) "3
/d/ (at+b*csc (d*x+c))

3.51. dz

1
f (a+bcsc(ctdz))s




input

output
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3.51.2 Mathematica [A] (verified)

Time = 5.56 (sec) , antiderivative size = 279, normalized size of antiderivative = 1.17

1
/ (a + besc(c+ dx))? dz

. 2ab? cot(c+dz ab3(12a2—-7b2) cot(c+dzx)(b+asin(c+dz ab? (36a*—32a2b24+11b%) cot(c
csc3(c + dx)(b + asin(c + dx)) (_a+;)(((:;b)) + 2 2a_b§2(a+i§2 (ctde)) _ ab( (a_,,))a(ai

-

LIntegrate[(a + bxCscl[c + d*x])~(-4),x]

| —

(Csclc + d*x]~3*(b + a*Sin[c + d*x])*((2*a*xb~4*Cot[c + d*x])/((-a + b)*(a
+ b)) + (a*b”3*(12*%a~2 - 7*b"2)*Cot[c + d*x]*(b + a*Sin[c + d*x]))/((a - b
)72x(a + b)"2) - (a*b”2*(36*a~4 - 32*a”"2*b"2 + 11%b~4)*Cot[c + d*x]*(b + a
*Sin[c + d*x])~2)/((a - b)"3*(a + b)~3) + 6*%(c + d*x)*Csclc + dxx]*(b + a*
Sin[c + d*x])~3 - (6*b*(-8%a”6 + 8*a~4*b~2 - T*a"2*b~4 + 2%b~6)*ArcTan[(a
+ bxTan[(c + d*x)/2])/Sqrt[-a~2 + b~2]]*Csc[c + d*x]*(b + axSin[c + d*x])~
3)/(-a"2 + b"2)"(7/2)))/(6%¥a~4*d*(a + bxCsc[c + d*x])~4)

N

3.51.3 Rubi [A] (verified)

Time = 1.41 (sec) , antiderivative size = 314, normalized size of antiderivative = 1.31,

number of steps used = 18, number of rules used = 17, Lumber of rules _ 1.417, Rules
integrand size

used = {3042, 4272, 25, 3042, 4548, 25, 3042, 4548, 27, 3042, 4407, 3042, 4318, 3042, 3139,

1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dr
(a + besc(c+ dz))*
l 3042

/ 1 dxr
(a + besc(c + dz))*
l 4272

1
351 [ Grvaderay &



CHAPTER 3. LISTING OF INTEGRALS 364

2b? csc?(c+dz) —3ab csc(c+dz) +3 (a?—b?)
f B (a+bcsc(c+dz))3 z b? cot(c + dx)

3a (a? — b?) ~ 3ad (a2 — b?) (a + besc(c + dx))3

| 25

f 2b2 csc?(c+dx)—3ab csc(c+dz)+3(a?—b?) de

(a+bcsc(c+dz))3 _ b? COt(C + dx)
3a (a2 — b?) 3ad (a2 — b2) (a + besc(c + dx))3
| 3042
2b2 csc(c+dx)?—3ab csc(c+dz)+3(a?—b?)
f (a+bcsc(c+dz))3 dzx _ b? COt(C + dil?)
3a (a2 — b?) 3ad (a2 — b2) (a + besc(c + dx))3
| 4548
6(a2—b2 2-H)2 8a2 —3p2 cscz(c+dz)—2ab 6a2—b2 csc(ctdx)
- e (albcsc(c+dw)>2 ( ) T b?*(8a°—3b?) cot(ctda)
2a(a2—b2) 2ad(a®—b?)(a+besc(ct+dx))?
3a (a? — b?)
b? cot(c + dz)

3ad (a? — b?) (a + bese(c + dx))3

| 25

6(a2—b2)2+b2 (8a2—3b2) csc2(c+d:v)—2ab(6a2—b2) csc(ctdx) d

f (a+bcsc(ct+dx))? z b2 (8&2—3b2) cot(c+dzx)
2a(a?—b2) " 2ad(a2—b?)(a+bcsc(ctdx))? _
3a(a? — b?)
b? cot(c + dz)
3ad (a? — b?) (a + bese(c + dx))3
| 3042
6(a2—b2 2+b2 8a2—3b2 csc(c+da:)2—2ab 6a2—b2 csc(ctdx)
f ( ) ( (az—b csc(c+dz))? ( ) dz b2 (8&2—3b2) cot(c+dzx)
2a(a?—b2) " 2ad(a2—b2)(a+bcsc(ctdzx))? _
3a (a? — b?)
b? cot(c + dz)
3ad (a? — b2) (a + besc(c + dx))3
| 4548
2_,2)3 4_ 552,234
a“— —ab(6a™— a csc(ct+dz)
./'73(2( ?) jﬁicsc(iidzib ) xcleta )dz b2 (26a%~17a262 +6b% ) cot(c+da)
- a(a2-b2) " ad(a2-b2) (atbesc(ctd)) b2 (8a2—3b2) cot(c+da)
2a(a?—b2) " 2ad(a2—b2)(a+bcsc(ctdzx))? _
3a (a? — b?)
b? cot(c + dz)

3ad (a? — b%) (a + besc(c + dx))3

| 27

1
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2 (a2 —b2) 3 —ab (6a4 —262a2+b4) csc(ctdx) u

3f a-Fb cse(cFda) = b2 (260" ~17a2b2+65% ) cot(c+da)
a(az_bz) ad(a2—b2) (atbesc(etdz)) b2 (8a2—3b?%) cot(c+dz)
2a(a?—b2) 2ad(a®—b?)(atbesc(ct+dr))?
3a(a? — b?)
b2 cot(c + dzx)
3ad (a? — b%) (a + bese(c + dx))3
| 3042
af 2(a2_b2)3_a1;(f::;(2:izz;.b4) csc(ctdax) dz b2 (26a4717a2b2+6b4) cot(c-dm)
a(az_bz) - ad(az—bz)(a+b csc(c+dz)) b2 (8a2—3b?%) cot(c+dz)
2a(a?—b2) " 2ad(a?—-b2)(atbcsc(ct+dz))? _
3a (a? — b?)
b2 cot(c + dzx)
3ad (a? — b%) (a + bese(c + dx))3
| 4407

a+bcsc(c+dx) de
b2 (26a4 - 17a2b2+6b4) cot(c+dx)

( 20(a2-12)°  b(8a0—sate?47a2et-20) | _celehde)
3
a a

a(a2-52) ad(a2—b2) (a-+b csc(c+dx)) b2 (8a2—3b2) cot(c+dz)
2a(a?—b?) " 2ad(a2—b?)(a+bcsc(ctdzx))? _
3a (a? — b?)
b2 cot(c + dx)
3ad (a? — b%) (a + bese(c + dx))3
| 3042
, ( 20 (a2 _1,2)3 B b(8a0—8a%b2 +7a25%—288) | 7(1-:22(5?(—:?;@ dz )
e e b2 (26a%-17a262 +6b%) cot(c-+da)
a(a2-52) ad(a2—b2) (a-+b csc(c+dx)) b2 (8a2—3b2) cot(c+dz)
2a(a?—b?) " 2ad(a2—b?)(a+bcsc(ctdzx))? _
3a (a? — b?)
b2 cot(c + dzx)
3ad (a? — b%) (a + bese(c + dx))3
| 4318

3 a - a

6 4,2 24 6 1
8a° —8a*b“+7a“b*—2b ———t———4d
2w(a2—b2)3 ( a a +7a )f asln(§+dw) 1 z)

b2 (26a4—17a2 b2 +6b4) cot(c+dz)

a(a2_b2) ad(a2—b2)(a+b csc(c+dz)) b2 (8a?—3b?) cot(c+dx)
2a(a?—b2) ~ 2ad(a?2—b2)(a+bcsc(ct+dr))? _
3a (a? — b?)
b2 cot(c + dzx)
3ad (a? — b2) (a + besc(c + dx))3
| 3042

1
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6_g. 4,2 7 2,416
] 2w(a2a_b2)3_ (8a5—8a*b?+7a%b 2: ) I

— 1 __ g
asin(ct+dz)

b2 (260.4 —17a2p2 +6b4) cot(c+dzx)

a(a2—b2) B ad(aQ—bz)(a-H)csc(c-kdz))

b2 (8a?—3b2) cot(c+dx)

2a(a?—b2) " 2ad(a?2—b2)(a+bcsc(ct+dr))? _
3a (a? — b?)
b2 cot(c + dzx)
3ad (a? — b?) (a + besc(c + dx))3
| 3139
2(8a6—8a4b2+7a2b4—2b6) I/ 1 T dtan(%(c-}-dm))
. Zw(az—b2)3 - tan2(%(c+d3))+w 1
b2 (26a4—17a2b2+6b4) cot(c+dx)
a(aZ_bQ) ad(a2—b2) (a+bcsc(c+dz)) b2 (80,2—
2a(a?—b2) ~ 2ad(a2—b?)
3a (a? — b?)
b? cot(c + dz)
3ad (a? — b?) (a + besc(c + dx))3
| 1083
4 8a6—8a4b2+7a2b4—2b6 I 1 d 2—“4—2 tan l(c-+—dz)
. ( ) —(27‘14—2tan(%2(;+da:)))2—4<1—%;) ( b (2 )) +2z(a2a—b2)3
b2 (26a4—17a2b2+6b4) cot(c+dzx)
a(a2—b2) ad(aQ—bQ)(a-H) csc(ct+dx)) 7
2a(a2—b?) " 2ad
3a (a? — b2)
b? cot(c + dz)
3ad (a? — b2) (a + besc(c + dx))3
| 219
oe (a2_b2)3 2b(8a6—8a4b2+7a2b4—2b6)arctanh ( b(%aﬂ;\;;(ijdx))) )
3 @ +

ad\/a2—b2

b2 (26a4 — 17a2b2+6b4) cot(c+dx)

a(aQ—bQ)

ad (a2 7172) (a+bcsc(ct+dx))

b2 (8a2—3b2) cot(c+dx)

2a(a?—b?)

" 2ad(a2—b2)(a+b csc(ctda

3a (a? — b?)
b2 cot(c + dzx)
3ad (a? — b?) (a + bese(c + dx))3

§
input | Int[(a + b*Csc[c + d*x])~(-4),x]

3.51. dz

1
f (a+bcsc(ctdz))s



output

rule 25

rule 27

rule 219

rule 1083

rule 3042

rule 3139
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-1/3%(b~2*Cot [c + d*x])/(a*x(a”2 - b~2)*d*(a + b*Csc[c + d*x])~3) + (-1/2%(
b~2%(8*a~2 - 3*b~2)*Cot[c + d*x])/(a*x(a"2 - b~2)*d*(a + b*Csc[c + d*x])"2)
+ ((3*((2*%(a”2 - b™2)"3*x)/a + (2*b*(8*%a”6 - 8*a~4*b~2 + 7*a"2*b~4 - 2%b~
6)*ArcTanh [ (b*((2*a)/b + 2xTan[(c + d*x)/2]))/(2*Sqrt[a~2 - b~2])])/(a*xSqr
t[a”™2 - b"2]*d)))/(a*x(a”2 - b"2)) - (b"2*%(26*xa~4 - 17*a~2*b"2 + 6xb~4)*Cot
[c + d*x])/(a*x(a”2 - b™2)*d*(a + b*Csc[c + d*x])))/(2*xa*x(a"2 - b~2)))/(3*a
*(a”™2 - b72))

3.51.3.1 Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qla, 01 |l LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
xe~2%x"2), x], x, Tan[(c + d*x)/21/el, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

3.51. dz

1
f (a+bcsc(ctdz))s




rule 4272

rule 4318

rule 4407

rule 4548
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Int[(ecscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Csc[c + d*x])~(n + 1)/(axd*(n + 1)*(a"2 - b™2))), x] + Sim
pli/(a*x(n + 1)*(a”2 - b72)) Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”2 -
b~2)*(n + 1) - a*b*(n + 1)*Cscl[c + d*x] + b~ 2x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 - b~2, 0] &% LtQ[n, -1] && Integ
erQ[2#n]

~

Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQl[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[b*c
- axd, 0]

Int[((A_.) + cscl(e_.) + (F_.)*(x_)1*(B_.) + cscl(e_.) + (f_.)*(x_)]1"2x(C_.
M) *(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -
a*b*B + a~2*C)*Cot[e + f*x]*((a + b*Cscle + f*x])"(m + 1)/(a*f*(m + 1)*(a"2
- b72))), x] + Simp[1/(a*x(m + 1)*(a”2 - b"2)) Int[(a + b*Cscle + £*xx])~(
m + 1)*Simp[A*(a”2 - b™2)*(m + 1) - ax(A*b - a*B + b*C)*(m + 1)*Cscle + f*x
] + (A*b™2 - a*b*B + a™2*xC)*(m + 2)*Cscle + f*x]~2, x], x], x] /; FreeQl{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b"2, 0] && LtQ[m, -1]

3.51.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 544 vs. 2(228) = 456.

Time = 2.09 (sec) , antiderivative size = 545, normalized size of antiderivative = 2.28

3.51. dz

1
f (a+bcsc(ctdz))s
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method result
86242 (6a%—2a2b2 +b4) tan ( 4} + % ) 5 8ab (28(16 —4a%p? —a2b4+2b6) tan ( de + % ) 4 8a2 (52a6+44
% 1605 —48a%4b2 4484204 — 1666 16a5 —48a462+4842b%4 1616 24a
2 arctan (tan ( de —+ % ) )
N N . e 4 -
derivativedivides =
8242 (6a472a2 b2 +b4) tan ( de + % ) 5 8ab (28a6 —4a%p? 7a2b4+2b6) tan ( de + % ) 4 8a2 (52a6+44
% 1606 —48a%4b2 4484204 — 1666 1605 —48a452 44842621666 24a
2 arctan (tan ( %@ —+ % ) )
2 _
default a
risch z  b?(—36ia7+32ia%h?—132iaBb2e? (42 +0) _204ia3bte? (47 +C) _48b aSedi(drte) 1 51p8 qtebi(dr ) _18h0 2654 (deA
Py
a

inputLint(l/(a+b*csc(d*x+c))‘4,x,method=_RETURNVERBOSE)

output

/

1/d*(2/a"4*arctan(tan(1/2*xd*x+1/2*c))-2/a"4*b* (8% (1/16*b~2*xa”~2* (6*a~4-2*a"
2%b~2+b"4)/(a~6-3*%a"4*b~2+3*a”~2*%b~4-b"6) *tan (1/2*d*x+1/2%c) “5+1/16*a*b* (28
*a”~6-4%a~4*b"2-a"2%b~4+2%b"6) / (a~6-3*a"~4*xb"2+3*a”~2+%b~4-b"6) *tan (1/2*d*x+1/
2%C) ~4+1/24*a~2% (52*a~6+44%a"~4*b~2-39*a~2%b"4+18%b~6) / (a~6-3*a~4*b~2+3*a"2
*b~4-b"6) *tan (1/2*d*x+1/2%c) ~3+1/8*axb* (38*a~6-19*a~4*b~2+4*a~2*xb~4+2%¥b"6)
/(a~6-3%a"4xb~2+3*a~2%¥b"4-b"6) *tan (1/2*d*x+1/2%c) "2+1/16% (46%a~4-32%a"~2xb"
2+11%b~4)*a~2%b~2/ (a~6-3*a~4*b~2+3%a"~2%b~4-b"6) *tan (1/2*d*x+1/2*c) +1/48*a*
b~ 3% (26*%a"4-17*a"2+%b"2+6%b~4) / (a~6-3*a"~4*b~2+3*a~2*%b~4-b"6) ) / (tan(1/2*d*x+
1/2xc) “2*b+2*a*tan (1/2*d*x+1/2*c) +b) “3+4* (8*a~6-8*a~4*b~2+7*a”~2*xb~4-2%b"6)
/ (8%¥a~6-24%a"4*b~2+24*a~2%b"4-8%b"6) / (-a~2+b~2) ~(1/2) *arctan(1/2* (2*¥b*tan(
1/2*d*x+1/2%c)+2*a) /(-a~2+b"2)~(1/2))))

3.51.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 744 vs. 2(228) = 456.

Time = 0.34 (sec) , antiderivative size = 1554, normalized size of antiderivative = 6.50

; dz = Too large to display

1
/ (a + bese(c+ dx))

input  integrate(1/(a+b*csc(d*x+c))~4,x, algorithm="fricas")

3.51. dz

1
f (a+bcsc(ctdz))s



output
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[1/12%(36%(a~10%b - 4%a~8%b~3 + 6%a~6xb~5 - 4*xa~4%b~7 + a~2%b~9)*d*x*cos(d
*x + c)72 - 2x(36*%a”9*b"2 - 68*a~7*b"4 + 43*%a~5xb"6 - 11*a~3*b"8)*cos(d*x
+ ¢c)73 - 12%(3*%a~10*%b - 11*a~8*%b~3 + 14*a”6*b~5 - 6*%a”~4*b~7 - a"2*b"9 + b~
11)*d*x - 3*%(24*%a"8*b"2 - 16*a~6*b~4 + 13*a~4%b"6 + a~2*%b"8 - 2*xb~10 - 3*(
8*%a~8*xb~2 - 8*%a~6*b"4 + T7*xa~4*xb"6 - 2*xa~2*%b"8)*cos(d*x + c)~2 + (8%a~9xb +
16*a”~7*b"3 — 17*a”5%b~5 + 19*a~3*b~7 - 6*a*b”9 - (8*%a~9*b - 8*a”~7*b"3 + 7
*a~b*¥b"5 - 2%a”3*b~7)*cos(d*x + c)~2)*sin(d*x + c))*sqrt(a”2 - b~2)*1log(((
a~2 - 2xb"2)*cos(d*x + c)~2 + 2*axb*sin(d*x + c) + a2 + b~2 + 2*(b*cos(d*
x + c)*sin(d*x + c) + a*cos(d*x + c))*sqrt(a™2 - b72))/(a"2*cos(d*x + c)~2
- 2xaxb*sin(d*x + c) - a”2 - b72)) + 12%(6%a”9*%b”"2 - T*a"T*b~4 + 2*a~3%b"
8 - axb~10)*cos(d*x + c) + 6%(2x(a”11 - 4*a~9*xb~2 + 6*a"7*b~4 - 4*a~5%b”6
+ a~3*b"8)*d*x*cos(d*x + c)”2 - 2*%(a”11 - a~9*%b"2 - 6*a~7*b"4 + 14*a~5*b"6
- 11*%a~3%b~8 + 3*a*b~10)*d*x + 5*%(4*a"8*b~3 - 7*a~6*xb~5 + 4*xa~4*xb~7 - a2
*b~9) *cos(d*x + c))*sin(d*x + c))/(3*%(a~14%b - 4*a~12*b"3 + 6*%a~10*b"5 - 4
*a"8*%b~7 + a~6*b"9)*d*cos(d*x + c)”2 - (3*%a”14%b - 11*a~12*b~3 + 14*a”~10*Db
~5 - 6*%a"8*b”"7 - a"6%b"9 + a”4xb~11)*d + ((a”15 - 4*%a"13%b"2 + 6*a"11*xb"4
- 4*xa”"9%b"6 + a~7*b"8)*d*kcos(d*x + c)"2 - (a”15 - a"13*b”"2 - 6*a”"11*xb"4 +
14%a~9%b”~6 - 11*%a”~7*b~8 + 3*a~5xb~10)*d)*sin(d*x + c)), 1/6%(18x(a~10*b -
4%a”~8%b~3 + 6*a”~6*b"5 - 4*a~4*b~7 + a~2*b~9)*d*x*cos(d*x + c)~2 - (36*%a”9*
b"2 - 68*a~7*b~4 + 43*a”5xb”"6 - 11*a~3*b~8)*cos(d*x + c)~3 - 6x(3*a”~10x*...

3.51.6 Sympy [F]

1 1
/ (a + bese(c+ dx))* dz = / (a+besc(c+ dac))4 dz

inputLintegrate(1/(a+b*csc(d*x+c))**4,x)

outputtlntegral((a + bkcsc(c + d*x))**(-4), x)

1
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3.51.7 Maxima [F(-2)]

Exception generated.

1
/ (@ + bosc(c + da))? dr = Exception raised: ValueError

input Lintegrate (1/ (atb*csc(d*x+c))~4,x, algorithm="maxima")

-/

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de ‘

3.51.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 535 vs. 2(228) = 456.

Time = 0.30 (sec) , antiderivative size = 535, normalized size of antiderivative = 2.24

1
/ (a + besc(c+ dx))? dz =

n l X l c a
3 (8a®b—8a*b3+7a2b5—2b") <7r {%—{—%J sgn(b)+arctan <bta(2d+2)+

V—a2+b2 >> n 18 aBb3 tan(% dx-i—% 0)5—6 adb® tan(% d.’l)-l—% c)5+3c

(a10—3 a8b2+3 abb%—ab6)v/—a2+b2

inputLintegrate(1/(a+b*csc(d*x+c))‘4,x, algorithm="giac") J
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-1/3*%(3*(8*a~6*b - 8%a~4*b~3 + 7*a~2*b~5 - 2*b~7)*(pi*floor(1/2*(d*x + c)/
pi + 1/2)*sgn(b) + arctan((bxtan(1/2xd*x + 1/2xc) + a)/sqrt(-a"2 + b~2)))/
((a™10 - 3#a”8%b~2 + 3*a"6*b"4 - a~4%b”6)*sqrt(-a”2 + b~2)) + (18*a”~5*b~3*
tan(1/2*d*x + 1/2%c)”5 - 6*a”~3*b~5*tan(1/2*d*x + 1/2*c)”5 + 3*a*b~7+tan(1/
2%d*x + 1/2%c)”5 + 84*a”6*xb~2*tan(1/2*d*x + 1/2*c)”"4 - 12*%a"4%b~4*tan(1/2*
dxx + 1/2%c)"4 - 3*a~2xb"6*xtan(1/2*d*x + 1/2%c)~4 + 6xb"8*tan(1/2*d*x + 1/
2%c)”4 + 104*a~7xb*tan(1/2*d*x + 1/2*c)"3 + 88*a”~5*b~3*xtan(1/2*d*x + 1/2*c
)~3 - 78*a”3*b~5*tan(1/2*d*x + 1/2%c)”~3 + 36*a*b”7xtan(1/2*d*x + 1/2%c)”3
+ 228%a”~6xb~2+tan(1/2*d*x + 1/2%c) "2 - 114%a~4*b~4xtan(1/2+d*x + 1/2%c) "2
+ 24*a”2+%b"6xtan (1/2*d*x + 1/2*c)”2 + 12xb"8+tan(1/2*d*x + 1/2%c)"2 + 138%
a~5xb~3*tan(1/2*d*x + 1/2%c) - 96*a~3*b~5xtan(1/2*d*x + 1/2%c) + 33*a*xb~7*
tan(1/2%d*x + 1/2%c) + 26%a~4%b~4 - 17*a~2%b"6 + 6%b~8)/((a~9 - 3*a~7*b~2
+ 3*a”5%b"4 - a~3*b"6)*(bxtan(1/2*d*x + 1/2%c)~2 + 2*xaxtan(1/2*d*x + 1/2%c
) + b)73) - 3*(d*x + c)/a"4)/4d

3.51.9 Mupad [B] (verification not implemented)

Time = 32.00 (sec) , antiderivative size = 8167, normalized size of antiderivative = 34.17

1
(a + besc(c+ dx))4

dx = Too large to display

input Lint(l/(a + b/sin(c + d*x))~4,x)

~—
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(2*atan((((8*(4*a~3*b~14 - 24*a~5%b~12 + 60*a”7*b~10 - 80*a~9%b~8 + 60*a"1

1*%b"6 - 24%a~13*%b~4 + 4%a~15%b"2))/(a”20 + a~8*b~12 - 6%a~10%b~10 + 15*xa"1
2*%b"8 - 20*%a”14*b~6 + 15*a~16%b"4 - 6*xa~18%b"2) - (((8%(4*a~20%b + 2*xa~8%*b
“13 - 14%a”10*xb"11 + 30*%a~12*%b™9 - 30*%a~14*b~7 + 20*%a”16*xb~5 - 12*%a”~18*b~3
))/(a”20 + a~8%b~12 - 6*%a~10*%b"10 + 15*%a”~12*xb~8 - 20*a~14*b~6 + 15*xa~16%b"~
4 - 6%a~18%b"2) - (((8*(4*a~11*%b~14 - 24*a”13*b~12 + 60*a~15%b~10 - 80*a"1
7*¥b~8 + 60*%a”~19%b~6 - 24*a~21%b"4 + 4*xa~23*%b"2))/(a”20 + a~8*%b~12 - 6*xa~10
*b~10 + 15%a”12*b~8 - 20*%a”~14*xb~6 + 15%a~16*%b"4 - 6*xa~18*%b~2) + (8*tan(c/2
+ (d*x)/2)*(12*%a~25%b - 8*a~11*b~15 + 60*a~13*%b~13 - 192*a”~15%b~11 + 340%
a~17*b~9 - 360*a~19*b~7 + 228*a~21*%b~5 - 80%*a~23*b~3))/(a"21 + a~9*b~12 -
6*%a~11*%b~10 + 15*xa”~13*b"8 - 20*%a~15%b~6 + 15*xa~17*b"4 - 6*%a~19%b~2))*1i)/a
~4 + (8xtan(c/2 + (d*x)/2)*(8*a~8*b~14 - 52*a”~10*b~12 + 140*a~12*b~10 - 22
0*a~14*b~8 + 220*a~16*%b~"6 - 128*a~18*b~4 + 32*%a~20*b"2))/(a"21 + a~9*b~12
- 6%a~11%b"10 + 15%a~13*b"8 - 20*%a”~15%b~6 + 15%a”~17*b"4 - 6*xa~19%b~2))*1i)
/a4 + (8xtan(c/2 + (d*x)/2)*(8*%a”17+b - 8*a~3*b~15 + 60*a”5%b~13 - 189*a”
7%b~11 + 344*a~9*b"9 - 396*a~11%b"7 + 272*a~13*b"5 - 116*%a”~15%b"3))/(a"21
+ a”9*%b"12 - 6*%a~11*b"10 + 15%a~13*%b"8 - 20*a~15%b"6 + 15*xa~17*b"4 - 6*a”1
9%b~2)) /a4 + ((((((8%(4*a~11%b~14 - 24*a~13*b~12 + 60*a~15%b~10 - 80*a~17
*b~8 + 60*a~19*%b"6 - 24*a~21%b~4 + 4*a~23*b"2))/(a"20 + a~8*%b~12 - 6xa~10%
b~10 + 15%a~12%b~8 - 20*a~14*b~6 + 15%a~16%b~4 - 6%a~18%b~2) + (8*tan(c...
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1

3.52 f 3+5 csc(c+dx) dz

3.52.1 Optimal result . . . . . . . . . .. .. [374]
3.52.2 Mathematica [B] (verified) . . . . . . . ... ... . 374
3.52.3 Rubi [A] (verified) . . . . . ... ...
3.52.4 Maple [A] (verified) . . . ... ... ... .. 3761
3.52.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 376
3.52.6 Sympy [F] . . . . . B77
3.52.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. 377
3.52.8 Giac [A] (verification not implemented) . . . ... ... ... ... . ... . B
3.52.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... ..

3.52.1 Optimal result

Integrand size = 12, antiderivative size = 31

cos(c+dz)
/ 1 goe T Sarctan (3+sin(c+dz)>
3+5csc(c+dz) 12 6d

-

output L—1/12*x—5/6*arctan(cos (d*x+c)/(3+sin(d*x+c)))/d

~—

3.52.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 66 vs. 2(31) = 62.

Time = 0.16 (sec) , antiderivative size = 66, normalized size of antiderivative = 2.13

. 2(cos (% (c+dz))+sin( (c+dz)))
/ 1 dr — 2(6 + d.'E) Sarctan ( cos(g(c-i-dx)) —sin(%z(c-i-dx)) >
3+ 5csc(c+ dx) 6d
inputLIntegrate[(B + 5xCsclc + d*x])~(-1),x] J

output‘(2*(c + d*x) - 5*ArcTan[(2*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))/(Cos[(c
‘+ d*x)/2] - Sin[(c + d*x)/2])1)/(6xd)

L dz

352. [ smeiera
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3.52.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.32, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 333 Ry j0q yged = {3042,

integrand size
4270, 3042, 3136}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ! dz
5csc(c+dx) + 3
| 3042

/ ! dz
5csc(c+dz) + 3
| 4270

w_l/ 1 d
3 3) 3sin(c+dz)+1

J’3042

Y S —
3 3J) Zsin(c+dr)+1

l 3136

(ctd
1 _5arctan<%)_5ﬁ +£
3 2d 4 3

input LInt[(B + 5%Csclc + d*x])~(-1),x]

output Lx/S + ((-5*x)/4 - (5%ArcTan[Cos[c + d*x]/(3 + Sin[c + d*x])])/(2%d))/3

3.52.3.1 Defintions of rubi rules used

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N

1
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rule 3136 Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{q = Rt[
a”2 - b"2, 2]}, Simplx/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ b*Sin[c + d*x]))], x]] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[al

rule 4270 Int[(csc[(c_.) + (d_.)*(x_)1*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sinl[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a~2 - b~2, 0]

3.52.4 Maple [A] (verified)

Time = 0.56 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.10

method result size
5 arctan ﬁ75tan(%!+%) <|—§
2arctan(tan(%§+%)) 4
derivativedivides 3 ! < 34

2arctan(tan(d7x+%)) Barctan < 4 +

default 3 i 6 34
. ¢ 5iln(eildet9)43i)  5iln(efld=teo4 1)
risch 3 54 + 54 43

parallelrisch piln (5 fan (%ZJFE) +3_4i> _?igldn <5 tan(%er%) +3+4i) Hade 49

input tint (1/(3+5*csc(d*x+c)) ,x,method=_RETURNVERBOSE)

output‘1/d*(2/3*arctan(tan(1/2*d*x+1/2*c))—5/6*arctan(5/4*tan(1/2*d*x+1/2*c)+3/4)
)

3.52.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.06

4 cos(dz+c)
dxr =

1 4dzx — 5 arctan (W)
/3+5csc(c—|—dx) 12d

inputLintegrate(1/(3+5*csc(d*x+c)),x, algorithm="fricas")

1
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0utputt1/12*(4*d*x - Bxarctan(1/4*(5%sin(d*x + c) + 3)/cos(d*x + c)))/d

3.52.6 Sympy [F]

/ ! dx—/ 1 dx
3+5csc(c+dzr) ) Besc(c+dx)+3

inputLintegrate(1/(3+5*csc(d*x+c)),x)

-

outputtIntegral(l/(S*csc(c + d*x) + 3), x)

e—

3.52.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.58

dr = —

[ 5 arctan (il + ) - 4 avctan (ZREESY)
3+ 5csc(c+ dx) 6d

inputLintegrate(1/(3+5*csc(d*x+c)),x, algorithm="maxima")

output‘-1/6*(5*arctan(5/4*sin(d*x + c)/(cos(d*x + c) + 1) + 3/4) - 4xarctan(sin(d
‘*x + c)/(cos(d*x + ¢) + 1)))/d

3.52.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.58

3 cos(dz+c)+sin(dz+c)+3
/ 1 . dz + ¢+ 10 arctan <— e Sin(@ﬂ)_g)
3+5csc(c+dz) 12d

inputLintegrate(1/(3+5*csc(d*x+c)),x, algorithm="giac")

0utput‘—1/12*(d*x + ¢ + 10*arctan(-(3*cos(d*x + c) + sin(d*x + c) + 3)/(cos(d*x +
‘ c) - 3*sin(d*x + c) - 9)))/d

L dz

352. [ smeiera
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3.52.9 Mupad [B] (verification not implemented)

Time = 19.32 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.26

£ atan 7&m<%+%§>—15
/ 1 g ¥ 24tan ($+42 ) +20
== —
3+ 5csc(c+ dx) 3 6d

-

input Lint(l/(S/sin(c + d*x) + 3),x)

~—

output‘x/s - (bxatan((7*tan(c/2 + (d*x)/2) - 15)/(24*tan(c/2 + (d*x)/2) + 20)))/(
6%*d)

N

L dz

352. [ smeiera
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1

3.3 f 5+3 csc(c+dx) dz

3.563.1 Optimal result . . . . . ... . ... ... ..
3.53.2 Mathematica [A] (verified) . . . . . . . ... .. .. L 379
3.53.3 Rubi [A] (verified) . . . . ... ... ... 3801
3.53.4 Maple [A] (verified) . ... ... ... ...
3.53.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.53.6 Sympy [F] . . . . .
3.53.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ..
3.53.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.53.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ...

3.53.1 Optimal result

Integrand size = 12, antiderivative size = 68

/ 1 . £+3log (3cos (1(c+dz)) +sin (3(c+dz)))
5+ 3csc(c+ dx) 5 20d
_ 3log (cos (3(c +dz)) + 3sin (3(c + dz)))

20d

output ‘ 1/5%x+3/20%1n(3*cos (1/2*d*x+1/2*c)+sin(1/2*d*x+1/2%c))/d-3/20*1n(cos (1/2*d ‘
‘*x+1/2*c)+3*sin(1/2*d*x+1/2*c))/d ‘

3.53.2 Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.99

1
/ 5+ 3csc(c + dx) dz
_ 4(c+dx) +3log (3cos (i(c+dz)) +sin (i(c+dz))) — 3log (cos (3(c+ dz)) + 3sin (3(c + dz)))

20d

input LIntegrate[(S + 3*Csclc + d*x])~(-1),x] J

output‘ (4% (c + d*x) + 3xLog[3*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] - 3*Log[Cos[(c ‘
C+ dxx)/2] + 3xSinl(c + dxx)/2]11)/(20%d) |

L dz

353 | smeiera
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3.53.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.74, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 554 Ryles used = {3042,

integrand size
4270, 3042, 3139, 1081, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ! dz
3csc(c+dz) + 5
| 3042

[ setevan s
3csc(c+dx) 45 v
| 4270

1‘_1/ 1 dz
5 5/ Ssin(c+dz)+1

J’3042

Y S —
5 5 Ssin(c+dr)+1

l 3139

1 1
T 2 f tan%%(c—}-dm))-l—% tan(%(c-l—d:c))-i—ldta'n (5(6 + d(l?))
) 5d

l 1081

9 3 1
z 2/ (S(Stan(%(c—i-dx))—i-l) B 8(tan(%(c+dx))+3)> dtan (5(0 + dw))
) 5d

l 2009

z 2(3 log (3tan (3(c +dz)) + 1) — 3 log (tan (3(c + dz)) + 3))
5 5d

input‘ Int[(5 + 3*Csclc + d*x])~(-1),x]

output ‘{x/5 - (2% ((-3*Log[3 + Tan[(c + d*x)/2]]1)/8 + (3*Log[1 + 3*Tan[(c + d*x)/2]

11)/8))/(5+d)

1
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3.53.3.1 Defintions of rubi rules used

rukelOSl‘Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b"2
‘- 4xaxc, 2]}, Simp[c Int[ExpandIntegrand[1/((b/2 - q/2 + c*x)*(b/2 + q/2
‘+ c*x)), x], x], x]]1 /; FreeQ[{a, b, c}, x] && NiceSqrtQ[b~2 - 4xax*c]

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3139 | Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a”2 - b™2, 0]

rule 4270 Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a"2 - b~2, 0]

3.53.4 Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.60

method result size
31n(tan(%‘”+§)+3) 3ln(3tan(d7z+§>+1)
T
norman £ S0d — 50d 41
. o 8ln(i434eildetd)  gin(eildsto_dy5i)
risch £+ g - T A 43
. 3In(tan( 92 +¢)+3)—3In(3tan( €+ )+1)+In(27)+4dzx
parallelrisch (tan(( % +5)+9) <20 - (£+5)+1) 43
3 1n(3 tan(dTZJ-%)-i—l) " 2 arctan(tan(%’“‘-ﬁ-%)) 4 3 ln(tan(dT‘T-i—%)-&-B)
derivativedivides 20 e 20 48
_ 3 1n(3 tan(d%+%)+l) n 2 arctan(tan(%-ﬁ-%)) 4 3 ln(tan(d%-i—%)—f—?;)
default 20 E 20 48

iHPUtLint(l/(5+3*csc(d*x+0)),X,method=_RETURNVERBOSE)

L dz

353 | smeiera
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output L1/5*x+3/20/d*1n(tan(1/2*d*x+1/2*c) +3)-3/20/d*1n(3*tan(1/2*d*x+1/2%c)+1) J

3.53.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.76

/ L dz
5+ 3 csc(c + dz)
_ 8dx + 3 log (4 cos (dx + c) + 3 sin (dz + ¢) + 5) — 3 log (—4 cos (dz + ¢) + 3 sin (dz + c) + 5)

40d

input‘integrate(1/(5+3*csc(d*x+c)),x, algorithm="fricas") J

output‘1/40*(8*d*x + 3xlog(4xcos(d*x + c) + 3*sin(d*x + c) + 5) - 3xlog(-4*cos(d*
‘x + c) + 3*sin(d*x + ¢c) + 5))/d

3.53.6 Sympy [F]

/ L dm—/ 1 dz
5+3csc(c+dr) ) 3csc(c+dzx)+5

-

input Lintegrate (1/(5+3*csc(d*x+c)) ,x)

-/

output LIntegral(l/(S*csc(c + d*x) + 5), x) J

3.53.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.04

/ ! dz
5+ 3csc(c + dx)
sin(dz+c) 3 sin(dz+c) sin(dz+c)
8 arctan <cos(dx+c)+1> -3 lOg (cos(dx+c)+1 + 1) +3 lOg <cos(dz+c)+1 + 3)

20d

L dz

353 | smeiera
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input‘integrate(1/(5+3*csc(d*x+c)),x, algorithm="maxima")

output‘1/20*(8*arctan(sin(d*x + c)/(cos(d*x + c) + 1)) - 3*log(3*sin(d*x + c)/(co
‘s(d*x +c) +1) + 1) + 3*xlog(sin(d*x + c)/(cos(d*x + c) + 1) + 3))/d

3.53.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.66

ek
5+ 3csc(c+ dx) v
_ 4dz+4c—3log (|3 tan (3dz+ 3c) +1|) 43 log (|tan (5 dz + 5 ¢) + 3|)

20d

p
inputtintegrate(l/(5+3*csc(d*x+c)),x, algorithm="giac")

e—

p
output‘ 1/20% (4*d*x + 4*c - 3xlog(abs(3*tan(1/2*d*x + 1/2%c) + 1)) + 3*log(abs(tan
‘(1/2*d*x + 1/2%c) + 3)))/d

~

3.53.9 Mupad [B] (verification not implemented)

Time = 18.57 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.40

1 41
3atanh w0 (579) o + %
2 27 +?

/ 1 dm—w
5+3csc(c+dr) 5 10d

input Lint(i/(B/sin(c + d*x) + 5),x)

output Lx/s - (3*atanh(1/(2x((200*tan(c/2 + (d*x)/2))/27 + 20/9)) + 41/40))/(10%d)

1
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3.54 [esc®(e+ fz)(a+besc(e + fz))" dx

3.54.1 Optimal result . . . . . . .. . ... . 384
3.54.2 Mathematica [F] . . . ... ... ... . . L
3.54.3 Rubi [A] (verified) . . . . . . ... ..
3.54.4 Maple [F] . . . . . . o e
3.54.5 Fricas [F] . . . . . o o
3.54.6 Sympy [F] . . . . . 389
3.54.7 Maxima [F] . . .. . ... .
3.54.8 Giac [F] . . . . . . 389
3.54.9 Mupad [F(-1)] . . . . oo 390

3.54.1 Optimal result

Integrand size = 21, antiderivative size = 274

_cot(e + fz)(a +besc(e + fx)) '+

/csc3(e + fz)(a+ bescle + fz))"dx =

bf(2+m)
N v2a(a + b) AppellF1 (%, 2, —1—m, 2 1(1 —csc(e + fz)), b(l*f;rfm))) cot(e + fz)(a+ besc(e + fx
b2f(2 4+ m)4/1 + csc(e + fz)
V2(a? + b*(1 + m)) AppellF1 (%, 2, —m, 2, 1(1 —csce + fx)), %W) cot(e + fx)(a + besc(e -
b2f(2 4+ m)4/1 + csc(e + fz)

output | —cot (f*x+e) * (a+b*csc(f*x+e) )~ (1+m) /b/£f/(2+m)+a* (a+b) *AppellF1(1/2,-1-m,1/2
,3/2,bx(1-csc(f*xx+e))/(a+b) ,1/2-1/2*csc (f*x+e) ) *cot (f*x+e) * (a+b*csc (f*x+e)
) m*2~(1/2) /b"2/f/(2+m) / (((a+b*csc(f*x+e) )/ (a+b)) "m) / (1+csc(f*x+e)) ~(1/2)-
(a~2+b~2*(1+m) ) *AppellF1(1/2,-m,1/2,3/2,b*(1-csc(f*x+e))/(a+b) ,1/2-1/2*csc
(f*xx+e) ) *cot (fxx+e) * (a+b*csc(f*x+e)) "m*x2~(1/2) /b~2/£/(2+m) / (((a+b*csc (f*x+
e))/(a+b))"m)/(1+csc(f*x+e))~(1/2)

3.54.  [esc*(e+ fz)(a+besc(e + fz))™dz
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3.54.2 Mathematica [F]

/csc3(e + fz)(a+besc(e + fz))"dx = /csc3(e + fz)(a+ besc(e + fz))™ dx

p
input

Integrate[Csc[e + f*x]~3*(a + bxCsc[e + f*x]) m,x]

N

N J

-

i

output Integrate[Cscl[e + f*x]~3*(a + b*Cscle + f*x])™m, x]

- J

3.54.3 Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 274, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 8§, number of rules _ 0.381, Rules used

integrand size
= {3042, 4327, 3042, 4495, 3042, 4321, 156, 155}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/csc3(e + fzr)(a+besc(e + fz))™ dx
| 3042
/csc(e + fz)3(a+ besc(e + fz))dx

l 4327

J esc(e+ fx)(b(m +1) — acsc(e + fz))(a + besc(e + fz))™dz
b(m + 2)
cot(e + fz)(a + besc(e + fx))™ !
bf(m +2)

l 3042

[ esc(e+ fz)(b(m+ 1) — acsc(e + fz))(a+ besc(e + fz))™dx B
b(m + 2)
cot(e + fz)(a+ besc(e + fz))™ !
bf(m +2)

l 4495

3.54.  [esc*(e+ fz)(a+besc(e + fz))™dz
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(a?+b%(m+1)) [ csc(e+fz)(atbcescletfz))™dz . a [ csc(e+fz)(atbescle+fz))™Hdx
b b

b(m +2)
cot(e + fz)(a + besc(e + fx))™ !
bf(m+2)

l 3042

(a?+b%(m+1)) [ csc(e+fz)(atbesc(etfz))™dz _ a [ csc(e+fz)(a+bcesc(e+fz))™Hdx
b b

b(m + 2)
cot(e + fz)(a + besc(e + fz))™H!
bf(m+2)

l 4321

2,12 (a+bcsc(e+fz)™ (a+b csc(e+fa:))m+1
(a2+b%(m+1)) cot(e+fzx) [ Tesc(et 7o) Jescle T T1 desc(et+fz)  acot(e+fz) [ T—esc(et /) CSC(H_fw)_Hdcs.c(e+fav)

bf/1—csc(e+fz)/csc(e+fz)+1 o bf\/1—csc(e+fz)\/cscle+fx)+1 _
b(m + 2)
cot(e + fz)(a + besc(e + fz))™H
bf(m+ 2)
| 156

m ( ab+bcsc(e1»fx)>m
- a+ a+
(a2 (m-+1)) cot(e+fa) (atbesclefa))™ (G ) T A dosc(etfa)  a(a+h) cot(etfa) (atbesc(etfa)

bf+/1—csc(e+fz)+/csc(e+fz)+1 b
b(m + 2)

cot(e + fz)(a + bese(e + fxz))™ !
bf(m+2)

l 155

V2a(a+b) cot(e+fz)(a+bcsc(e+fx))™ (M> - AppellF1 (%,%,—m—l,%,%(l—csc(e+fz)),w) V2(a?+b?(m+1)) co

a+b a+b

bf+/csc(e+fz)+1

b(m +2)
cot(e + fz)(a + besc(e + fz))™H!
bf(m+2)

input | Int[Csc[e + f*x] 3*(a + b*Cscle + f*x]) m,x]

\

3.54.  [esc*(e+ fz)(a+besc(e + fz))™dz



output

rule 155

rule 156

rule 3042

rule 4321
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-((Cot[e + f*x]*(a + b*Cscle + £xx])~(1 + m))/(b*fx(2 + m))) + ((Sqrt[2]*a
x(a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscle + £*x])/2, (bx(1 - Csc
[e + £xx]))/(a + b)]*Cot[e + f*x]*(a + bxCscle + f*x]) m)/(b*f*Sqrt[1 + Cs
cle + f*x]]1*((a + b*Cscle + f*x])/(a + b))"m) - (Sqrt[2]1*(a"2 + b™2*(1 + m
))*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*x(1 - Cscle + £*x])
)/(a + b)I*Cot[e + f*x]*(a + b*Cscle + f*x]) m)/(b*f*Sqrt[1 + Cscle + f*x]
I*((a + bxCscle + fxx])/(a + b))"m))/(b*x(2 + m))

3.54.3.1 Defintions of rubi rules used

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p.), x_] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*Simplify[b/(b*c - a*d)] n*
Simplify[b/(b*e - a*f)]~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/
(bxc - a*xd)), (-f)*((a + b*x)/(b*xe - ax*f))], x] /; FreeQ[{a, b, c, d, e, f,
m, n, p}, x] && !IntegerQ[m] &% !'IntegerQ[n] && !IntegerQ[p] && GtQ[Sim
plify[b/(b*c - a*d)], 0] && GtQ[Simplify[b/(bxe - axf)], 0] && !(GtQ[Simpl
ify[d/(d*a - c*b)], 0] && GtQ[Simplify[d/(d*e - c*f)], 0] && SimplerQ[c + d
*x, a + b*x]) && !'(GtQ[Simplify[f/(f*a - exb)], 0] && GtQ[Simplify[f/(f*c

- exd)], 0] && SimplerQ[e + f*x, a + b*x])

N

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_1 :> Simp[(e + f*x) FracPart[p]/(Simplify[b/(b*e - a*f)] IntPart[p
I*(bx((e + f£*xx)/(b*e - axf))) FracPart[p]) Int[(a + b*x) m*(c + d*x) n*Si
mp[b*(e/(bxe - axf)) + bxfx(x/(b*xe - a*f)), x]°p, x], x] /; FreeQ[{a, b, c,
d, e, f, m, n, p}, x] & !IntegerQ[m] &% !IntegerQ[n] && !IntegerQlp] &
& GtQ[Simplify[b/(bxc - a*d)], 0] && !'GtQ[Simplify[b/(b*e - axf)], 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (f_.)*(x)1*(b_.) + (a_))~(m.), x_
Symbol] :> Simp[Cot[e + f*x]/(f*Sqrt[1 + Cscle + f*x]]1*Sqrt[1 - Cscle + f*x
11)  Subst[Int[(a + b*x)"m/(Sqrt[l + x]*Sqrtl[l - x1), x], x, Cscle + f*xx]]
, x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b~2, 0] && !IntegerQ[2*m]

3.54.  [esc*(e+ fz)(a+besc(e + fz))™dz
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rule 4327  Int[csc[(e_.) + (f_.)*(x_)]1"3%(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_))~(m.),

x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Cscle + f*x])"(m + 1)/(bxf*x(m + 2
1)), x] + Simp[1/(b*(m + 2)) Int[Cscle + fxx]*(a + bxCscle + £*x]) “m*(b*(
m + 1) - axCscl[e + f*x]), x], x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 -

b"2, 0] & !'LtQ[m, -1]

rule 4495 | Int[cscl[(e_.) + (f_.)*(x_)1*(cscl(e_.) + (f_.)*(x_)I*(b_.) + (a_)) " (m_)*(cs
clle_.) + (£_)*(x_)1*(B_.) + (A))), x_Symbol] :> Simp[(A*b - a*B)/b  Int[
Cscle + fxx]*(a + bxCsc[e + f*x])"m, x], x] + Simp[B/b Int[Cscle + f*xx]*(
a + bxCscle + f*x])"(m + 1), x], x] /; FreeQ[{a, b, A, B, e, f, m}, x] & N
eQ[A*xb - axB, 0] && NeQ[a"2 - b~2, 0]

3.54.4 Maple [F]

/csc (fz+e)® (a+besc (fz +e))"dzx

input Lint (csc(f*x+e) “3*(a+b*csc(f*x+e)) "m,x)

outputtint(csc(f*x+e)‘3*(a+b*csc(f*x+e))‘m,x)

3.54.5 Fricas [F]

/0803(6 + fx)(a+besc(e+ fx))™dx = / (bese (fz +e) +a)™csc(fz+e)® dx

inputLintegrate(csc(f*x+e)‘3*(a+b*csc(f*x+e))“m,x, algorithm="fricas")

output‘ integral ((bxcsc(f*x + e) + a) m*csc(f*x + e)~3, x)

3.54.  [esc*(e+ fz)(a+besc(e + fz))™dz
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3.54.6 Sympy [F]

/0803(6 + fz)(a+besc(e + fz))™dx = / (a+bcesc(e+ fz))™ csc® (e + fr)dx

input Lintegrate (csc(f*x+e) **3*x (a+b*xcsc (f*x+e)) **m, x)

output LIntegral((a + bxcsc(e + f*x))**km*csc(e + f*xx)**x3, x)

3.54.7 Maxima [F]

/csc3(e + fz)(a+bescle + fz))™dx = / (besc (fz +€) 4+ a)™csc (fz +e)’ dz

p
input tintegrate (csc(f*x+e) ~3x(atb*xcsc(f*x+e)) "m,x, algorithm="maxima")

e—

p
output Lintegrate((b*csc(f*x + e) + a) mkcsc(f*x + e)73, x)

-/

3.54.8 Giac [F]

/cscg(e + fz)(a+bescle + fz))™dx = / (bese (fz +€) 4+ a)™csc (fx +e)’ dz

input Lintegrate (csc(f*xx+e) ~3x(at+tbxcsc(f*x+e)) "m,x, algorithm="giac")

output Lintegrate((b*csc(f*x + e) + a)“mxcsc(f*x + e)73, x)

3.54.  [esc*(e+ fz)(a+besc(e + fz))™dz
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3.54.9 Mupad [F(-1)]

Timed out.

b m
(CL + sin(e+f ) )
- 5— dx
sin (e + f x)

/csc3(e + fz)(a+bescle + fz))™dx = /

inputtint((a + b/sin(e + f*x))"m/sin(e + £*x)~3,x)

outputtint((a + b/sin(e + f*x)) m/sin(e + £*x)~3, x)

3.54.  [esc*(e+ fz)(a+besc(e + fz))™dz
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3.55 [esc?*(e+ fz)(a+bese(e + fz))" dx

3.55.1 Optimal result . . . . . . .. . ... . 3911
3.55.2 Mathematica [F] . . . ... ... ... . . L
3.55.3 Rubi [A] (verified) . . . . . . ... ...
3.55.4 Maple [F] . . . . . . 394
3.55.5 Fricas [F] . . . . . . o o
3.55.6 Sympy [F] . . . . .
3.55.7 Maxima [F] . . ... ... ..
3.55.8 Giac [F] . . . . . . 396
3.55.9 Mupad [F(-1)] . . . . .

3.55.1 Optimal result

Integrand size = 21, antiderivative size = 220

/cch(e + fz)(a+ besc(e + fzr))™ dr =

v2(a + b) AppellF1 (%, 2, —1—m, 3, 1(1 - csc(e + fz)), W) cot(e + fz)(a+ besc(e + fx)

bf\/1+ csce + fz)
\ v2a AppellF1 <%, 3, —m, 3, 1(1 —csc(e + fx)), W) cot(e + fz)(a+ besc(e + fx))™ (&CZ‘:
bfy/1+ csc(e + fz)

output | - (a+b)*AppellF1(1/2,-1-m,1/2,3/2,bx(1-csc(f*x+e))/(a+b),1/2-1/2*csc(f*x+e)
) *cot (fxx+e) * (a+b*csc(fxx+e) ) "m*2~(1/2) /b/f/ (((a+b*csc (f*x+e)) /(a+b)) "m) /(
1+csc(f*x+e))~(1/2)+axAppellF1(1/2,-m,1/2,3/2,b*(1-csc(f*x+e))/(a+b),1/2-1
/2%csc(f*x+e) ) *cot (f*x+e) * (a+b*csc (f*x+e)) "m*2~(1/2) /b/f/ (((at+tb*csc (f*x+e)
)/ (a+b))"m) /(1+csc(f*xx+e))~(1/2)

3.55.  [esc*(e+ fz)(a+besc(e + fr))™dz



input

output
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3.55.2 Mathematica [F]

/cscz(e + fz)(a+besc(e + fz))"dx = /cscz(e + fz)(a+ besc(e + fz))™ dx

>

Integrate[Csc[e + f*x]~"2*(a + bxCsc[e + f*x]) m,x]

N

N J

-

i

Integrate[Csc[e + f*x]~2x(a + b*Cscl[e + f*x])“m, x]

- J

3.55.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6, number of rules _ 0.286, Rules used

integrand size
= {3042, 4325, 3042, 4321, 156, 155}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cch(e + fzr)(a+besc(e + fz))™ dx
| 3042
/csc(e + fz)%(a+ besc(e + fz))™dx

| 4325
Jesc(e+ fx)(a+bescle + f))"'dz  a [csc(e+ fz)(a+besc(e + fx))™dx
b b
| 3042
[ csc(e + fz)(a+besc(e + fz))™ ldx _a[csc(e+ fz)(a+besc(e + fz))"dz
b b
| 4321

a+b e+fx))mt!
cot(e + fz) [ \/l_isj(ef}?i;:/’;sl)(e_i_ =T -desc(e + fx)

bf\/1—csc(e + fx)\/csc(e + fzr) +1

(a+bcsc(e+fz))™
aCOt(e + fiL‘) f \/l—csc(e-i-fx)\/csc(e—l—fz)-l—ldcsc(e + fiL‘)

bf\/1—csc(e+ fz)\/csc(e + fz) +1

l 156

3.55.  [esc*(e+ fz)(a+besc(e + fr))™dz



input

output

rule 155
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a besc(e+fx) m+1
atb T atb

—csc(e+fz)+/csc(e+fz)+1

(a +b) cot(e + fx)(a+ besc(e + fx))™ (m?iw)—m J V1

dcsc(e + fx)

bf\/1—csc(e+ fz)\/csc(e + fz) +1

. b —-m ai_kbcsca(e-f—fz) m
acot(e + fz)(a+ besc(e + fz)) (%W) i \/1_CSCJEZ+f$)\;Cbsc(e}rfx)Hdcsc(e + fz)
bf\/1—csc(e+ fz)\/csc(e + fz) +1
| 155

a+b

V2acot(e + fz)(a + besc(e + fx))™ (w)_m AppellF1 (%, 2,-m,3,3(1 —csc(e + fz)), b—ese(etfz))’

/

bf/cscle + fx) + 1

V2(a+b) cot(e + fz)(a+ besc(e + fa))™ (LG ) ™ AppellF1 (3,4, —m — 1,3, 1(1 - escle + f2)),

b(1—

bf+/csc(e + fx) +1

LInt [Csc[e + f*xx]~2*x(a + b*Csc[e + f*x]) "m,x]

-((8qrt[2]*(a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscle + f*x])/2, (
b*x(1 - Cscle + f*x]))/(a + b)]*Cot[e + f*x]*(a + bxCscle + f£*x]) m)/(b*f*S
grt[1 + Cscle + f*x]]1*((a + bxCscle + f*x])/(a + b))"m)) + (Sqrt[2]*a*Appe
11F1[1/2, 1/2, -m, 3/2, (1 - Cscle + £*x])/2, (b*(1 - Cscle + f*x]))/(a +
b)]*Cot[e + f*x]*(a + b*Cscle + f*x]) m)/(b*f*Sqrt[1 + Cscle + f*x]]*((a +
bxCsc[e + f*x])/(a + b)) m)

N\

3.55.3.1 Defintions of rubi rules used

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))" (@ )*((e_.) + (£_.)*(x_))
“(p_), x_] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*Simplify[b/(b*c - a*d)] nx
Simplify[b/(b*e - a*f)]~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/
(bxc - a*d)), (-f)*((a + b*x)/(b*xe - axf))], x] /; FreeQ[{a, b, c, d, e, f,
m, n, p}, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[Sim
plify[b/(b*c - a*d)], 0] && GtQ[Simplify[b/(b*xe - axf)], 0] && !(GtQ[Simpl
ify[d/(d*a - cxb)], 0] && GtQ[Simplify[d/(d*e - cx£f)], 0] && SimplerQ[c + 4
*x, a + b*x]) && !(GtQ[Simplify[f/(f*a - exb)], 0] && GtQ[Simplify[f/(f*c

- exd)], 0] && SimplerQ[e + f*x, a + b*x])

3.55.  [esc*(e+ fz)(a+besc(e + fr))™dz



rule 156

rule 3042

rule 4321

rule 4325
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Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_] :> Simp[(e + f#*x) FracPart[p]/(Simplify[b/(bxe - a*f)] IntPart[p
I*(bx((e + f£*xx)/(b*e - axf))) FracPart[p]) Int[(a + b*x) m*(c + d*x) n*Si
mp[b*(e/(b*e - axf)) + bkxfx(x/(b*xe - a*f)), x]°p, x], x] /; FreeQ[{a, b, c,
d, e, £, m, n, p}, x] & !IntegerQ[m] && !'IntegerQ[n] &% !IntegerQ[p] &
& GtQ[Simplify[b/(bxc - a*d)], 0] && !GtQ[Simplify[b/(b*e - axf)], 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Intlcscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (f_.)*(x)1*(b_.) + (a_))~(m.), x_
Symbol] :> Simp[Cot[e + f*x]/(f*Sqrt[1 + Cscle + f*x]]1*Sqrt[1 - Cscle + f*x
11)  Subst[Int[(a + b*x)"m/(Sqrtl[l + x]*Sqrtl[l - x]), x], x, Cscle + f*x]]
, x] /; FreeQ[{a, b, e, £, m}, x] && NeQ[a"2 - b2, 0] && !IntegerQ[2*m]

Int[cscl(e_.) + (£_)*(x_)]1"2*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m ),
x_Symbol] :> Simp[-a/b Int[Csc[e + f*x]*(a + bxCscle + f*x])"m, x], x] +
Simp[1/b  Int[Cscle + f*x]*(a + bxCscle + f*x])~"(m + 1), x], x] /; FreeQ[{
a, b, e, £, m}, x] && NeQ[a"2 - b2, 0]

3.55.4 Maple [F]

/csc (fz+e)?(a+besc(fr+e)"dx

input Lint (csc(f*xx+e) "2+ (at+bxcsc(f*x+e)) “m,x)

~—

-

output

N\

int (csc(f*x+e) ~2*% (at+b*csc (f*x+e)) "m,x)

i

3.55.  [esc*(e+ fz)(a+besc(e + fr))™dz
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3.55.5 Fricas [F]

/CSC2(€ + fz)(a+bescle + fz))™dx = / (bese (fz +e) +a)™csc(fr+e)’ dx

inputLintegrate(csc(f*x+e)“2*(a+b*csc(f*x+e))“m,x, algorithm="fricas")

output Lintegral((b*csc(f*x + e) + a)"mkcsc(f*x + e)72, x)

3.55.6 Sympy [F]

/csc2(e+f:c)(a+bcsc(e—|— fx))"dx = / (a+besc(e+ fx))"csc? (e + fr)dz

p
inputtintegrate(csc(f*x+e)**2*(a+b*csc(f*x+e))**m,x)

e—

p
output LIntegral((a + b*csc(e + f*x))**m*xcsc(e + f*x)**2, x)

-/

3.55.7 Maxima [F]

/cscz(e + fz)(a+bescle + fz))™dx = / (besc (fz +€) +a)™csc (fx +e)’ dz

input Lintegrate (csc(f*xx+e) "2x(at+bxcsc(f*x+e)) "m,x, algorithm="maxima")

output Lintegrate((b*csc(f*x + e) + a)“mxcsc(f*x + e)”2, x)

3.55.  [esc*(e+ fz)(a+besc(e + fr))™dz
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3.55.8 Giac [F|

/CSC2(€ + fz)(a+bescle + fz))™dx = / (bese (fz +e) +a)™csc(fr+e)’ dx

inputLintegrate(csc(f*x+e)“2*(a+b*csc(f*x+e))“m,x, algorithm="giac")

output Lintegrate((b*csc(f*x + e) + a) mkcsc(f*x + )72, x)

3.55.9 Mupad [F(-1)]

Timed out.

b m
(CL + sin(e+f ) )

- 5— dT
sin (e + f z)

/cch(e + fz)(a+ bescle + fx))" dx = /

inputtint((a + b/sin(e + f*x)) m/sin(e + f*x)~2,x)

outputtint((a + b/sin(e + f*x))"m/sin(e + £*x)~2, x)

3.55.  [esc*(e+ fz)(a+besc(e + fr))™dz
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3.56 [ esc(e+ fz)(a+ besc(e + fx))™ dx

3.56.1 Optimalresult . . . ... ... ... ... 397
3.56.2 Mathematica [F] . . . . . .. ... . . . .
3.56.3 Rubi [A] (verified) . . . . .. ... ...
3.56.4 Maple [F] . . . . . . . 399
3.56.5 Fricas [F] . . . . . . o 400
3.56.6 SYmpY [F] - v o o v oo e 00
3.56.7 Maxima [F] . . .. ... .. .. A00
3.56.8 Giac [F] . . . . . . 40T
3.56.9 Mupad [F(-1)] . . . . . o 40T

3.56.1 Optimal result

Integrand size = 19, antiderivative size = 104

/csc(e + fz)(a+bescle + fz))™dx =

V2 AppellF1 (%, 2, —m, 2, 1(1 —csc(e + fx)), W) cot(e + fz)(a+ besc(e + fx))™ (Lcﬁz
f/1+ cscle + fz)

output ‘ -AppellF1(1/2,-m,1/2,3/2,bx(1-csc(f*x+e))/(a+b) ,1/2-1/2*csc(f*x+e) ) *cot (£* ‘
‘ x+e) * (atbxcsc(f*x+e) ) "m*2~(1/2) /£/ (((a+b*csc(fxx+e) )/ (a+b)) "m) / (1+csc(f*x+ ‘
Le))“(1/2) J

3.56.2 Mathematica [F]

/csc(e + fz)(a+ besc(e + fx))™dx = /Csc(e + fzr)(a+ besc(e + fx))™ dx

input LIntegrate [Csc[e + f*x]*(a + b*Cscl[e + f*x]) m,x] J

output

Integrate[Csc[e + f*x]*(a + b*Csc[e + f*x])“m, x]

N\

3.56.  [cscle+ fz)(a+besc(e+ fz))™dx



input tInt [Cscle + f*x]*(a + b*Cscl[e + f*x]) m,x]
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3.56.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Mumber of rules _ ( 911 Ryles used

integrand size
= {3042, 4321, 156, 155}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/csc(e + fz)(a+besc(e + fz))™ dx
| 3042
/csc(e + fz)(a+ besc(e + fz))"dx

l 4321

cot(e +£2) | Jieter o veerpridescle + £2)

f\/1—csc(e+ fz)\/csc(e + fz) +1

| 156
atbescletfz)\ ™ %_'_M m
cot(e + fx)(a + besc(e + fx))™ <%) J \/1—S:sc+(f:+fx)\/+cbsc(en>tfx)+1
fy/1—csc(e+ fx)\/csc(e + fz) +1
| 155

dcsc(e + fx)

V2 cot(e + f)(a + besc(e + f))™ (W) " AppellF1 (%, L —m, 3,11 = csc(e + fz),

b(1—csc(e+fz))

a+b

fy/cscle+ fx) +1

e

~—

output | -((Sqrt [2]*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + £*x1)/2, (b*(1 - Cscle |

\ + f*x]))/(a + b)]*Cot[e + fxx]*(a + bxCscle + f*x])"m)/(f*Sqrt[1 + Cscle \
+ f*xx]]1*((a + bxCsc[e + f*x])/(a + b)) m))

N J

3.56.  [cscle+ fz)(a+besc(e+ fz))™dx



rule 155

rule 156

rule 3042

rule 4321
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3.56.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (£_.)*(x_))
“(p.), x_] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*Simplify[b/(b*c - a*d)] n*
Simplify[b/(b*e - axf)]~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/
(bxc - a*xd)), (-f)*((a + b*x)/(b*xe - ax*xf))], x] /; FreeQ[{a, b, c, d, e, f,
m, n, p}, x] & !IntegerQ[m] && !'IntegerQ[n] && !IntegerQ[p] && GtQ[Sim
plify[b/(b*c - a*d)], 0] && GtQ[Simplify[b/(bxe - axf)], 0] && !(GtQ[Simpl
ify[d/(d*a - c*b)], 0] && GtQ[Simplify[d/(d*e - c*f)], 0] && SimplerQ[c + d
*x, a + b*x]) && !(GtQ[Simplify[f/(f*a - exb)], 0] && GtQ[Simplify[f/(f*c

- exd)], 0] && SimplerQ[e + f*x, a + b*x])

N\

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_1 :> Simp[(e + f*x) FracPart[p]/(Simplify[b/(bxe - a*f)] IntPart([p
I*(bx((e + f£*xx)/(b*e - axf))) FracPart[p]) Int[(a + b*x) m*(c + d*x) n*Si
mp [b*(e/(b*e - a*f)) + bxf*(x/(bxe - axf)), x]°p, x], x] /; FreeQ[{a, b, c,
d, e, f, m, n, p}, x] & !IntegerQ[m] &% !'IntegerQ[n] && !IntegerQlp] &
& GtQ[Simplify[b/(b*xc - a*d)], 0] && !'GtQ[Simplify[b/(b*e - axf)], 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Intlcscl(e_.) + (£_.)*(x_)]*(cscl(e_.) + (f_.)*(x)1*(b_.) + (a_))"(m.), x_
Symbol] :> Simp[Cot[e + f*x]/(f*Sqrt[1 + Cscle + f*x]]1*Sqrt[1 - Cscle + f*x
11)  Subst[Int[(a + b*x)"m/(Sqrtl[l + x]*Sqrtl[l - x1), x], x, Cscle + f*xx]]
, x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b~2, 0] && !IntegerQ[2*m]

3.56.4 Maple [F]

/csc(fx+e) (a+besc(fz+e)"dz

input Lint (csc(f*x+e)* (atb*xcsc(f*x+e)) "m,x)

output Lint (csc(f*x+e)*(atb*csc(f*x+e)) “m,x)

3.56.  [cscle+ fz)(a+besc(e+ fz))™dx
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3.56.5 Fricas [F]

/csc(e + fz)(a+bescle + fz))™dx = / (bese (fr+e)+a)"csc(fr+e) dx

inputLintegrate(csc(f*x+e)*(a+b*csc(f*x+e))‘m,x, algorithm="fricas")

output Lintegral((b*csc(f*x + e) + a)“m¥csc(f*x + e), x)

3.56.6 Sympy [F]

/csc(e+f:c)(a+bcsc(e—|— fx)™dx = / (a+besc(e+ fz))"csc(e+ fx)dx

p
inputtintegrate(csc(f*x+e)*(a+b*csc(f*x+e))**m,x)

e—

p
output LIntegral((a + b*csc(e + f*x))**m*csc(e + f*x), x)

-/

3.56.7 Maxima [F]

/csc(e + fz)(a+bescle + fz))™dx = / (bese (fr+e)+a)"csc(fz+e) dx

inputLintegrate(csc(f*x+e)*(a+b*csc(f*x+e))“m,x, algorithm="maxima")

outputLintegrate((b*csc(f*x + e) + a)"m*csc(f*x + e), x)

3.56.  [cscle+ fz)(a+besc(e+ fz))™dx
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3.56.8 Giac [F|

/csc(e + fz)(a+bescle + fz))™dx = / (bese (fr+e)+a)"csc(fr+e) dx

inputLintegrate(csc(f*x+e)*(a+b*csc(f*x+e))‘m,x, algorithm="giac")

output Lintegrate((b*csc(f*x + e) + a)"mkcsc(f*x + e), x)

3.56.9 Mupad [F(-1)]

Timed out.

b m
a+ sin(e+f x) )

sin (e + f z) dz

/ csc(e + fz)(a+ besc(e + fz))" dz = / (

inputtint((a + b/sin(e + f*x)) m/sin(e + f*x),x)

outputtint((a + b/sin(e + f*x))"m/sin(e + f*x), x)

3.56.  [cscle+ fz)(a+besc(e+ fz))™dx
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3.57 [(a+ besc(e + fx))™dx

3.57.1 Optimalresult . . . . . ... . ... ... 402
3.57.2 Mathematica [N/A] . . . . ... .. . . 02
3.57.3 Rubi [N/A] . . o oo oot e 03
3.57.4 Maple [N/A] (verified) . . . . . . . . . . .. 404
3.57.5 Fricas [N/A] . . . . . o 404
3.57.6 Sympy [N/A] . . . . 404
3.57.7 Maxima [N/A] . . . . . . . 405
3.57.8 Giac [N/A] . . . . . e 405
3.57.9 Mupad [N/A] . . . . 405

3.57.1 Optimal result

Integrand size = 12, antiderivative size = 12

/(a +besc(e+ fx))™ dz = Int((a + bese(e + fz)™, )

output LUnintegrable ((atb*csc(fxx+e)) "m,x)

3.57.2 Mathematica [N/A]
Not integrable

Time = 3.16 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a + besc(e + fx))"dx = /(a + besc(e + fx)™dx

input

Integrate[(a + b*Csc[e + f*x]) m,x]

N

output‘ Integrate[(a + bxCsc[e + f*x])"m, x]

357.  [(a+besc(e+ fz))™dx




input

output

rule 3042

rule 4273
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3.57.3 Rubi [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4273}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a +besc(e + fz))™ do
| 3042

/@+M%@+MWMw
| 4273

g/ka—kbc&ie4—fw)yndm

-

LInt[(a + b*Cscle + f*x])"m,x]

L$Aborted

~— ~—

3.57.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Unintegrablel[
(a + bxCsc[c + d*x])"n, x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[a"2 - b"2, 0
1 & !IntegerQ[2*n]

357.  [(a+besc(e+ fz))™dx
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3.57.4 Maple [N/A] (verified)

Not integrable

Time = 0.61 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/(a+ bese (fz+e€))™ dx

input Lint ((a+b*csc(f*x+e)) "m,x)

output Lint ((atb*csc(f*x+e)) "m,x)

-/

3.57.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a+bcsc(e+fav))m dz :/(bcsc (fr+e)+a)"dz

inputtintegrate((a+b*csc(f*x+e))“m,x, algorithm="fricas")

outputLintegral((b*csc(f*x +e) + a)’m, x)

3.57.6 Sympy [N/A]
Not integrable

Time = 0.50 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/(a+ besc(e + fx))™ dx = / (a+besc(e+ fz))™ do

inputLintegrate((a+b*csc(f*x+e))**m,x)

output LIntegral((a + bxcsc(e + f*x))**m, x)

357.  [(a+besc(e+ fz))™dx
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3.57.7 Maxima [N/A]

Not integrable

Time = 1.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a—l—bcsc(e—l—fx))m dx =/(bcsc (fz+e)+a)"dx

inputLintegrate((a+b*csc(f*x+e))‘m,x, algorithm="maxima")

output Lintegrate((b*csc(f*x +e) +a)m, x)

3.57.8 Giac [N/A]

Not integrable

Time = 0.32 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a-l—bcsc(e—i—f:v))m dz =/(bcsc (fr+e)+a)"dz

input Lintegrate ((atb*csc(f*x+e)) "m,x, algorithm="giac")

-

output Lintegrate((b*csc(f*x +e) +a)m, x)

3.57.9 Mupad [N/A]

Not integrable

Time = 18.73 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

/(a-l—bcsc(e-i—fx))mdx:/<a+m)mda¢

input Lint((a + b/sin(e + f*x)) m,x)

output Lint((a + b/sin(e + £*x))"m, x)

-/

357.  [(a+besc(e+ fz))™dx
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3.58 [(a+ besc(e + fx))™sin(e + fz) dz

3.58.1 Optimalresult . . . ... .. ... . .. .. 406
3.58.2 Mathematica [N/A] . . . . ... ... . . 406
3.58.3 RUbi [N/A] © « o o o oo e e e ity
3.58.4 Maple [N/A] (verified) . . . . . . . . ... . 408
3.58.5 Fricas [N/A] . . . . . 408
3.58.6 Sympy [N/A] . . oo A0
3.58.7 Maxima [N/A] . . . . . . . . 09
3.58.8 Giac [N/A] . . . . . . 409
3.58.9 Mupad [N/A] . . . . e 409

3.58.1 Optimal result

Integrand size = 19, antiderivative size = 19

/(a + besc(e + fx))™sin(e + fz) dxr = Int((a + besc(e + fz))" sin(e + fz), )

output LUnintegrable ((atb*csc(f*x+e)) “m*sin(f*x+e) ,x)

3.58.2 Mathematica [N/A]
Not integrable

Time = 8.30 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(a + besc(e + fx))"sin(e + fx)dz = /(a + besc(e + fx))™sin(e + fx) dx

input

N

Integrate[(a + b*Cscle + f*x]) m*Sin[e + f*x],x]

output‘ Integrate[(a + b*Csc[e + f*x]) m*Sin[e + f*x], x]

3.58.

J(a+besc(e+ fz))™sin(e + fz)dzx
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3.58.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4357}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sin(e + fz)(a+besc(e+ fz))" dx

l 3042

(a+besc(e + fz)™
csc(e + fx)

l 4357

dzr

/sin(e + fz)(a+ besc(e + fz))"dx

input LInt[(a + b*Cscle + f*x]) m*Sin[e + f*x],x]

output ‘ $Aborted

rule 3042

rule 4357

3.58.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)I*(b_.) +
(a_))"(m_.), x_Symbol] :> Unintegrable[(d*Csc[e + f*x]) n*(a + b*Cscle + f*

x])"m, x] /; FreeQ[{a, b, d, e, f, m, n}, x]

N

3.58.  [(a+besc(e+ fz))™sin(e + fz)dx
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3.58.4 Maple [N/A] (verified)

Not integrable

Time = 0.68 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/(a+bcsc(fx+e))msin(fx+e) dz

p
input Lint ((atb*csc(f*x+e)) “mxsin(f*x+e),x)

-/

output Lint ((atbxcsc(f*x+e)) “m*sin(f*x+e) ,x)

-/

3.58.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(a +besc(e+ fx))"sin(e + fz)dx = / (bese (fr+e)+a)"sin(fz +e) dz

inputkintegrate((a+b*csc(f*x+e))“m*sin(f*x+e),x, algorithm="fricas")

outputLintegral((b*csc(f*x + e) + a)"mxsin(f*x + e), x)

3.58.6 Sympy [N/A]
Not integrable

Time = 4.48 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/(a +besc(e+ fx))"sin(e + fz)dx = / (a+besc(e+ fz))"sin(e+ fz)dzx

inputLintegrate((a+b*csc(f*x+e))**m*sin(f*x+e),x)

outputtlntegral((a + b*csc(e + f*xx))**m*sin(e + f*x), x)

3.58.  [(a+besc(e+ fz))™sin(e + fz)dx
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3.58.7 Maxima [N/A]

Not integrable

Time = 1.65 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(a + besc(e + fx))™sin(e + fx)dz = / (bese (fr+e)+a)"sin(fz +e) dz

;
inputLintegrate((a+b*csc(f*x+e))‘m*sin(f*x+e),x, algorithm="maxima")

—

output Lintegrate((b*csc(f*x + e) + a)"mksin(f*x + e), x)

3.58.8 Giac [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(a +besc(e+ fx))"sin(e + fz)dx = / (bese (fx+e)+a)"sin(fz +e) dx

input Lintegrate ((atb*csc(f*x+e) ) “m*sin(f*x+e) ,x, algorithm="giac")

-

output Lintegrate((b*csc(f*x + e) + a)"m#sin(f*x + e), x)

3.58.9 Mupad [N/A]

Not integrable

Time = 18.43 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

/(a-{-bcse(e—l—]%))m sin(e + fz)dzr = /sin (e+ fz) <a+ myndx

input Lint(sin(e + fxx)*(a + b/sin(e + f*x)) m,x)

output Lint(sin(e + fxx)*(a + b/sin(e + f*x))“m, x)

-/

3.58.  [(a+besc(e+ fz))™sin(e + fz)dx
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3.59 [(a+besc(e+ fz))™sin*(e + fz) dzx

3.59.1 Optimalresult . . . . .. .. ... . .. 410
3.59.2 Mathematica [N/A] . . . ... ... . . 410
3.59.3 Rubi [N/A] © o o oot e e e AT
3.59.4 Maple [N/A] (verified) . . . . . . . . ... . 412
3.59.5 Fricas [N/A] . . . . . e 412
3.59.6 Sympy [N/A] . . . . T2l
3.59.7 Maxima [N/A] . . . . . . . A13
3.59.8 Giac [N/A] . . . . . . A13
3.59.9 Mupad [N/A] . . . . 413

3.59.1 Optimal result

Integrand size = 21, antiderivative size = 21

/(a + besc(e + fz))™sin’(e + fz) dz = Int((a + besc(e + fz))" sin’(e + fz), z)

output LUnintegrable ((at+b*csc(f*x+e)) “m*sin(f*x+e) ~2,x)

3.59.2 Mathematica [N/A]
Not integrable

Time = 6.53 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(a + besc(e + fr))™sin®(e + fz)dr = /(a + besc(e + fx))™sin?(e + fz) dx

input

N

Integrate[(a + b*Cscle + f*x]) m*Sin[e + f*x]~2,x]

output‘ Integrate[(a + bxCsc[e + f*x]) m*Sin[e + f*x]~2, x]

3.59.

J(a+besc(e+ fz))™sin®(e + fz) dx




input LInt[(a + bxCsc[e + f*x]) m*Sin[e + f*x]~2,x]
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3.59.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4357}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sin2(e + fz)(a+besc(e+ fz))" dx

l 3042

(a+besc(e + fx))™
csc(e + fz)?

l 4357

dzr

/sin2(e + fz)(a + besc(e + fx))™dx

output ‘ $Aborted

rule 3042

rule 4357

3.59.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)I*(b_.) +
(a_))"(m_.), x_Symbol] :> Unintegrable[(d*Csc[e + f*x]) n*(a + b*Cscle + f*

x])"m, x] /; FreeQ[{a, b, d, e, f, m, n}, x]

N

3.59.  [(a+bcesc(e+ fz))™sin®(e + fz)dz
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3.59.4 Maple [N/A] (verified)

Not integrable

Time = 1.04 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/(a+bcsc (fz + €)™ sin (fz + €)* dz

p
input Lint ((atb*csc(f*x+e)) “mxsin(f*x+e) ~2,x)

-/

output Lint ((atb*csc(f*x+e)) “mxsin(f*x+e) ~2,x)

-/

3.59.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.24

/(a + besc(e + fx))™sin®(e + fz) dr = / (bese (fz +€) +a)™sin (fz + €)® d

input tintegrate ((atb*csc(f*x+e)) “m*sin(f*x+e)~2,x, algorithm="fricas")

outputLintegral(—(cos(f*x + e)”2 - 1)*(bxcsc(f*x + e) + a)"m, x)

3.59.6 Sympy [N/A]
Not integrable

Time = 21.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95

/(a + besc(e + fx))™sin®(e + fz) dr = / (a+besc(e+ fx))"sin® (e + fz)dzx

input Lintegrate ((atb*csc(f*x+e) ) ¥*xmxsin (f*x+e) **2,x)

output LIntegral((a + b*csc(e + f*xx))**m*sin(e + f*x)**2, x)

3.59.  [(a+bcesc(e+ fz))™sin®(e + fz)dz
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3.59.7 Maxima [N/A]

Not integrable

Time = 2.10 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(a + besc(e + fr))™sin®(e + fz)dr = / (bese (fz +e) +a)™sin (fz +e)” d

;
inputLintegrate((a+b*csc(f*x+e))‘m*sin(f*x+e)“2,x, algorithm="maxima")

—

output Lintegrate((b*csc(f*x + e) + a) mxsin(f*x + e)~2, x)

3.59.8 Giac [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(a + besc(e + fr))™sin’(e + fr)dz = / (bese (fz 4 €) 4+ a)™sin (fz + €)® d

inputLintegrate((a+b*csc(f*x+e))“m*sin(f*x+e)“2,x, algorithm="giac")

-

output Lintegrate((b*csc(f*x + e) + a)"mksin(f*x + )72, x)

3.59.9 Mupad [N/A]

Not integrable

Time = 19.49 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.19

/(a,—|—bCSC(€+fx))mSin2(e+fx) dx = /sin(e+f$)2 (a+m>mdx

input Lint(sin(e + f*x)"2%(a + b/sin(e + f*x)) m,x)

output Lint(sin(e + fxx)~2+(a + b/sin(e + £*x))"m, x)

-/

3.59.  [(a+bcesc(e+ fz))™sin®(e + fz)dz
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

414
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(x)  a+a (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(x)  a+a (x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(x)  a+a (x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x)  a+a (x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  a+a (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x)  a+a (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(x)  a+a (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(x)  a+a (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(x)  a+a (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (a+a (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (a+a (c+d x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (a+a (x))^5/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 (a+a (x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 a+a (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 1  a+a (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 1  (a+a (x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 1  (a+a (x))^5/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 (e+f x) a+a (e+f x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 

	 -(e+f x) a-a (e+f x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 ^4  3(c+d x) a+a (c+d x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 [3](c+d x) a+a (c+d x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+a (c+d x)  ^2  3(c+d x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^5  3(c+d x) a+a (c+d x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^2  3(c+d x) a+a (c+d x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+a (c+d x)  [3](c+d x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+a (c+d x)  ^4  3(c+d x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^n(c+d x) a+a (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^n(c+d x) a-a (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^3(e+f x) (a+a (e+f x))^m  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^2(e+f x) (a+a (e+f x))^m  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x) (a+a (e+f x))^m  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+a (e+f x))^m  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+a (e+f x))^m (e+f x)  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+a (e+f x))^m ^2(e+f x)  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (c+d x))^4  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (a+b (c+d x))^3  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^5(x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (a+b (c+d x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (a+b (c+d x))^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  3+5 (c+d x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  5+3 (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(e+f x) (a+b (e+f x))^m  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^2(e+f x) (a+b (e+f x))^m  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x) (a+b (e+f x))^m  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (e+f x))^m  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (e+f x))^m (e+f x)  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (e+f x))^m ^2(e+f x)  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
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